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f(z) = z2 + 1
z

;>E�FGFDH!I@J!K�L
f(x + yi) = u(x, y) + iv(x, y)

AD?MAN9�O�ADJQP
R
z2 + 1

z
= (x+ yi)2 + 1

x+yi
= x2− y2 +2xyi+ x−yi

x2+y2 = (x2− y2 + x
x2+y2 + i(2xy− y

x2+y2 ) ST �VUXW17�8:9ZYV=[F4AD?\FG=[O�5]AD^BAD?MAN9�O�ADJZA_9!`(H!=[L#9!=@C@ab9!cGYbd�?e=gfh;>E�FGFDH!I@J!K!I[5�L�I[9!=[9!=[L&i
A�j

e5+ π

2
i Okj

e1−i arcsin(1/3) l j ch(ln 3 + iπ
4 )

Wmj
sin(1 + i)R#n S e5+ π

2
i = e5 · eπ

2
i = e5(cos π

2
+ i sin π

2
) = e5i

o S e1−i arcsin(1/3) = e(cos(− arcsin(1/3)) + i sin(− arcsin(1/3))) = e

(

√
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1
3

)2 − 1
3 i

)

=

2
√

2e

3
− e

3
i p

q S ch(ln 3+iπ
4
) = 1

2
(eln 3+i(π/4)+e− ln 3−i(π/4)) = 1

2
(3(cos(π/4)+i sin(π/4))+ 1

3
(cos(−π/4)+

i sin(−π/4))) = 5
√

2
6 + 2

√
2

3 i pr S sin(1 + i) = sin 1 cos i + cos 1 sin i = sin 1 ch 1 + i cos 1 sh 1 Ss �VUXW17�8:9ZYV=[F4ADC
ln(−5 + 5i) t C&uDYv` t�t C[= t ?\cGF!AN5w^\LwY_8 t uNL@x:I t Ay?ecGF!AN5w^zLwY_8 t ;>a�I[5#LwI[9!I[L&iR

−5 + 5i = 5
√

2(cos 3π
4 + i sin 3π

4 ) {}|e~N� nb�e� ~ nN�g�.���y���@n ln(5
√

2) + i( 3
4π + 2kπ) { n4�e� ~ nN�g�.���_����&�!� ��� ���G����� r � ~ ln(5

√
2) + 3

4πi p�S� �V��=[5w= t�t E:9�YV=@FbA
sin z = −2

=@FDK!=[J�?e=[L�` t�t C@= t YV=@FGcG?\W�u t uNLXAy9!cGY4d�?\=gf t C&uDY4cD9�9!`D5wI[Ok=[JQi
RB� � ����n��w�g�m�D�¡ Nn¢n

sin z = sh(iz)/i = eiz−e−iz
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√
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√
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√
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2 + i sin 3π
2 ) {nV�e� ~ nN�������_���@n iz = ln(2 ∓

√
3) + i( 3

2
π + 2kπ) { � � �:�N� z = 3

2
π + 2kπ − i ln(2 ∓

√
3) p«S¬ �®�C&uDYV¯zL t 8:9�9�^°ADC (i + 1)i ± ANL�HNuDJ�KhI[5#LwI[9!=@^zL&i

R
(i + 1)i = ei ln(i+1) { n����N� ln(i + 1) = ln(

√
2(cos π

4 + i sin π
4 )) = ln

√
2 + i(π

4 + 2kπ) =
ln 2
2 + i(π

4 + 2kπ) { � � �:�N� (i + 1)i = e−( π

4
+2kπ)+i(ln 2)/2 = e−( π

4
+2kπ)(cos ln 2

2 + i sin ln 2
2 ) p�S�Q�V²¦^\³m=[5w=@J l ^euD? ± ANLw´D9�µ-=VHNAD?MA ± cG?«ADC f(x) = |z|2 9!cGY4d�?\=gf�;>E�FGFDH!I[J�K�¶·U ± cG?«W�^\³m=[5w=@J l ^MuD? ± ANL�´�x}cDL#LADW17�8:9<^ t YV=@FbAbW�=[5w^zHDuD?zL]ANL&iR

f(x + yi) = |x + yi|2 = x2 + y2
R�n������

x, y ∈ R S&{ � � �:�D� u(x, y) = x2 + y2 � �
v(x, y) = 0 pX¸¹ nN� q � �Dº�» � � �4nN��� ¥ r �½¼ � � � � q �¾�N� � ~N� � ��� � � ��� �]� � ������� 2x = ux = vy = 0 { � � 2y = uy = −yx = 0 {n����N�
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r �½¼ � � � � q ���N���:nD�6¿ { � � �:�N� q �@n � n 0 + 0i = 0
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ux + ivx = 0 p�SÁ �VÂ¦ANL]uN5wcGC[C@8:9ÃY4=@FÄADC[L®AÅ5�=@FG8�?MuN5w^ t f(z) = u(x, y) + iv(x, y)

;>E�FGFDH!I@J�K�L&xÆADYV=@?zK�5w=
u(x, y) =

x
x2+y2
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vx = −uy = 2xy
(x2+y2)2 { � � vy = ux = y2−x2

x2+y2)2 p v(x, y)
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(vx, vy)
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+ Ci =
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f(z) = z+1

z−1

;>E�FGFDH!I@J!K�L
f(x + yi) = u(x, y) + iv(x, y)

AD?MAN9�O�ADJQP
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sh(1 − π

3 i)
Okj

cos(−i) l j tg iπ
2s �VUXW17�8:9ZYV=[F4A_9!`(H!=[L#9!=@C@ab9!cGYbd�?e=gf t C@uDYVcD9®` t�t C@= t ?ecGF!AN5�^\LwY_8 t uNL&x�I t Ay?ecGF!AN5w^zLwY_8 t ;>a�I[5�L�I[9!I[L&iA�j
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Okj
cos z = i

√
3¬ �®�C&uDYV¯zL t 8:9�9�^°A_9!`(H!=gL�9!=@C@a ± ANL�HDuDJ!K!cD9NANL&iA�j
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;>E�FGFDH!I@J!K�¶

Á �VÂ¦ANL]uN5wcGC[C@8:9 YV=[FÄADC[L®AÅ5w=[FG8�?MuN5w^ t f(z) = u(x, y) + iv(x, y)
;>E�FGFDH!I@J!K�L&x�ADYV=@?zK�5w=
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x + yi − 1
=

x + 1 + yi

x − 1 + yi
=
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=

x2 + y2 − 1 − 2yi

(x − 1)2 + y2
=
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2s �ÆA�j0U −e t C&uDY L�5w^eFGcGJ�cGY4=[L�5w^z9:8 t AD?MAN9@7wA e(cos π+ i sin π)
x!¯\FDK

ln(−e) = ln e+ i(π+2kπ)i =
1 + (2k + 1)πi

x�Ab?ecGF!AN5�^\LwY_8 t ;>a�I[5#LwI[9!=¦dk=@W�^\F 1 + πi
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√
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eiz + e−iz
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√
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√
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√
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√
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√
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√
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25i = e5i ln 2 x�A ± cG? ln 2
µ¾LÆY4^eJ!L+9!cGY4d�?e=�f�?ecGF!AN5�^\LwY_8 t L«I[5�L.7�E:9 � L�= ± uNL�H!I@FDLw=@?\=@J t cD9V9�E�?e`GJ!Ok`GC@aI[5�L�I[9!= HDADJmj��

ln 2 + 2kπi
� I t ^zL�LÄY�uN5

ln 2
A HDAD?\´ t ?ecGF!AN5w^zLwY_8 t L�7�=@?\=@J!Lw^�j]P �°= ± uNL 25i =

e−10kπ+i5 ln 2 = e−10kπ(cos(5 ln 2) + i sin(5 ln 2))
P

l j i1/2 = e(1/2) ln i = e(i/2)( π

2
+2kπ) = ei( π

4
+kπ) = cos(π

4
+kπ)+i sin(π

4
+kπ) = ±( 1√

2
+ 1√

2
i)
P

� ��C Lw=[5wY4I t C@=[L�= t =@J YV=@FG=[FDK!=@C@^\9·ADC
i
9!I[L J�I[FDK:C@=[L�FDK!`D9!I[H!=@?�xZYV=[5�L A ± ANL�HDuDJ!K�ADC@cGJ�c t�t uDFGcD9I[5�H!I[J�K!= t#t I@FG=
Y4^MANL�LÆADC 1

n

µ-=@W�^z9 ± ANL�HDuDJ!KhA 9!cGY4d�?e=gf t C&uDYVcD9�J�uD?m^ t ADC n
µ¾=@W�^\9®FDK!`D9!`D9!=[LB7�=[?e=@J!Lw^�P j

�Q�
cos(x + yi) = cos(x − yi) = cos x cos(yi) + sin x sin(yi) = cos x ch y + i sin x sh y =

u(x, y) + iv(x, y)
P U 9DANdmcDL�L

u(x, y) = cos x ch y
I t v(x, y) = sin x sh y

9!I[L�HNuD?\L�cGC@´ t;>E�FGFDH!I@J!K!=[9bYV^eJ�W�=@FDK�^\9!=ÆW�^\³m=[5w=@J l ^MuD? ± ANL�´�P}U��XAD8 l ± K�����^e=@Y�ADJ�J�µ¾W�^\³m=[5w=@J l ^euD?e=@FDK!=[J�?e=[Lw=g9 t C[=[5w^eJ!LADC
f
;>E�FGFDH!I[J�K W�^\³k=g5w=@J l ^euD? ± ANLw´ t uDF ± cGC ADC 9!=@?e?�YVI@F�x ± cGFDK ux = vy

I t uy = −vx
?e=@FDK!=[JQP

ux = − sin x ch y
x
vy = sinx ch y

x
uy = cos x sh y

xI t vx = cos x sh y
xBLw= ± uNL¢A®9!I[L
=[FDK!=@J�?e=[L

l t AN9 AN9�9!cD5ªLw=@? 7�= t E�? ± =gL¢=@FDK t C@=[5�5�=Dx ± A sin x ch y = cos x sh y = 0
P ²¦=

ch y ≥ 1
Y4^eJ�W�=@J

y
µ�5]A:x

Lw= ± uNL sin x = 0
xADC&ADC

x = kπ
HNAD?MADY4=@?\K

k ∈ Z
µ¾5w=DxQI t A�Y�u t c�W�^\9<=@FDK!=@J�?\=[L�OmaG? sh y = 0

YV^MANL#L
y = 0

P�3ÀFDK<Ab;>E�FGFDH!I@J!K<A
z = kπ ± =@?\K!=g9!=@J�W�^\³m=[5w=@J l ^MuD? ± ANL�´�x�I t ^\L#L AyW�=[5w^zHDuD?zL.7wA ux + ivx = 0

P
Á �

ux = vy = 2(x + 1)
x�I t uy = −vx = −2y

P 3ÀFDK
u(x, y) =

∫

2(x + 1) dx = (x + 1)2 + g(y)
x

ADYV^zOkaG?
uy = g′(y) = −2y

x+L�= ± uNL g(y) = −y2 + C
x�I t u(x, y) = (x + 1)2 − y2 + C

x�I t
f(x+yi) = (x+1)2−y2+C+2y(x+1)i

P}UªC
f(i) = 2i−1

;>=[?\LwI[L�=@?�YV^eANL�L
2i−1 = 1−1+C+2i

x
Lw= ± uNL C = −1

xkI t f(x + yi) = (x + 1)2 − y2 + 2y(x + 1)i − 1
P � U ;>E�FGFDH!I@J!K�Lª9:^\;>=-7�=@C ± =gL.7�E:9

z
µ¾H!=[?°^ t � f(z) = x2 − y2 + 2xyi + 2x + 2yi = z2 + 2z

Pzj


