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>AScN%Sg>�h
P�i

(1 − xy) + (xy − x2)y′ = 0_bi
e−y + (xe−y

− 2ye−2y)y′ = 0
j �lkm=[Z4\�IUNnG6SE7oPpN%q4;%Sc>�N%SEBErs<:=[=[P:d!Z!DsSE7:9TU>�>At�P�>ADCFEu!t!@CGs@C7CWEdvu!=[KMd!S�<�OAK[FwZ!KMaxScOASEd!ecK^<:=[Sc7:9%SEd!=[Sc>�ScN%Sc>�h

P�i
y′′

− 5y′ + 6y = 0_bi
y′′

− 6y′ + 9y = 0
u

y(0) = 1
u

y′(0) = 2e&i
y′′ + 4y = 0

y �sz{O�\�IUNp|}SE=�P:B~<:=?>QP:=^<:d!@CF�GsSE7C@C=[Z�<:FA<�>�P:d!d�P�NoPYt!@CG6@C7CWEdvu%=[KMd!S�<�OAKMF�Z!K?abScO�SEd!eEK^<:=MSE7:9%SEd!=MSc>Ad!ScNxuP:G6Sc=M9�f
d!ScNlN�P�OQP�N>ASgOAK[F�Bg>AKMNI!F�SE7:9%Scd!=[Sc>AS

m2(m − 1)3(m2 + 1) ��� SE=M9KMNlSEB
PoZ!KMaxScOASEd!ecK^<:=[Sc7:9%SEd!=[Sc>Q�
� � � K[=?9%SEd�L!O�D:_�P:|}T!7C7:;%WEd�9�>�t�P:F(BEd�<:=[d�<:dUN�P:t!t!@CB�P:B�<:=[=^P:d!Z!D�SE7:9TU>�>At�P�>ADCFEu�K[d!t!@CG6@C7CWcdvu�=MK[d!S�<�OAKMF

Z!KMaxScOASEd!ecK^<:=[Sc7:9%SEd!=[Sc>�t!SEB:uXP:G6Sc=M9Ud!SgN�\�@:_!_�@C=MZ�P:=^<:d�P�N%q4;%Sc>�N%SEBcr�|}T!7C7:;%WEd%9�<:=[=^� � N:P�OAP�N>ASgf
OAKMF�Bc>AK?NUI!F�SE7:9%SEd!=MSc>�G6K[=?9%SEd�7:9%q:N%SEK�SEF�Sc>AWcd�N%SE=M=�G6WE7�P:=?N:P:=MGXP:F

x
f1t�P�>�;�<:d!d�9�P:=
G6SE7CF�BE@:O�@CBEd!K�P

L!OAD:_�P:|}T!7C7:;%WEd%9>Q�
P�i

5x2
− 1

_bi
x cos 3x

e&i
e2x sin x

� �lkm=[Z4\�IUNnG6SE7oPpN%q4;%Sc>�N%SEBEroK[d!t!@CG6@C7CWcdvu!=[K[d!SE<�OAK[FwZ!KMaxScOASEd!eEK[<:=[SE7:9%Scd!=[Sc>ASgN%Sc>�h
P�i

y′′ + 2y′ + y = sinx_bi
y′′ + 2y′ + y = xe−x

u
y(0) = 1

u
y′(0) = −1

� �x�������&����.10�����2��� 4���
���6587:9�;:<:=?>A@CBEDCFHGJI!=?>AKML�=MKMN�<�>A@:O�OQP:=R>ASE7:9TUNVSE7CB�P�N�>�>Q<XWEFY@C=[Z4\�IUNVG6SE7]P:BJP:=^<�_!_�K`Z!K?abScO�SEd!eEK^<:=MSE7:9%SEd!=MSgf

>AScN%Sg>�h
P�i

(y sin x − 1) + y′ cos x = 0_bi
x(y2 + 1) + y(1 − x2)y′ = 0

j �lkm=[Z4\�IUN�G6SE7�P:B
y(4) + 2y′′ + y = 0

<:=[=^P:d!Z!D�SE7:9TU>�>At�P�>ADCFEu�t!@CG6@C7CWEdvu�=[K[d!SE<�OAK[F�Z!KMaxScO(f
SEd!eEK[<:=[SE7:9%Scd!=[Sc>ASg>�h

y �lkm=[Z4\�IUNnG6SE7oPpN%q4;%Sc>�N%SEBEroK[d!t!@CG6@C7CWcdvu!=[K[d!SE<�OAK[FwZ!KMaxScOASEd!eEK[<:=[SE7:9%Scd!=[Sc>ASgN%Sc>�h
e&i

y′′ + y = −4 cos x
u

y(π) = 0
u

y′(π) = πZxi
y′′′

− y′′
− 2y′ = x3 + ex

�]  ���,��-/.10�����2��� 4���¢¡�0����x�£23¤�¥E�
���¦P�i

Py = −x
u

Qx = y−2x
u�>ASEt�<�>§P�Z!KMabSgOASEd!eEK[<:=[SE7:9%SEd!=MSc>§d!SEG�SE7CB�P�N�> �`¨ K[F(BE@Cd�> Py − Qx

Q
=

x − y

xy − x2
= −

1

x

eEFAP�N
x
f©>�rC=!|}T!7C7!u�ªM7:9�;�P:d

x
f©>ArC=U|}T!7C7Cr

M(x)
GJI!=M>�KML�=[K?N:<�>�@:O�u:P:G6Sc=M9O�S

ln M(x) =
∫

−
1
x

dx = ln 1
x

+ c
u!>ASEt�<�>

M(x) = x
\�D6GJI!=?>AKML�=MKMN�<�>A@:O � 5«BEBESE=�|}SE=[F(BE@:OA@CBc;�P6P:B¬SE7:9%SEd!=[Sg>ASc>~P:B

(

1

x
− y

)

+ (y − x)y′ = 0
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SE7CB�P�N�>�Z!KMabSgOASEd!eEK[<:=[SE7:9%SEd!=MSc>At!SEB�\�IU>AI!dUN � � G6SE7C@C=MZ�<:F�t!@CB @C=M9�P:d

u(x, y)
|}T!7C7:;%WEd%9OAS ;:P:d

F�BETUNF�WE7CT!dUNxuRP:G6SE=M9�OAS
ux = 1

x
− y

WEF
uy = y − x

u�>ASEt�<�>
u(x, y) = ln x − xy + 1

2
y2 G6SE7C|}SE=MSE= �z 7:9nPoG6SE7C@C=MZ�<:FwP:B

ln x − xy + 1
2y2 = C

KMGsL�=[KMeEKM>¦Sc7:9%SEd!=[Sc>~<:=M>AP:=vG6SE7Ct�P�>Q<�OA@CBc@:>�>
y
|}T!7C7:;%WEd�9 �

_bi
Py = −e−y

u
Qx = e−y

u�>ASEt�<�>�P�Z!KMaxScOASEd!eEK[<:=[SE7:9%Scd!=[Sc>�d!SEG SE7CBEP�N>�u�WEF Py − Qx

Q
=

−2e−y

xe−y − 2ye−2y
=

−2

x − 2ye−y

d!SEG eEF�P�N
x
f >ArC=§|}T!7C7!u�>�SEt�<�>pd!K[d!eEF

M(x)
GJI!=M>AK?L�=[K?N:<�>A@:O � ¨ K f

F�BE@Cd%> Qx − Py

P
=

2e−y

e−y
= 2

eEF�P�N�� =[Sc7C|}qC= \�Sc_!_bi
y
f©>�DC=�|}T!7C7!ux>�SEt�<�>

N(y)
GJI!=M>AK?L�=[K?N:<�>A@:O�=[Wg>ASEBEK?N��

ln N(y) =
∫

2 dy = 2y + c
G6K[P�>�>

N(y) = e2y
G6SE7C|}SE=MSE= � � Z!KMabSgOASEd!eEK[<:=[SE7:9%SEd!=MSc>ASc>nSEBEBcSE=

;%WE7CKM7CF�BE@:OA@CBc;�PsP:B
ey + (xey

− 2y)y′ = 0
SE7CB�P�N�>§Z!KMaxScOASEd!ecK^<:=[Sc7:9%SEd!=[Sc>�Sc>§N:P�L�\�IUN � 5«d!d!ScNXG6SE7C@C=MZ�<:FA<�>§P:B u(x, y) = xey

− y2 |}T!7C7:;%WEd%9_xrC=P:B
xey

− y2 = C
K[GoL�=[K[ecKM>¦SE7:9%SEd!=MSc>mP:Z4\AP �
j �HP�i8��N�P�OQP�N>ASgOAK[F�Bg>AKMNI!F�SE7:9%Scd!=[Sc>

m2
− 5m + 6 = 0

u�Ps7:9%q:N%ScK
2
WEF

3
� G6KMd!Z!SE7:9UK?NXSE7:9UF(BEScOASEFcu

G6ScO(>
m2

− 5m + 6 = (m − 2)(m − 3)
iQu�P:B
<:=?>QP:=^<:d!@CF¦G6Sc7C@C=[Z�<:F

y = c1e
2x + c2e

3x �_bio� N�P�OQP�N�>AScOAKMF�Bc>AK?NUI!FXSE7:9%SEd!=MSc>
m2

− 6m + 9 = 0
u~P:B�P:B

(m − 3)2 = 0
u�SEd!d!ScN�SE7:9%Sc>�=[SEd

7:9%q:N%SVP
3
u¦P:G6K§N%Wc>AF�BESgOASEFX7:9%q:N � �mBV<:=M>QP:=[<:d!@CFoG6Sc7C@C=[Z�<:F y = c1e

3x + c2xe3x � 5«O�O�S y′ =
3c1e

3x + c2(1 + 3x)e3x � ��N%SEBEZ!Sc>AK�|}Sc=M>AWc>�SE=[ScN�_brC=
c1 = 1

WEF
3c1 + c2 = 2

ub>ASct�<�>
c2 = −1

uvWEF
y = e3x

− xe3x �e&i�� N�P�OQP�N>ASgOAK[F�Bg>AKMNI!F`SE7:9%SEd!=MSc>
m2+4 = 0

u%Pm7:9%q:N%SEK
±2i

� GsK[d!ZUN%Sc>�>�rHSE7:9UF(BEScOASEF iQu�PYGsSE7C@C=[Z�<:FAP
y = c1 cos(2x) + c2 sin(2x) �
y �/�¢N:P�OAP�N>AScO�K[F�Bc>�KMNUI!F3SE7:9%SEd!=[Sg>�7:9%q:N%SEK

0
�
2
f1F�BESgOASEFgiQu

1
�
3
f1F�BE@:O�@CFgi�WEF

±i
� G6KMd!ZUN%Sc>�>ArmSE7:9F�BEScO�SEFgi �5«_!_xrC=�P:B
<:=?>QP:=^<:d!@CF¦G6SE7C@C=MZ�<:F

y = c1 + c2x + c3e
x + c4xex + c5x

2ex + c6 cos x + c7 sin x �
� � P�i6� L!OAD:_�P:|}T!7C7:;%WEd%9

Ax2 + Bx + C
uYWEF�SEBg> P�NN%@:O]N%SE=[=

xs
f1d!SE=¬G6SE7CF(BE@:OA@CBEd!K umt�P

0
P

N�P�OQP�N>ASgOAK[F�Bg>AKMNI!FwSc7:9%SEd!=[Sc>�d!ScN
s
f1F(BEScOASEF�7:9%q:N%S �_biw� L!OAD:_�P:|}T!7C7:;%WEd%9

(Ax + B) cos 3x + (Cx + D) sin 3x
uxWcFYP�NN%@:OHN%SE=M=

xs
f1d!Sc=`G6SE7CF�Bc@:OA@CBEd!K u

t�P
3i
PpN�P�OQP�N�>AScOAKMF�Bc>AK?NUI!F¦SE7:9%SEd!=MSc>Ad!ScN

s
f1F�BESgOASEFH7:9%q:N%S �e&i
� L!O�D:_�P:|}T!7C7:;%Wc9

Ae2x cos x + Be2x sin x
u8WcFsP�N�N%@:O�N%SE=[=

xs
f©d!SE=¦G6SE7CF�BE@:O�@CBEd!K u�t�P

2 + i
P

N�P�OQP�N>ASgOAK[F�Bg>AKMNI!FwSc7:9%SEd!=[Sc>�d!ScN
s
f1F(BEScOASEF�7:9%q:N%S �

� �§P�iR�¢N�P�OQP�N>ASgOAK[F�Bg>AKMNI!F3SE7:9%SEd!=MSc>
m2+2m+1 = 0

u%P:B�P:B
(m+1)2 = 0 � 58d!d!ScNJP −1

N%Wc>AF(BEScOASEF
7:9%q:N%S:u!>ASEt�<�>HPot!@CG6@C7CWcd�Z!KMaxScOASEd!ecK^<:=[Sc7:9%SEd!=[Sc>�d!ScN�P

c1e
−x + c2xe−x

P:B
<:=M>QP:=[<:d!@CF�G6Sc7C@C=[Z�<:FAP ��mB�KMd!t!@CG6@C7CWEd!t!SEB�L!OAD:_�P:|}T!7C7:;%Wcd�9
yp = A cosx + B sin x

� d!ScG�N%SE=M=
x
f1F�BESc=3_bSEF(BE@:OA@CBEd!K ubG6ScO�>

i
d!SEG 7:9%q:N%S�P N�P�OQP�N>ASgOAK[F�Bg>AKMNI!FXSE7:9%SEd!=[Sg>Ad!ScN�i � 58Bc>l_bSct!SE=M9%Sc>(>ASEF�ª?>�;%S P:B�K[d!t!@CGs@C7CWEd�Z!KMabSgO(f

SEd!eEK[<:=[SE7:9%Scd!=[Sc>�_xS¬P:Bc>¦N:P�L�\�IUNbu!t!@C7:9
2B cos x− 2A sinx = sin x ��� Sct�<�> B = 0

WEF
A = −

1
2

u�P:B
K[d!t!@CGs@C7CWEd�Z!K?abScOAScd!eEK^<:=MSE7:9%SEd!=[Sg>~G6Sc7C@C=[Z�<:FAP�LbSEZ!KM7

y = −
1
2 cos x + c1e

−x + c2xe−x �_bin� t!@CGs@C7CWEd�I!7:9�P:d�P:B�uJP:B�KMd!t!@CG6@C7CWEd G6SE7C@C=MZ�<:FA<:t!@CB�P�L!OAD:_�P:|}T!7C7:;%Wcd�9 ;UKMF�BE@Cd%>
(Ax +

B)e−x
· x2 = (Ax3 + Bx2)e−x

�
x2 f©>ASE=¬P:BEWgO�>nN%Sc=[=[Sg>�>l_bSEF�Bc@:OA@CBEd!K umGsScO�>nP

−1
P N:P�OAP�N>AScO f

K[F(Bc>AKMNI!F«Sc7:9%SEd!=[Sc>�d!ScNJN%Wc>AF�BESgOASEF/7:9%q:N%S&i � �mB�KMd!t!@CG6@C7CWEdoZ!KMabSgOASEd!eEK[<:=[SE7:9%SEd!=MSc>�_xS�_bSct!SE=M9%Sc>(>ASEF�ª?>�;%SSEBc>~P�L!OAD:_�P:|}T!7C7:;%WEd%9>~P:Bc>¦N:P�L�\�IUNbu�t!@C7:9
(6A + 2B)xe−x + 2Be−x = xe−x

u�P:G6KM_xrC=
B = 0

WEF
A = 1

6
� z 7:9�P]Z!K?abScOAScd!eEK^<:=MSE7:9%SEd!=[Sg>�<:=?>QP:=^<:d!@CFYG6SE7C@C=MZ�<:FAP y = 1

6
x3e−x + c1e

−x + c2xe−x � �N%SEBEZ!Sg>AK[WcO(>AWcN�f L!OA@:_�=[WcGXPoG6Sc7C@C=[Z�<:FAP��
y = 1

6x3e−x + e−x �
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P (x, y) = y sin x − 1

u
Q(x, y) = cos x

u
Py = sin x

u
Qx = − sin x

u�>ASEt�<�>¬P:B�SE7:9%Scd!=[Sc>
d!SEG SE7CB�P�N�> � Py − Qx

Q
=

2 sin x

cos x

eEFAP�N
x
f©>ArC=R|}T!7C7!u!>ASEt�<�>w;:P:d

M(x)
GJI!=M>AK?L�=[K?N:<�>A@:O � 5«O�OAS

ln M(x) =

∫

2 sinx

cos x
dx = −2 ln(cos x) + c = ln

1

cos2 x
+ c,

>ASEt�<�>
M(x) = 1

cos2 x

G6SE7C|}SE=MSE=[r � 5«BEBESE=R;%WE7CK[7CF(BE@:OA@CBc;�PsP:B¬SE7:9%SEd!=MSc>ASc> �

y
sin x

cos2 x
−

1

cos2 x
+ y′

1

cos x
= 0,

P:G6K/G6<�O�;:P:=MD:_�P:d SE7CBEP�N> � �mB��4\pSE7:9%SEd!=[Sg>At!SEBn>AP�O�>A@CBED u(x, y)
|}T!7C7:;%WEd%9OAS

ux = y
sinx

cos2 x
−

1

cos2 x

u`WEF
uy = 1

cos x

u�P:GsK[d!ScN�P:B6SE7:9KMN�G6SE7C@C=MZ�<:FAP
u =

y

cos x
− tg x

u`>ASEt�<�>JPnZ!KMabSgOASEd!eEK[<:=?f
SE7:9%SEd!=MSc>

y
G6SE7C@C=[Z�<:F�PoP:B y

cos x
− tg x = C

u�P:BEP:B
y = sin x + C cos x �

_bi8� Z!KMaxScOASEd!ecK^<:=[Sc7:9%SEd!=[Sc>~d!SEG SE7CB�P�N>Eu Py − Qx

Q
=

4xy

y(1 − x2)
=

4x

1 − x2

eEFAP�N
x
f >ArC=v|}T!7C7Cr!u�WEF

ª[7:9 P:Z SE7:9
M(x)

GJI!=M>AK?L�=[KMN�<�>A@:O�>Eu3P:G6Sc=M9O�S
ln M(x) =

∫

4x

1 − x2
dx = −2 ln(1 − x2) + c =

ln
1

(1 − x2)2
+ c

um;�P:7:9UK[F �
c = 0

f©;�P:=£i
M(x) =

1

(1 − x2)2
� 58BEBESc=�;%WE7CKM7CF�BE@:OA@CBc;�P�P Z!KMabSgO(f

SEd!eEK[<:=[SE7:9%Scd!=[Sc>ASg> �
(y2 + 1)

x

(1 − x2)2
+

y

1 − x2
y′ = 0.

58d!d!SgN P:B�SE7CB�P�N�>�Z!KMaxScOASEd!ecK^<:=[Sc7:9%SEd!=[Sc>�d!ScN P¢G6SE7C@C=MZ�<:FA<�>�P:d!d�P�N�P:B
u(x, y)

|}T!7C7:;%WEd�9d!ScN P
F�SE7Cª?>AF�WE7CWg;%SE=v>AI!Z4\�IUNnNK[|}S1\�ScBEd!K u�P:G6SE=?9OAS

ux = (y2 + 1)
x

(1 − x2)2
WEF

uy =
y

1 − x2
.

58d!d!SgN�P:B�SE7:9UK?NlG6SE7C@C=MZ�<:FAP
u =

1 + y2

1 − x2

u�ª[7:9]PpZ!KMabSgOASEd!eEK[<:=[SE7:9%SEd!=MSc>
y
G6SE7C@C=[Z�<:F�<�OQP

1 + y2

1 − x2
= C,

P:BEP:B
y = ±

√

C(1 − x2) − 1.

j �w� N�P�OQP�N>ASgOAK[F�Bg>AKMNI!FwSc7:9%SEd!=[Sc>
m4 + 2m2 + 1 = 0

u�P:B�P:B
(m2 + 1)2 = (m − i)2(m + i)2 = 0

u
WEF§SEd!d!SgN

i
� WEF

−i
K[Fgi�N%Wg>AF�BEScO�SEF¦7:9%q:N%S � � SEt�<�>¦P�G6SE7C@C=MZ�<:F y = c1 cos x + c2 sin x + c3x cosx +

c4x sinx �
y � P�iV� N�P�OQP�N>ASgOAK[F�Bg>AKMNI!F�SE7:9%SEd!=[Sg>

m2 + 1 = 0
u�7:9%q:N%SEK

±i
� SE7:9F�BEScOAScF�ScN�iAuJP�t!@CG6@C7CWEd

Z!KMaxScOASEd!ecK^<:=[Sc7:9%SEd!=[Sc>�G6SE7C@C=MZ�<:FAP
c1 cos x + c2 sin x � �mB�K[d!t!@CGs@C7CWEd!t!SEB�P L!OAD:_�P:|}T!7C7:;%WEd%9

(A cosx + B sin x) · x = Ax cosx + Bx sinx � � SEt!SE=?9%Sc>�>ASEF(ªM>AWEF�IU>Q<:d�P:Bc>�N:P�L�\�IUNxuot!@C7:9
−2A sin x + 2B cos x = −4 cos x

unP:G6K?_brC=
A = 0

WcF
B = −2 � � Sct�<�>¢P:B�<:=M>QP:=[<:d!@CF
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y = −2x sin x + c1 cos x + c2 sin x
u«WEF6P N%SEBEZ!Sc>�K[WcO�>�WcN�f L!OA@:_�=[WEG6P�G6Sc7C@C=[Z�<:FAP

y =
−2x sin x + π sin x = (π − 2x) sinx �_biw� N�P�OQP�N>ASgOAK[F�Bg>AKMNI!FHSE7:9%SEd!=MSc>

m3
− m2

− 2m = 0
uvP:B�P:B

m(m − 2)(m + 1) = 0 � � 7:9%q:N%SEK
0, 2,−1

u�SE7:9UF�BcScOASEF�SgNbuRP6t!@CG6@C7CWEd <:=?>QP:=^<:d!@CF�G6SE7C@C=MZ�<:FAP
c1 + c2e

2x + c3e
−x � �mB�KMd!t!@CG6@C7CWEd%>N%Wc>6O�WEF�BcOAS�_x@Cd�>�\�IUN � �mB
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