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8 �:9<;6=�>@?(ACBEDF?!G�GH;JI�KML�NPO5NHQJRHLSRT?!U$V!BWO�?!BEXEYZV!B[?�OJGH;]\^V!B[?�OJGH;JAC_�`a`HV!bEL!c!B[?!B[Oed
R�f

v(r) =
r

|r|g fihkjSlmf
v(r) = r × (1, 1, 1) n

o �qp�XeNHrts/OJQ�>@?u?�KRHX�RHDvN g�g KwAC_�`a`HV!bEL!c!B[?(I�KMV!B[;�`aBEL�xEKvN"=JNPOybEQy;JGHO5NHxEKMz�=JNPOEd
R�f

v(r) =

(

x

y
,

y

x
, xz

)

g f
v(r) = grad |r|x�fihkjSlmf

v(r) = (x2 + y3, 12xy − 3x, xyz2)I{fihkjSlmf
v(r) = (x2y + y3, x3 − xy2)

| �u}~K�XEGaL!c@s/OJQ�>@? g BH����Ga`Hc
R�f

div(u · v) = (gradu)v + u div v �g fihkjSlmf
div(v × w) = wrot v − v rotw n

���t��B[;JBEQ�Qm_@?SrtBE`�RZ?!U"V!B[O�?!B[XEY�V!B[?�OJGH;m\kV!B[?�OJGH;�AC_�`a`HV!bEL�c!BW?u��GHOJBEL�x[KvNHD�AC_�`a`HV!b[L�c!b[OE����RZD�b[OJB[XEKM?{d
R�f�hkjSlmf

v(r) = (3x2y − y3)i + (x3 − 3xy2)jg f
v(r) = (5x2y − 4xy, 3x2 − 2y)x�f
v(r) = (yz, xz, xy)I{fihkjSlmf

v(r) = (yz − xy, xz − 1
2
x2 + yz2, xy + y2z)

� �qp�XeNHrts/OJQ�>@?u?�KRZ`aUH; g B[rtBEL!OJKFK�L!OJBE`H;5NHDMGH?HRPO
h3��RZQ�XE_@?�Q�bE`aBEQE��BEDMY g�g ��RP;5RHrtb[O�B[;JBEXEX[_@?�RZ`aUH; g bWO[f5d
R�f�hkjSlmf

v(r) = (x2, x + y + z, yz)
�
G
RHX

AB
Q�XERP?HRHQ�X

A
\ g zaD

B
\ g BH��RH��GaD

A(1, 1, 1)
b[Q

B(2, 0,−1) ng fihkjSlmf
v(r) = (y2 − x2)i + 2yzj − x2k

�
G : r(t) = (t, t2, t3)

�
(0 ≤ t ≤ 1)x�f

v(r) = r
�
G : x2 + y2 = 1

�
z = 0

?!UH;
x ≥ 0

ACb[DMOJb[; g B
B[Q�Y�;Jb[Q�XEBH�
(0, 1)

\^L�bED�?!BEXEI@V!B
I{f

v(r) = (ex, xyz, z)
�

r(t) = (t2, 1, cos t)
�

0 ≤ t ≤ π
� �u}~K�XEGaL!c@s/OJQ�>@? g BH����Ga`Hc�RHX�RHDvN g�g K�V!B[?�OJGH;m\^V!BW?�OJGH;JAC_�`a`HV!b[L�c!B[?���GHO�BEL�xEKvNHDMGaQJRP? n p�XeNHr:sMOJQ�>@?�?@K�R

rtBE`!RHI�GHOmO�KML�O�BE`H;5NHD�GH?PRPO�RZ�{GHOJBEL�xEK�NHD�AC_�`a`HV!bEL!c1Q�BE`asMO�Q�bE`ab[V!BED3d
R�f

v(r=(y2 − z2, 1 + 2xy, −2xz)
�
G : (2 cos t, 2 sin t, t)

�
0 ≤ t ≤ π)g fihkjSlmf

v(r) = (y + z, x+ z, x+ y)
�
G
RHX

ABCD
OJUH;�UHO�O�V!GaL�RHDk��RH��GaD

A(1, 1, 1)
�
B(1, 2, 0)

�
C(3, 2, 1)

�
D(3, 1, 2) n

�������� l����6������"�����������{��� ��� �
8 � g f

v(x, y, z) = (y − z, z − x, x − y) n
o �yx$f

divv = 2x + 12y + 2xyz
�

rotv = (xz2,−yz2, 12y − 3 − 3y2)
I{f

div v = 0
�

rot v = (0, 0, 2x2−4y2)
h3R

v
AC_�`a`HV!bEL!c�O

v = (x2y+y3, x3−xy2, 0)
RHD�RP? g RHL

R
3 \ g B[D�K�L�BW?1O�B[?@KML�O�V!B$f
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| � g f
div(v × w) = div(v2w3 − v3w2, v3w1 − v1w3, v1w2 − v2w1) =

(

(v2)xw3 + v2(w3)x − (v3)xw2 − v3(w2)x

)

+
(

(v3)yw1 + v3(w1)y − (v1)yw3 − v1(w3)y

)

+
(

(v1)zw2 + v1(w2)z − (v2)zw1 − v2(w1)z

)

=
(

(v3)y − (v2)z

)

w1 +
(

(v1)z − (v3)x

)

w2 +
(

(v2)x − (v1)y

)

w3+

v1

(

(w2)z − (w3)y

)

+ v2

(

(w3)x − (w1)z

)

+ v3

(

(w1)y − (w2)x

)

=

(rotv)w + v(rotw) n
����R�f�� DMc�RHL

u : R
2 → R

AC_�`a`HV!bEL�c�O�?!BW;JBEQ�_�L@?{�{RHrtB[DMc�;�B
ux = 3x2y − y3 ��bEQ uy = x3 − 3xy2 n� X BEDMQ�Y g YaD

u =
∫

3x2y−y3 dx = x3y−xy3+g(y)
�PbEQ BW;�;JB

uy = x3−3xy2+g′(y) = x3−3xy2 �
OJBE��NPO

g′(y) = 0
��bEQ

g(y) = C
?!GaL�QmO5RHL�Q n 9 `Hc u = x3y − xy3 + C n

I{f�� D/c�RHL
u : R

3 → R
3 AC_�`a`HV!bEL!c�O ?!B[;�BEQ�_�L@?���RHrtBED/c�;JB ux = yz − xy

�
uy = xz − 1

2
x2 + yz2 �

uz = xy +y2z n � X B[D�Q�Y g YaD u =
∫

yz−xy dx = xyz− 1
2x2y +g(y, z)

��RHrtK/;JB
uy = xz− 1

2x2 +
gy(y, z) = xz − 1

2x2 + yz2 � OJB[��NPO gy(y, z) = yz2 � s�`Hc g(y, z) =
∫

yz2 dy = 1
2y2z2 + h(z) n� K�QmQ�XeRH��BED/c!B[O�OJBEQmsMO�V!B�RHX

u
\ g R��

u = xyz − 1
2x2y + 1

2y2z2 + h(z) n
	 X[O�UaQ�Q�X[B[V!B[O6=�_@?SR���RP;JruRHI�K/?ACBED/OJb[OJBEDMD�BED��
uz = xy + y2z + h′(z) = xy + y2z

�wRHr:K g YaD
h′(z) = 0

��RHXeRHX
h(z) = C

?!GaL�QmO5RHL�QE�
OJBE��NPO

u = xyz − 1
2
x2y + 1

2
y2z2 + C n

� ��R�f
G : r(t) = ~OA + t ~AB = (1 + t, 1 − t, 1 − 2t)

� h
0 ≤ t ≤ 1

f5�
ṙ(t) = (1,−1, 2)

�
v(r(t)) = ((1 + t)2, 3 − 2t, 2t2 − 3t + 1)

��bEQ
v(r(t))ṙ(t) = −3t2 + 10t − 4 n

∫

G

v(r)dr =
1
∫

0

−3t2 + 10t − 4 =
[

−t3 + 5t2 − 4t
]1

0
= 0 n

g f
ṙ(t) = (1, 2t, 3t2)

�
v(r(t)) = (t4 − t2, 2t,−t2)

�
v(r(t))ṙ(t) = 4t6 − 2t4 − t2

�
∫

G

v(r)dr =
1
∫

0

4t6 − 2t4 − t2 dt = − 17
105 n

� � �
v
V!B[?�OJGH;m\^V!BW?�OJGH;JAC_�`a`HV!b[L�c�BE`HcS��GHO�BEL�xEKvNHDMAC_�`a`HV!bEL!c!B

u = xy + xz + yz
��sM`Hc ∫

G

v(r)dr =

[

xy + xz + yz
](3,1,2)

(1,1,1)
= 11 − 3 = 8 n


