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8 �:9<;>=@?BA!CED/FHG�IEJLKNMPORQ�?BSPCUT
v(r) = (2x + 6xz, −2y, 3x2 − 3z2) V MWJ�FH?PXZY V MWJ�FH?PX�[]\�SBS V!^ A_C[]?PX�X5`PGZabM@A!FHM@G ^ GdcPX V!^ A_C�abM@A!FHM@Ge;fG@g

h �ji�=k`PabD/FHG�IEJ:J�;lTmJ!c V MWF�J!M@=@n V MWJ�F�?PXZY V MWJ�FH?PXH[]\�SBS V!^ A!C!MWJj[]M@of\�o>MWF�;p;fA_F�M@SPX5`Po qH`rFdTmabM@S!TPs�?PF�Ft[]M@of\�o>MWF�MuYJ!M@Awvexzy|{H}�~����
T��

v(r) = (x, −y, z)
O
F : r(u, v) = (u + 2v, v, u − v)

O
0 ≤ u ≤ 3

O
0 ≤ v ≤ 1

O�T
A�?PXHab`Po V MWJ�FH?PXH?PJ:ofM@[]M@o ^ a�IEF5TrFHA�TrJK�
v(r) = r|r|3

O
F : x2 + y2 + z2 = 4

O
z ≥ 0

O�[]M@o>[]M@o ^ ;fXH`PA_C�DfF V T~��
v(r) = (x, y, z)

O
F : r(u, v) = (3 cos v, 3 cosu sin v, sin u)

O
0 ≤ u ≤ π

O
0 ≤ v ≤ 2π

O
ru×rv

Y V M@o�;fX5`PA!CED/F V T�x6J!?PX5`rK�K�TPAmF ^WV M@G�M@A r(u, v) = (3 cos v, 3 cos v sin v, sin u)
G�=WMWXHMW�NM@ofFkO

TP=@?BA
0
TP=�;>A!FHM@SPX5`Po6�

� �ji�=k`PabD/FHG�IEJ�J�;�T�J!c V MuF�J!M@=@n�=@`rX�F�[]MWo>\�o>MuFHMWJ!M@A�T�[]M@o>\�ofMWFH;�;>A!FHM@SPX5`Po/FLx�Q�TPG�=@A�`Po q�IEJ�T���TPI�G�G��
� G�=WF�XH?BSPXHTPs�G�=WJE; q�Y�F ^ FHM@ofFu��xzy|{H}�K�5O�~����5}T�� ∫ ∫

F

(xz, xy, yz)dF
O�TPQ�?Bo

F
T

z =
√

1 − x2 − y2
[]M@of\�o>MWF ^ GmT z = 0

GZDfJ�`Po/F5TPo�Q�TrF5`rX�?BofF
F5TrXZFH?Ba:`PA!C:[]M@o>\�ofMWFHMPO�KMW[]M@o ^ amIEFHTrFH��A�?PX�a:`Po V MWJ�FH?PXH?PJ�JPTPo3�K� ∫ ∫

F

(x3, y3, z3)dF
O�TPQ�?Bo

F
TP=

x2 + y2 + z2 = 1
M@SPC!M@A�ofMWFH��SBcBa�K�[]M@o>\�ofMWFkO�J�;>[]M@o ^ a�IEF5TrFH�

A�?PXHab`Po V MWJ�FH?PXH?PJ�JrTPoz�~�� ∫ ∫

F

(xez, zex, yey)dF
O TPQ�?Bo

F
T

3z2 = x2 + y2
JE¡E�¢[]M@ofG�n£F ^ XH[ ^ ofKNM�M@G�n¤X ^ G�=@M ^ G�TP=

x2 + y2 + z2 = 4
SBcBa�K�`PofFHTPo�Q�TrFH`rXH?BofF�F ^ X�KNM@o>;�F5TrX�F�?Ba:`PA_C�FHMWo q�M@G []MWo>\�o>MuFHM¥JE;f[]M@o ^ a�IEF5TrFH�A�?PXHab`Po V MWJ�FH?PXH?PJ�JrTPozv
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ru = (0, −3 sin u sin v, cos u)
O

rv = (−3 sin v, 3 cosu cos v, 0)
O

ru × rv = (−3 cos2 u cos v, −3 cos u sin v,−9 sinu sin2 v)
O

v(r(u, v)) = (3 cos v, 3 cosu sin v, sin u)
O

v(r(u, v))(ru × rv) = −9 cos2 u cos2 v − 9 cos2 u sin2 v − 9 sin2 u sin2 v =
−9 cos2 u − 9 sin2 u cos2 v = −9 cos2 u − 9 sin2 u + 9 sin2 u cos2 v = −9 + 9 sin2 u cos2 v
π
∫

0

2π
∫

0

−9 + 9 sin2 u cos2 v dv du =
π
∫

0

2π
∫

0

−9 + 9

2
(sin2 u)(1 + cos 2v) dv du =

π
∫

0

[

−9v + 9

2
(sin2 u)v + 9

4
sin2 u cos 2v

]2π

0
du =

π
∫

0

−18π + 9π sin2 u du =

π
∫

0

−18π + 9

2
π(1 − cos 2u) du =

[

− 27

2
πu − 9

4
π sin 2u

]π

0
= − 27

2
π2
g

� �tK�
divv = 3x2 + 3y2 + 3z2

O�FHM@Q�`rFeTmJ�;>G�=@`PabDfF5TPA�s���;fA_FHMWSPX5`Po
∫ ∫ ∫

x2+y2+z2≤1

3x2 + 3y2 + 3z2 dx dy dz
g´��cBa�K�;J!?�?PXHs�;fA�`rF5`rJ�X5Tm`rF�F ^ X V MP}

1
∫

0

π
∫

0

2π
∫

0

3R2 · R2 sin ϑ dϕ dϑ dR =
1
∫

0

π
∫

0

6πR4 sinϑ dϑ dR =
1
∫

0

12πR4 dR = 12

5
π
g

~��
divv = ez O�FHM@Q�`rF�M@=WFmJ!M@o>o³TµJ�¡E� ^ G¥T�SBcBa�K�[]M@o>\�ofMWF�`PofF5TPo<Q�TrFH`rXH?BofFmF ^ X�KNM@o>;<F5TrXZFH?Ba:`PA!C!?BA;>A!FHM@SPXH`Po>A�;zgd¶�XHs�MWabM@G·`rF�F ^ XHA�;�SBcBa�K�;pJ!?�?PXHs�;fA�`rF5`rJ�X5TEgt¸¹J�¡E��MWSPC!M@A�o>MWF�M�SBcBa�K�;lJ!?�?PX�s�;>A�`rF5`rJ�JPTPo

[]M@ofDfX V TºxzT 4z2 = x2 + y2 + z2
TPo>TrJ�KN�Bo��

4R2 cos2 ϑ = R2
O�TP=kTP=

4 cos2 ϑ = 1
O ^ G
M@=uF FH? V `rK�KTPo»TrJ�DfF V T θ = π

3

O�TmSBcBa�K ^ �M@s�;fS R = 2
g�¼�SPC(TmJ�;>G�=@`PabDfF5TPA�s���;fA_FHMWSPX5`Poz}
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2
∫

0

π/3
∫

0

2π
∫

0

eR cos ϑR2 sin ϑ dϕ dϑ dR =
2
∫

0

π/3
∫

0

2πeR cos ϑR2 sin ϑ dϑ dR =
2
∫

0

[

2πReR cos ϑ
]π/3

0
dR

=
2
∫

0

2πReR/2 − 2πReR dR =
[

4πReR/2
]2

0
−

2
∫

0

4πeR/2 dR −
[

2πReR
]2

0
+

2
∫

0

2πeR dR =

[

4πReR/2 − 8πeR/2 − 2πReR + 2πeR
]2

0
= 6π − 2πe2

g


