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8 �:9�;=<?>A@/BDC�EGFHF�IKJLF!M$N!OPB�F!OQ;QRS;=<UT�BWVXM?T�Y[Z\F!O\]^J?;_I`]!BDOQV?T5<?a/Bb9�BDc?F!O\CedfBDZPBDOQa`agOQaZQChJ?]�Z\agFGi�a3j
J�k:J

v(r) = (y2, z2, x2) l i�VXV?N!ZQ]!mAI`]!BDOQV?TD<?a nDJ
J?; A(1, 0, 0) o B(0, 1, 0)
ZQC

C(0, 0, 1) p cX]!BDc?F!cX] o>HJ"n�q(r"nsT5JtJ?;
A p cX]uBDcX]1F!O\TDOQCs;\BDi�a`v�J?a`J?q�wA;=<UT�BxBDM?T�BsN!cX]�J?ay>AOQ]!BDZQ]yzY[k|{~}^�sk[J

v(r) = (x, x+y, x+y+z) l i�VXV?N!ZQ]!m�I`]!BDOQV?T5<?a nDJhJ?; x2+y2 = 4 o z = 2
OQV?m!O\]�a`O\BDOPF�F!OQa

>AO\VXv�JUB5<UTDcX;Qc?B�B�F!M?T�N!cX]�J?agcX] oGp cX;QI/BD@gN:I/T5<?]!m�Y�J?]y�
� �A���bTDOQOQ]�d~BDZ\BDO\a l OQagv�J?C�;Q]�<?a`<?CD<"NUJ?a�C�;=<?>A@/BDC�EGFHFGIJJ�k

v(r) = (3x2ey2

, 2x3yey2

) l i�VXV?N!ZQ]!m�Ig]uBDO\V?T5<?a nD<UB�J G : r(t) = (cos t, sin t) o 0 ≤ t ≤ πVXM?T�Y�O�>tOQ]uB�ZQ]yz
Y[k|{~}^�sk�J

v = (xy2+3y,−x2y) l i�VXV?N!ZQ]!m_I`]!BDOQV?T5<?a nD<UBKJ?; A(−2, 0) o B(0, 1) o C(2, 0) p cX]uB�c?F!cX]F!O\T�OQC�;\BDi�agv�J?a�J?q�wtB�M?TDM?B�B�N!cX]�J?a[>tOQ]uB�ZQ]y�
� ��{~}^�skK9�;Q<?>A@gBDCsEGF
FGI�J

v(r) = (xez, y2, −2yz) l i�VXV?N!ZQ]!m l OQa`i�agO\BD>AO\]uBDI�I`]!BDOQV?T5<?a nD<UB�J z = x2+y2

p JUT5JUY�cXa`cXI`q�ZQC_J z = 4
C�@/F�<?agB5J?aKv�JUB5<UTDcXa/BhF!c?TDa�<UB�cXChB5JUT�BDcX>H<?]!m�B�OQa n�OQC l OQagi�a`O\B�ZQ] o FGI l O\a`Z�>LEGB5JUBDw]�c?TD>H<?a/N!O\F�B�c?TDc?F�FUJ?a~�

� �:9�;=<?>A@/BDC�EGF|FGI�J^F!M"N!O\B�F!OQ;\R^N!O\F�BDc?TedfN!O\F�BDc?T l i�VXV?N!ZQ]!m!O\FG]�OPF�J^>AOQV!J?q�c?B�B l O\a`i�a`OPBDOQ]�N!O\B�B�CsFUJ?a�<UTedZ\T�B�Z\FG�(ZQCWN!O\F�BDc?TDZ\TsBDZ\FG�(I`]!BDOQV?T5<?a nD<UB
{~J l OQagi�a`O\B�O\BbJ ru × rv
]�c?TD>H<?a/N!O\F�B�c?TDc?F�FUJ?a�I/T5<?]um�@gB�NUJ�k5�

J�k
v(r) = (z, y, y) o F : r(u, v) = (u + v, v, u − v) o J p JUT5J?>tZ\BDO\T�BDJUT�BDcX>H<?]!m p OQq�IgV:J (0, 0) o
(1, 0)

ZQC
(0, 1) � C�r � C�r�v�<UT�cX>AC�;QMXV��Y[k|{~}^�sk

v(r) = r o F : r(u, v) = (u cos v, u sin v, 2) o 0 ≤ u ≤ 1 o 0 ≤ v ≤ π
2

�
� ��{~}^�sk���JUB5<UTDcX;Q;QEGF�>AOQVHJ?;

r(u, v) = (u cos v, u sin v, 1

2
(v + u2)) l O\a`i�a`OPB |u| ≤ v o 0 ≤ u ≤ 2

p JUT5J?>AZPBDO\T�B5JUTsBDcX>H<?]!mGv�cX;hB5JUT�B�cX;QwSq�JUTDJUY�nD<?]�JUF(J l OQa`C�;\@`]�Z\B=�

���K���u� �¡ ��6��¢K���"���¤£� u������¢ ��¥ �
8 ��Y[k

r(t) = (2 cos t, 2 sin t, 2) o ṙ(t) = (−2 sin t, 2 sin t, 2) o
v(r(t)) = (2 cos t, 2 cos t + 2 sin t, 2 + 2 cos t + 2 sin t) o
v(r(t))ṙ(t) = 4 cos2 t o
∫

G

v(r) dr =
2π
∫

0

4 cos2 t dt =
2π
∫

0

2 + 2 cos 2t dt = [2t + sin 2t]
2π
0

= 4π
�

NUJ?V?m(9�BDc?F!OQCed~BDZ\BDOQaga`OQa3j
rot(v) = (1,−1, 1) oZQC�J¦C�@gF

r(x, y) = (x, y, 2) p JUT5J?>AZ\B�O\TDOQ;QZ\C�ZQv�OQ;§J¦]�c?TD>H<?agN!OPF�BDc?T
rx × ry = (0, 0, 1) o J

p JUT5J?>AZPBDO\T�B5JUTsBDcX>H<?]!m p O\q�I`V x2 + y2 ≤ 4
∫ ∫

F

(1,−1, 1)(0, 0, 1)dF =
∫ ∫

F

1dF o O\; p O\q�I`VAJ?; x2 + y2 ≤ 4
F!M?TxB�O\TDi�a`OPBDO o J?;=J?; 4π

�

� �(Y[k ∂v2

∂x
−

∂v1

∂y
= 3 o Z\C�J l OQagi�a`O\B�J?; ABC

v�<UTDcX>ACs;QMXV?B5JUT�BDcX>A<?]um!��¨�IgN!O\a�F!cX]�CeB5J?]�C l i�VXVUdN!ZQ]!m�BbF!OQaga©OQ;QO\]ªJAB5JUT�B�cX>H<?]um!cX]�I`]!BDOQV?T5<?ag]�I o J?;�O\T�OQq�>AZQ]!m�OQV?mGCs;QO\TD��OQ]�B5JUT�B�cX>H<?]um(BDO\TDi�agO\BDZQ]�OPF>AOQV l O\a`OQagR«BDM?Y�Y�Cs;QM?TDMXC�O o J?;=J?; 3 · 2 = 6
�

� �x�¬�_J?E�C�C®G¯bC�;\B�T�cXV?T5J?q�C�;\F�I nedfB�Z\BDOQayC�;\O\TDI`]!BxJ?;bI`]!BDOQV?TD<?a[>AOQVXOQV?m!O\;QIgF
div v = ez + 2y− 2y = ezI`]!BDOQV?TD<?a nD<=N?J?a�J p JUTDJUY[cXa`cXIgq�ZQC�JbC�@gF�<?agB5J?a�v�JUB5<UTDcXa/B°BDZ\TsY[OQagI�B5JUT�BDcX>A<?]um!cX]y�K�¤B5JUT�BDcX>H<?]!m_N!O\BDi�a`OPBDO

J?;
xy
d¡C�@/F�T5J_J
>AO\B�C�;QO\B�F!M?T�N!O\BDi�agO\BDO o J?;=J?;±J?;Wc?TDIgVXw�F!M?TDi�agI 2 C�E�V!JUTDrAF!M?TQ�²�bOQ]�VXO\T�F!c�c?TDq�I`]�<UB5<UF�F?J?a
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l OQag@gT�NUJtJ?;_I`]!BDOQV?T5<?a/B=j
2
∫

0

4
∫

r2

2π
∫

0

emr dϕ dm dr =
2
∫

0

4
∫

r2

2πrem dm dr =
2
∫

0

[2πrem]
4

r2 dr =

2
∫

0

2πre4 − 2πrer2

dr =
[

πr2e4 − πer2

]2

0

= 3πe4 + π
�

� ��Y[k
ru = (cos v, sin v, 0) o rv = (−u sin v, u cos v, 0)

ru × rv = (0, 0, u) o v(r(u, v)) = (u cos v, u sin v, 2) o
v(r(u, v)) · (ru × rv) = 2u

v(r(u, v)) × (ru × rv) = (u2 sin v,−u2 cos v, 0)
�

� Y�Y�RXa�JSCsFUJ?a�<UTDZPT�BDZ\F���I`]!BDOQV?TD<?a ∫ π/2

0

∫ 1

0
2u du dv = π

2
oZQC±J«N!O\F�BDc?TDZ\T�B�Z\FG� ∫ π/2

0

∫

1

0
(u2 sin v, −u2 cos v, 0) du dv =

=
(

∫ π/2

0

∫

1

0
u2 sin v du dv,

∫ π/2

0

∫

1

0
−u2 cos v du dv,

∫ π/2

0

∫

1

0
0 du dv

)

= ( 1

3
, 1

3
, 0)

�
� �

ru = (cos v, sin v, u) o rv = (−u sin v, u cos v, 1

2
)

ru × rv = ( 1

2
sin v − u2 cos v, −u2 sin v − 1

2
cos v, u) o

|ru × rv| =
√

1

4
sin2 v + u4 cos2 v − u2 sin v cos v + u4 sin2 v + 1

4
cos2 v + u2 sin v cos v + u2

=
√

u4 + u2 + 1

4
= u2 + 1

2
o ZQChJ l OQa`Cs;Q@`]

2
∫

0

u
∫

−u

u2 + 1

2
dv du = 10

�


