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��87:9<;4=<>@?BACAEDGFIHKJELM9NAK9NOP=<Q�Q�RTS�RVUWJX>@JEY�ZER[=NO[JELN\ JEY�OVJC;@JCF];@^V_�D�`�=<;ba2JXc�_�O[RVZERV;edfJhg<9NLN\]R[HK_�OVR[ZER.;jikH8R[O.\ JEY
>@JEY�S�lmi�R[OVO[JC;eg Jonp?NF�qmi�r�?BH8?BLBsEY'g<9NLN\bR[Y�r�?BHK?BLBsEY�t4u
9�t

y′ = 3y′′′ − (tg x)y′ + ch x = 0
QWt

y′′ = ey lnx
Z�t

y′′ = y2 cos2 x
v bwxO[S!y�DGFzH8JEL{9|F }!g JC;�F JEAC~�a2`eAEsC;�g<=NOP9N`�AX;@r�9<;@��t'S�RVU�JC>@JEY�ZER[=NO[JELN\ JCY�O[JC;@JXF JC;ji�R[OVO[JC;�g J�F JEACS�JC;@R[sX>�;@sCF�d

_�>@?NQ�OVsEH�=<F<9<;ju
9�t

xyy′ + y2 − 1 = 0QWt
(2x + 1)y′ − 3y = 0

i
y(4) = 6Z�t]a��M�et

(1 + x2)y′ + x(1 + y2) = 0S�t]a��M�et √
1 − x2y′ + xy = 0

9NA
y( 1

2
) = 0

i�R[OVO[JC;�g J�9NA
y( 3

5
) = 1

F JEAES�JC;�R�npJEO.;@sC;@JCO[O[JCO
� 87:9�9�S�RVUWJX>@JEY�ZER[=NO[JELN\ JEY�OVJC;

y′ = g(y/x)
9NOP9<F�>49�r�?BACr�9<;@��iN9<F�F ?N>

z = y/x
np��LBLNg sCY�\�QWJCg JEACJC;@sE`�sXg JEO

`�AEsX;�gN=NO[9N`�AC;@r�9<;��#g<=:;�JEr�JC;@~��TwxO[S!y�DGFhH8JEL:JEY�Y�JXF�`eJELB^V;@`esELBsCg JEO�9NA�9NOP=<Q�Q�R�S�R.UWJC>�JEY�ZERP=NOVJELN\ JEY�OVJC;@JCF JC;Eu
9�t

2xyy′ = y2 − x2
i

y(1) = 1QWt]a��M�et
xy′ = xey/x + y

i
y(1) = 0

� bwxO[S!y�DGF'H8JEL�9hF }!g JC;�F JEAE~�JEO[`e~N>@JEY�S�l�O[RVY�Jj=<>@RV`�S�R.UWJC>@JCY�ZERP=NOVJELN\ JEY�O[JX;@JCF JC;ju
9�t

y′ − 1

x
y = x2

QWt
y′ + y = e−x

Z�t]a��M�et
y′ + y cos x = sin x cos x

i
y(0) = 1S�t]a��M�et

xy′ − (x + 1)y = x2 − x3

� 8��OVO[JEY�~N>�R[AEAE�GF�i�r�?BLN\�9NA�9NOP=<Q�Q�R S�RVU�JC>@JEY�ZCRP=NO[JCLN\ JEY�O[JC;�JCF
JCLBAj9<F�;49<F�d�JN��7:9�Y�JCHMi�F JC>�JE`�`���YGF
9NOVF<9NO[H�9N`
H�D�OV;@R._�O[R.FN=<;@?N>e;jiG9NH8JCO[OV\ JCOmJELBAj9<F�;e;4=�;�JEr�JC;@~NF�i�sE`�q�LN\0?BO[S!y�DGF0H8JCL�u
9�t

x3 − 3xy2 + (y2 − 3x2y)y′ = 0QWt]a��M�et
ln y + yex + 2 + (x

y + ex − ch y)y′ = 0Z�t
(1 − xy) + (xy − x2)y′ = 0S�t]a��M�et

(y sin x − 1) + y′ cos x = 0J�t]a��M�et
x(y2 + 1) + y(1 − x2)y′ = 0n4t�a��M�et
2x + cos y − (x sin y)y′ = 0

i
y(1) = 0L�t�a��M�et

e−y + (xe−y − 2ye−2y)y′ = 0

��������� �����5�� ����!���¢¡���������  ��£ �
v �Z#t

y′

1 + y2
= − x

1 + x2

∫

1

1 + y2
dy =

∫

− x

1 + x2
dx

arctg(y) = − 1

2
ln(1 + x2) + C

y = tg

(

−1

2
ln(1 + x2) + C

)

= tg
A√

1 + x2
,

9Nr�?BO
A = eC > 0

�
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S�t
y′

y
= − x√

1 − x2

g<9NLN\
y ≡ 0

∫

1

y
dy =

∫

− x√
1 − x2

dx

ln |y| =
√

1 − x2 + C

y =Ae
√

1−x2

,

9Nr�?BO
A = ±eC ;@JC;�`�AE~BO[JCLBJE` Y�JEH

0
`�Aj=NHMi#gN9NLN\

A = 0
9�`�AERVY�LBD�OP=<>@RV` H8JELB?BOVS�=N` H8R[9<;�;j���xA

y( 1

2
) =

0
F JEAES�JX;@R npJEO.;@sC;@JEO.;h9NA

y ≡ 0
H8JELB?BO[S�=N`Ci 9NA

y( 3

5
) = 1

F JEAES�JX;@R npJEO.;@sC;@JEO.;h9NA
y = e−4/5e

√
1−x2

H8JELB?BOVS�=N` JEO[sELB^.;@RWFGR2�
�  QWt���S�R.UWJC>@JCY�ZERP=NOVJELN\ JEY�O[JX;

y′ = ey/x + y
x

9NOP9<F�>49 r�?BAEr�9<;����
z = y/x

io9NAj9NA
y = zxr�JEO.\ JC;�;@JE`e^V;@sE`eY�sEO

y′ = z′x + z
�

z′x + z =ez + z

z′e−z =
1

x
∫

e−z dz =

∫

1

x
dx

−e−z = ln |x| + C

z = − ln(− ln |x| − C))

� RVg JEO�9NA
x = 1

F }N>@Y \ sCF sEY sC>�g sCY�\ JE`bH8JCLB?BO[S�=N`e;�F JC>@JE`�`e�GFWi�9
z = − ln(− ln x − C)

OVJE`�A 9
H8JELBnpJCO[JEOV~�����Q�Q�~BO

y = −x ln(− lnx − C)
���xA

y(1) = 0
npJEOV;�sC;@JEO.; 9

C = −1
JEO[sCLB^V;@R�F�R��

y = −x ln(1 − lnx)
�

�  Z�tMa2��LN\ JEO[^.>4=N`e;�DG;@�BO[9NL0y@9!g�^V;@?N;�;@9NH 9�npJEO[9NS�9<;�Q�9NYmu.t	� H8JELBnpJEOVJEO[~ r�?BH8?BLBsEY S�R.UWJC>�JEY�ZERP=NO d
JELN\ JEY�OVJC;ji

y′ + y cos x = 0
i 9NAj9NA y′

y
= − cos x

a2r�9
y 6≡ 0

t4iksE`oJCQ�Q�~BO
ln |y| = C − sin x

9NAj9NA

y = Ae− sinx i 9Nr�?BO A ∈ R
;�JC;@`�AE~BOVJELBJE`E�
�xA8R[Y�r�?BHK?BLBsEY�S�RVU�JC>@JEY�ZCRP=NO[JCLN\ JEY�O[JC; H8JELB?BO[S�=N`�=<; 9NA

=NO[O[9NY�S��'g<9<>@RP=NO[=N`@=jgN9NO
y = A(x)e− sinx 9NOP9<F�Q�9NY]F JC>�JE`�`��GF���� JCr�JEOV\ JC;e;@JE`�^.;�g JK9NA�JC>@JES�JX;@R�JCLN\ JEY�d

O[JX;�QWJ��
A′(x)e− sin x−A(x)(cosx)e− sin x+A(x)e− sin x cos x = sin x cos x

i<9NAE9NA
A′(x)e− sin x =

sin x cosx
i�9NH8RVQ�~BO

A′(x) = esin x sin x cos x
���TQ�QW~BO

A(x) =
∫

esin x sin x cosx dx =
∫

ueu du
i

r�9
u = sin x

r�JCOV\ JC;�;�JE`�^V;�sE`e; g sELBAE��YGF�����A _�9<>@ZER[=NO[R[` RVY�;�JELN>4=NOP=N`e`@9NO�� ∫

ueu du = ueu −
∫

eu du =
(u− 1)eu + c = (−1 + sin x)esin x + c

i�sE`
y = A(x)e− sinx = −1 + sin x + ce− sin x �� F JEAES�JC;�R

npJEO.;@sC;@JEO.; 9NA
y = −1 + sinx + 2e− sin x np��LBLNg sEY \'JEO[sELB^.;@RWFGR2�

S�t�� HKJELBnpJEO[JCO[~ r�?BH8?BLBsEY S�RVU�JC>@JEY�ZCRP=NO[JCLN\ JEY�O[JC; y′

y
= 1 +

1

x

9NOP9<F�>49�r�?BAEr�9<;@� a
y 6≡ 0

JE`eJC;@sEYmi
sE`09 H8JELB?BO[S�=N`�9

ln |y| = x + ln |x| + C
i�9NAj9NA

ln |y| = ln exeC |x| i ;@JEr�=<; y = Axex ���xA
R[Y�r�?BHK?BLBsEY S�RVUWJX>@JEY�ZER[=NO[JELN\ JEY�OVJC;�H8JELB?BOVS�=N`@=<;�9NAb=NOVOP9NY�S���gN9<>�RP=NOP=N`�=!g<9NO

y = A(x)xex 9NOP9<F�Q�9NY
F JC>@JC`�`��GFW��� JEr�JEOV\ JX;�;@JE`�^.;@sE`�DG;4=NY

A′(x)x2ex + A(x)xex + A(x)x2ex − (x + 1)A(x)xex = x2 − x3,
9NAE9NA

A′(x) = e−x − xe−x,
sC`�^[LN\
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A(x) =

∫

e−x − xe−x dx = −e−x + xe−x −
∫

e−x dx = xe−x + c,
;@JEr�=<;

y = x2 + cxex.

� �QWt
P (x, y) = ln y+yex+2

i
Q(x, y) = x

y +ex−ch y
i
Py = 1

y +ex i Qx = 1

y +ex � � RVg JEO
Py =

Qx
ik9bS�RVU�JC>@JEY�ZER[=NO[JELN\ JCY�O[JC;oJELBAj9<F�;jimsE`�9�H8JELB?BO[S�=N`�9

u(x, y) = C
i�9Nr�?BO

u
9

(P (x, y), Q(x, y))g JCF�;@?N>edfg JXF�;@?N>@np��LBLNg sCY�\0JELN\�RVFb_W?N;@JCY�ZERP=NOVnp��LBLNg sEY�\ J<�
ux = P

dfQ�~BO
u = x ln y + yex + 2x + g(y)g<9NOP9NH8JEO.\

g(y)
np��LBLNg sEY \�>�JNi�sE`

uy = x
y + ex + g′(y) = x

y + ex − ch y
i�;@JEr�=<;

g(y) = − sh y
i�sE`

JEAEACJEO
u(x, y) = x ln y + yex + 2x − sh y

H8JELBnpJEOVJEO[~�� � S�RVU�JC>@JEY�ZER[=NO[JELN\ JCY�O[JC;
y
H8JCLB?BO[S�=N`@=<;:9NA

x ln y + yex + 2x − sh y = C
R[HK_�OVR[ZER.; JELN\ JEY�O[JX; 9NS!y@9KHKJELh;�JC;@`�AE~BOVJELBJE`

C
F ?BY�`e;49NY�`�`@9NO2�

S�t �������	��
���������
P (x, y) = y sin x − 1

i
Q(x, y) = cos x

i
Py = sin x

i
Qx = − sin x

i�;@JEr�=<;�9NA
JELN\ JEY�OVJC; Y�JCH JELBAj9<F�;j� Py − Qx

Q
=

2 sin x

cos x

ZE`@9<F
x
d�;@~BOTnp��LBL�i�;@JEr�=<;�gN9NY

M(x)
HhD�O.;@RV_�OVRVF<=<;@?N>j�

��>e>@J

ln M(x) =

∫

2 sinx

cos x
dx = −2 ln(cos x) + c = ln

1

cos2 x
+ c,

;@JEr�=<;
M(x) = 1

cos2 x

H8JELBnpJEOVJEO[~�����AEAEJEOkg sELBR[LB`eAE?N>@?BACg<9K9NAoJELN\ JEY�OVJC;@JC; �

y
sin x

cos2 x
− 1

cos2 x
+ y′ 1

cos x
= 0,

9NH8R H8=<> gN9NOV�NQ�9NY JELBAE9<F�;j� �xAbq!yhJELN\ JEY�O[JX;@r�JEA';@9<>�;@?BAE�
u(x, y)

np��LBLNg sEY \�>@J
ux = y

sinx

cos2 x
−

1

cos2 x

i sE`
uy = 1

cos x

i�9NHKR[Y�JCF]9NA8JELN\�RVF]H8JELB?BOVS�=N`@9
u =

y

cos x
− tg x

i ;@JEr�=<;�9'S�RVUWJX>@JEY�ZER[=NO.d
JELN\ JEY�OVJC;

y
H8JELB?BO[S�=N`�9�9NA y

cos x
− tg x = C

i�9NAE9NA
y = sin x + C cos x

�

�������	��
��������� � S�R.UWJC>@JCY�ZERP=NOVJELN\ JEY�O[JX;�OVR[Y�Jj=<>@RV`EiGsE`�9�r�?BAEAj= ;49<>�;@?BAC�hr�?BHK?BLBsEYbO[R[Y�JE=<>@R[`
y′ cos x +

y sin x = 0
S�R.UWJC>�JEY�ZERP=NOVJELN\ JEY�OVJC;

y
H8JELB?BOVS�=N`@=<>49

ln |y| =

∫

− sin x

cos x
dx = ln cos x + C

i�9NH8RVQ�~BO

y = A cosx
� �xA�RVY�r�?BH8?BLBsEY S�RVU�JC>@JEY�ZER[=NO[JELN\ JCY�O[JC;'H8JELB?BOVS�=N`@9

y = A(x) cosx
9NO[9<FGqmi�9Nr�?BO

A′(x) cos2 x − A(x) sinx cosx + A(x) cosx sinx = 1
im9NAj9NA

A(x) =

∫

1

cos2 x
dx = tg x + c

i
sE`�^[LN\

y = sin x + c cos x
�

J�t � S�RVU�JC>@JEY�ZER[=NO[JELN\ JCY�O[JC;�Y�JCH JELBAj9<F�;ji Py − Qx

Q
=

4xy

y(1 − x2)
=

4x

1 − x2

ZC`@9<F
x
df;@~BO

np��LBLB~�i�sE`�^[LN\ 9NS JELN\
M(x)

H�D�OV;@R._�O[R.FN=<;@?N>e;ji 9NH8JEO.\�>@J
ln M(x) =

∫

4x

1 − x2
dx = −2 ln(1 −

x2) + c = ln
1

(1 − x2)2
+ c

i gN9NLN\�R[`8a
c = 0

dfg<9NO�t
M(x) =

1

(1 − x2)2
�b��AEAEJEO�g sELBR[LB`eAE?N>@?BACg<9M9

S�RVU�JC>@JEY�ZCRP=NO[JCLN\ JEY�O[JC;�JC; �

(y2 + 1)
x

(1 − x2)2
+

y

1 − x2
y′ = 0.

��Y�Y�JXF 9NA�JELBAj9<F�;�S�RVU�JC>@JEY�ZCRP=NO[JCLN\ JEY�O[JC;�Y�JCF 9¢H8JELB?BOVS�=N`@=<; 9NY�Y�9<F 9NA
u(x, y)

np��LBLNg sEY�\�Y�JCF 9
`�JELB^.;@`�sELBsXg JEOm;@D�S!y�DGF'F�R[npJ�y�JCAEY�R�i�9NH8JEO.\�>@J

ux = (y2 + 1)
x

(1 − x2)2
sE`

uy =
y

1 − x2
.
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��Y�Y�JXF 9NA�JELN\GR.FbH8JELB?BOVS�=N`@9
u =

1 + y2

1 − x2

i�^[LN\09hS�RVUWJX>@JEY�ZER[=NO[JELN\ JEY�OVJC;
y
H8JELB?BO[S�=N`�=<>49

1 + y2

1 − x2
= C,

9NAE9NA
y = ±

√

C(1 − x2) − 1.

n*t � S�RVU�JC>@JEY�ZCRP=NO[JCLN\ JEY�O[JC; JELBAj9<F�;Ei 9NA
ux = 2x + cos y

i
uy = −x sin y

npJCOV;@sC;�JEO[JCF JX; FGRVJEO[sELB^.;@~
JELN\�RVF

u
np��LBLNg sEY \

x2 + x cos y
iG;@JEr�=<;�9�S�R.UWJC>@JCY�ZERP=NOVJELN\ JEY�O[JX;x=NOV;@9NOP=NY�?B` H8JELB?BOVS�=N`@9

x2 + x cos y = C.

�xA
y(1) = 0

npJEOV;�sC;@JEO
1+1 = C

JE`eJC;@sEY8;@JCO y�JE`���O a
x = 1

i
y = 0

d�; r�JEO.\ JC;�;@JE`e^V;@��YGFK9NA�JELN\ JCY�O[JC;�Q�J�t4i
;@JEr�=<;

x2 + x cos y = 2
i�9NAj9NA

y = arccos
2 − x2

x
.

L�t � S�RVU�JC>@JEY�ZCRP=NO[JCLN\ JEY�O[JC;zY�JEH JELBAj9<F�;Ei
Py = −e−y i Qx = e−y i sE` Py − Qx

Q
=

−2e−y

xe−y − 2ye−2y
=

−2

x − 2ye−y

Y�JEH ZE`�9<F
x
d�;@~BO np��LBL�iT;�JEr�=<;hY�R[Y�ZE`

M(x)
H�D�OV;@R._�O[R.FN=<;@?N>E���:R d

`�AE?BY ; Qx − Py

P
=

2e−y

e−y
= 2

ZE`�9<F a2O[JCLBnp}BO y�JCQ�QWt
y
df;��BO�np��LBL�i�;�JEr�=<;

N(y)
H�D�OV;@R._�O[R.FN=<;@?N>�O[sX;@JEAER.F �

ln N(y) =
∫

2 dy = 2y + c
H8R[9<;�;

N(y) = e2y H8JELBnpJEOVJEO�� � S�RVUWJX>@JEY�ZER[=NO[JELN\ JEY�OVJC;@JC;'JEAEACJEO
g sELBRVLB`�AE?N>@?BACg<9K9NA

ey + (xey − 2y)y′ = 0
JELBAj9<F�; S�RVU�JC>@JEY�ZCRP=NO[JCLN\ JEY�O[JC;�JC; FN9<_�y�DGF�����Y�Y�JCF�H8JELB?BOVS�=N`@=<; 9NA

u(x, y) = xey − y2
np��LBLNg sEY \�Q�~BO

9NA
xey − y2 = C

R[H�_�O[R[ZCRV; JELN\ JEY�OVJC;x9NS!y@9G�


