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0 �'��13254��6��78���9���
: �<;�=?>A@CBEDGF�HJICI�KLNMO=

x2 + y2 + z2 = 2 PRQ @TS�SVURWXL z =
√

x2 + y2
I�YJZ[>AWED\LAW�I�K]@C^)DGF�=_^`DaD3bGc_F�=`d�^`I

Lfeg^`W]F�=_Bhd�c`D?i
. jlk'm'npo+qsrutwv�xCy[xCz){|qG}9z`{~z�r�} x2 + y2 = 1 � z = 1 kRv��\�N{~z+���/{�r��?z)�����]z){~�!r/�Gr!y[�Az`{|���]z){�zsr'}

xy �5q+�gk���rsr'} x2 + y2 ≤ 1 kRv��?�sj ∫ ∫ |∇g|
|(∇g)p| dA kRo~n��]z){�z){��Jr/qG})�V�/���Ar'�
r������ g(x, y, z) = x2 +

y2 + z2 �3o+q p = (0, 0, 1) r��Az`{|���]z){�q)�gk~�_�/�r�k�z~t/�'q9o5t/���/���X���+x��A���Az+k'{�����rw� |∇g| = |(2x, 2y, 2z)| =
2
√

x2 + y2 + z2 = 2
√

2 r�twv�x�y��?z)�����]z){~z`�J� |(∇g)p| = |2z| = 2
√

2 − x2 − y2 �Co+qsr��?z)��q\})�6�
∫ ∫

x2+y2≤1
2
√

2

2
√

2−x2−y2
dx dy =

∫ 1

0

∫ 2π

0

√
2√

2−r2
r dϑ dr = (4− 2

√
2)π ������q\kRo�n!nX�OrNtwv/x�y)q_r+n�kAr

n�r/�Gr/xCo){�z)�\z\}9o+q?z r(ϕ, ϑ) = (
√

2 sin ϕ cos ϑ,
√

2 sin ϕ sinϑ,
√

2 cos ϕ) ��r������ 0 ≤ ϕ ≤ π
4
� |rϕ ×

rϑ| = 2 sinϕ ��o+qNr��?z)��qG}`�6� ∫ π/4

0

∫ 2π

0
2 sinϕ = (4 − 2

√
2)π �

  �<;�=?>A@CBEDGF�HJI¡I�K�LNI Q'¢ ^)D�I!^_=_U ¢ ^`I�DG£Ab¥¤ ¢ ^`I�DG£AbGeg¦ PRPA¢ c_d!§!^`I<¨�K ¢ ^)b P ^_d�©_K]>'ªG>/D�c_F«bG£AD\>A©_Kh¬�ªG>/D_iL�
F(r) =

(

x

y
,

y

x
, xz

)

S
F(r) = grad |r|

. r)® divF(r) = 1
y + 1

x + x o+q rotF(r) =
(

0, −z, − y
x2 + x

y2

) � y¥® grad |r| =

grad
√

x2 + y2 + z2 =

(

x√
x2+y2+z2

, y√
x2+y2+z2

, z√
x2+y2+z2

)

�
r/xN�-y+¯�� divF = y2+z2

(x2+y2+z2)3/2
+ x2+z2

(x2+y2+z2)3/2
+ x2+y2

(x2+y2+z2)3/2
= 2√

x2+y2+z2
��o+q rotF = 0 �

xCz)�){ F z5tA�«�+�!t9t/�Ro)����t/��rw�/�-z)��q9z\��{~z+���/{�n���{�z)�°)���A�]�'qG�±o+q±n���{~z`�°)���/�]��q��+�!t9t/�Ao)���f�\��{5��°)�-²��_r 0 �
³ �¡´±K]=_£Rd!§JBEDGF�HJI¡SV^Aµ�¶�£ P § div(g · F) = (grad g) · F + g · div F ·
. F = (P, Q, R) �~�Gz div(gF) = div(gP, gQ, gR) = gxP + gPx + gyQ + gQy + gzR + gRz �«o+qr¸�9�Ry9yN���h�!rA�¹�gqºz\}+}9z)�»z5tA�!z)���]¯R�
¼ �C½�>AF�F�HJI¾SV^Aµ
¶�£ P §¾LA=

F(r) = (2x + 6xz, −2y, 3x2 − 3z2) ¢ ^`I�D�£AbG@C^_=_U¿eg£Ab�b\>AF�@C^`dwDG^`F[c_F
Q b ¢ c_d!§J@�^_dwD�^_F�KhF_i

. div F = 0 o+q rotF = 0�V�<;�=?>A@CBEDGF�HJIfIJKLA= ∫ ∫

F
(xz, xy, yz)n dσ

K]d!DG^ P b\>AWED?µJLA¶�£RWVLA= F : z =
√

1 − x2 − y2
c_F�L

z = 0
F�BEI

>AWhDGLAWX¶�L/D\>/bG£RWhD�DGc)b�S^_WhKXD\L/b�DG£R@¡>Ad!§CDG^`W ª�^_F�eg^_W]¦�Wh^`DG^Aµ�S^`eg^_W]cº@NHJD\L/D�¬fd�£AbG@C>AW ¢ ^`I�DG£AbG£AI�I/LAW ·
. À¸r/Á�q\q)Â�Ã3qG}){��G�GtA��r!��q\}+k'�Ä�+��{~o){�z)�g�]z)�h� div F = x + y + z �Åo+qÆr�} x2 + y2 + z2 ≤ 1 � z ≥

0 �?o`�Çtwv�x�y`{~r/�){~��xC�/���w���ÈkRz)�g�[�6��{�z5t/�G�/������� ÀOv�x�y`��kR�9�/���/�6��/{5�/k9kAr/�h� 1
∫

0

π/2
∫

0

2π
∫

0

(ρ sinϕ cos ϑ +

ρ sinϕ sin ϑ + ρ cosϕ)ρ2 sin ϕ dϑ dϕ dρ = π
4 �ÊÉ¹�gqG}9�/��{±rËy+z��?z`�]o�xNÁ�{5r/{�²¡����+xC�/���Az+k'{����\�'kfxN�-r/{|{r'}Nz`�GzG�wz`{|������{~z~t/���/�8z`���z+kCrC�z5t!r/{��6�5�?r!� −π

4 �Ì �CMÍ;�DG£AI!^`F¥¤-DGc)DG^_W8eg^`W]¶�LAF�=_d�>AW]>AFG> ¢ LAW�F�=?>A@CBEDGF�HJI<IJK�LA= F(r) = (y2, z2, x2)
eg¦ PRPA¢ c_d!§[KhdwD�^ P b\>AW ªG>/D�LA=

A(1, 0, 0)
µ
B(0, 1, 0)

c_F
C(0, 0, 1)

Z£Rd!DG£AI!£RdXµÎ@CL'ª�¨ÏY9ªab\LuLA=
A
Z£Rd!DG£RdÐI!^)bG^_F�=`D�¦�W]¶�LAWÑLA¨�¬u=?>/b�D

D Q b�D ¢ £Rd�LAWX@C^_d!DGc_d ·
. rotF = (−2z,−2x,−2y) �Îo+q
z\}`{�r'} x + y + z = 1 q+�gk!���[�]z)�A¯<Ò~{�z+�J�/{ (1, 1, 1) ����+xC�/���Az+k'{����)m'®
�?z)�����]z){~�!r/�Gr!y+���ÐkRz)�g�Ó����{~z~t/���/�������<jp�?z)�����]z){O�Az`{|���]z){�z<r'} xy �~q+�gk'�Gr�r (0, 0) � (1, 0) � (0, 1) °+q)m�°+q9�'k
�/��{~r/�X�JrA{5�/�\����{ T ���/�G��xNqG}9vGt/{~r/�\��x��/���!��Ôat/�%r'}��6��{~z5tA���/�
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∫ ∫

T

(−2(1 − x − y),−2x,−2y)(1, 1, 1)/|(1, 1, 1)(0, 0, 1)|dy dx =
∫ ∫

T

−2 dy dx = −2 · 1
2 =

−1 Ò~x��6�Az)�ÊkR����q+{5rA��q��+�Rt't/�Ao)���/{Ïk!z)�g�]z){�{ �6��{~z5tA���/�����g� z)�]o5t �A�/��{ r {�z)�+���]z){�{~z`��xCz5t�qG}'���G�9}`���Ðr
�+�!t9t/�Ao`���!o`�+{�o+kRz){h®A�

� �CM�� bG^`^_d�¤-DGc)DG^_W�F�^ P BEDGF�c P c ¢ ^_WJF�=?>A@�BhDGF�HJI�IJK�LA= F(r) = (2x2+2y2, (x+y)2)
eg¦ PRPA¢ c_d!§NK]d!DG^ P b\>AW ªG>/DLA=

A(1, 1)
µ
B(2, 2)

c_F
C(1, 3)

©`F�Y�©_F�£AI!£RdÊI!^)bG^_F�=`D�¦�W]@C^_d�U�=?>/b�D�¶�>/bG£R@CF�= QRPA¢ £Rd�LAWV@C^_d!DGc_d ·
. j ∂

∂x
(x+y)2− ∂

∂y
(2x2 +2y2) = 2x−2y �)�Rt9tA�Ao)���/{»kRz)�g���6��{�z5t/���A�����»rT�J�/�\��xTqG}9v\t/{5rA�+{���x��/���w���V�

2
∫

1

4−x
∫

x

2x − 2y dy dx = − 4
3

� �V�����������Ð254��6��7����9���
: �<;�=?>A@CBEDGF�HJI¡I�K�L�¨�K ¢ ^`b P ^_d�©_KÑ>/D�c_F¸L�bG£AD\>A©`K]¬AD?iL�

F(r) = (x2 + y3, 12xy − 3x, xyz2)S
F(r) = r × (1, 1, 1)  �¡´±K]=_£Rd!§JBEDGF�HJI¡SV^Aµ�¶�£ P § div(F × G) = (rotF)G − F(rotG) ·³ �<;�=?>A@CBEDGF�HJIfIJKL

z2 eg¦ PRPA¢ c_d!§¡eg^_Wh¦�W]^`DGKVK]d!DG^ P b\>AW ªG>/D«LA= x2 + y2 + z2 = 4
µ
z ≥ 0

egc_W PRQ @TS�eg^_W]¦�Wh^`DG^_d ·¼ �<;�=?>A@CBEDGF�HJI[I�K�LA=
F(r) = (xez, y2, −2yz)

eg¦ PRPA¢ c`dw§ueg^_Wh¦�W]^`DG@�^_dwD�K K]d!DG^ P b\>AW ªG>/D
L z = x2 + y2Z�L/b\L/SV£RW]£RK]¨sc_F L
z = 4

F�BEIs>AWhD\LAW�¶�L/D\>/bG£RWED�I!£AbGWÑ>/D�£RF�D\L/b�DG£R@¡>Ad!§ÊD�^_W ª�^_F eg^_Wh¦�W]^`D�c_dXµXIJK]eg^`W]cT@NHJD\L/DG¬
d�£AbG@¡>AW ¢ ^`I�D�£AbG£AI�I/LAW ·�V�<;�=?>A@CBEDGF�HJIËIJK ;�D�£AI!^_F¥¤-D�c`DG^_WhW]^_W�c_F LAd�c_WhI�¦�W L

F(r) = (x, x + y, x + y + z)
eg¦ PRPA¢ c_d!§sK]d!DG^ P b\>AW ªG>/DLA=

x2 + y2 = 4
µ
z = 2

^ P §!^_d�Wh^`DG^`I�I!^_W @C^ P ¶�L/D\>/b�£R=_£AD�D±I Q b ¢ £Rd�LAWh£RdXµJZ£R=_KEDGB ¢ KEb\>Adw§�S�LAd ·
� 4w������7
	��_���

: � L�
div F = 2x + 12y + 2xyz

µ
rotF = (xz2, −yz2, 12y − 3 − 3y2)S

F(x, y, z) = (y − z, z − x, x − y)
µ

divF = 0
µ

rotF = (−2,−2,−2) ·  �C½¹^ P §!^_d F = (F1, F2, F3)
µ¹c_F

G = (G1, G2, G3) div(F × G) = div(F2G3 − F3G2, F3G1 −
F1G3, F1G2 − F2G1) =
(

(F2)xG3 + F2(G3)x − (F3)xG2 − F3(G2)x

)

+
(

(F3)yG1 + F3(G1)y − (F1)yG3 − F1(G3)y

)

+
(

(F1)zG2 + F1(G2)z − (F2)zG1 − F2(G1)z

)

=
(

(F3)y − (F2)z

)

G1 +
(

(F1)z − (F3)x

)

G2 +
(

(F2)x − (F1)y

)

G3+

F1

(

(G2)z − (G3)y

)

+ F2

(

(G3)x − (G1)z

)

+ F3

(

(G1)y − (G2)x

)

=

(rotF)G + F(rotG) ·
³ � ∇g = (2x, 2y, 2z)

µ |∇g| = 2
√

x2 + y2 + z2 = 4
L�eg^`W]¦�W]^)DG^_dXµ±@CB P LA= xy

¤-F�BhI
p = (0, 0, 1)d�£AbG@¡>AW ¢ ^`I�D�£Ab\> ¢ LAW ∇g · p = 2z = 2

√

4 − x2 − y2
L eg^_Wh¦�W]^`DG^`dXµ ¢ c P ¦�WËLA=ÆK]d!DG^ P bG>AWÑLAd�¨�¬eg¦ PRPA¢ c_d!§ z2 = 4 − x2 − y2 ·� S�SVURW LA=ºKhdwDG^ P b\>AW ∫ ∫

x2+y2≤4
(4 − x2 − y2) 4

2
√

4−x2−y2
dx dy =

∫ ∫

x2+y2≤4
2
√

4 − x2 − y2 dx dy =
2π
∫

0

2
∫

0

2
√

4 − r2r dr dϑ = 32
3 π ·
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¼ �CM � LAH�F�F � � F�=`D�bG£ P bGLA¨�F�=`IJK ª¥¤-DGc)DG^_W�Fa=_^`bGKhdwDNLA=fK]d!DG^ P b\>AW�@C^ P ^ P §!^_=_KEI divF = ez + 2y − 2y = ezK]d!DG^ P bG>AW ªG> ¢ LAW�LOZ�L/bGL/S£RW]£RKh¨Tc_F�LOF�BhIº>AWhD\LAW�¶�L/D\>/bG£RWED8DGc`baS^_WhK�D\L/b�DG£R@C>Adw§!£Rd · M D\L/b�DG£R@¡>Ad!§ ¢ ^`DG¦�W]^)DG^LA=

xy
¤5F�BEI�b\L L
@C^`D�F�=_^`D�I Q b ¢ ^`DG¦�Wh^`DG^Aµ�LA=?LA=¸LA=�£AbGK P ¬�I Q bG¦�WhK 2 F�H P L/bGYCI Q b ·�� ^_d P ^`b�I!£�£AbG¨�K]d�>/D\>/I�IALAWeg^_WhBhb ¢ L�LA= K]d!DG^ P b\>AWED�� 2

∫

0

4
∫

r2

2π
∫

0

ezr dϑ dz dr =
2
∫

0

4
∫

r2

2πrez dz dr =
2
∫

0

[2πrez]
4
r2 dr =

2
∫

0

2πre4 − 2πrer2

dr =
[

πr2e4 − πer2

]2

0
= 3πe4 + π ·

�V�
r(t) = (2 cos t, 2 sin t, 2)

µ
ṙ(t) = (−2 sin t, 2 cos t, 0)

µ
F(r(t)) = (2 cos t, 2 cos t + 2 sin t, 2 + 2 cos t + 2 sin t)

µ
F(r(t))ṙ(t) = 4 cos2 t

µ
∫

G
F(r) dr =

2π
∫

0

4 cos2 t dt =
2π
∫

0

2 + 2 cos 2t dt = [2t + sin 2t]
2π
0 = 4π ·

¢ L P §Ë;�DG£AI!^_F¥¤�DGc`DG^_WhW]^_W��
rot(F) = (1,−1, 1)

µ
c_FÐL F�BhI

r(x, y) = (x, y, 2)
Z�L/b\LA@Cc`D�^`bG^_=_c`F�c_¶�^_=ÅL d�£AbG@¡>AW ¢ ^)I�DG£Ab rx × ry = (0, 0, 1)

µfL
Z�L/b\LA@Cc)DG^`b�D\L/baDG£R@¡>Ad!§�Z^`¨�K P x2 + y2 ≤ 4
∫ ∫

F
(1,−1, 1)(0, 0, 1) dσ =

∫ ∫

F
1 dσ

µJ^_=�ZV^_¨�K P LA= x2 + y2 ≤ 4
I Q b«DG^`bG¦�Wh^`DG^Aµ�LA=?LA= 4π ·


