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Algebra 1 Problem set 4 March 5-7, 2008

Let G be a group and H < G. Which of the following statements are true?

a) There exists a homomorphism from G with kernel H.

b) If H <G then there exists a homomorphism from G with kernel H.
c) There exists a homomorphism to G with image H.

d) For any homomorphism ¢ : G — K, p(H) < K.

e) For any H <G and any homomorphism ¢ : G — K, p(H) < K.

f) If H<G and ¢ : G — K is a homomorphism then ¢(H) < ¢(G).

g) For any homomorphism ¢ : G — K, n | |G| implies n | |p(G)|.

h) For any homomorphism ¢ : G — K, n | |¢(G)| implies n | |G].

. Let |G| = 91. Determine the number of homomorphisms G — G that map at least two

nonidentity elements of different order into 1.

. Let N<G and H < G such that HNN = {1} and HN = G. Prove that G/N = H.
. Let H < G and M, N <G. Prove that

a) HONN<H; NNM<G;
b) HN < G; NM < G;
c) M < N implies that G/N is a homomorphic image of G/M.

. Let N <« G. Prove that the map H — H/N := { Nh|h € H } is a bijection between the

subgroups of G containing N and the subgroups of the factor group G/N. Prove further
that normal subgroups are mapped to normal subgroups both by the given bijection and its
inverse, and that this map preserves the partial order defined by the inclusion of subgroups.

. Prove that for any normal subgroup N of even index in a group G there exists a subgroup

H with N < H <G and |H : N| = 2.

Let g € G and o(g) = nm, where (n,m) = 1. Prove that g can be written uniquely in the
form wv with u,v € (g), o(u) = m, and o(v) = n.

. Prove that for any natural numbers n, m with (n, m) = 1, the cyclic group C,,, is isomor-

phic to C,, x C,,.

a) Let H and K be two groups with (|H|,|K|) = 1. Prove that every subgroup of
G = H x K can be written as H; x K, where H; < H and K; < K.

b) Find a subgroup of order 4 in D4 x C4 such that cannot be decomposed into a direct
product of subgroups of the two components.

Let H < G. Prove that () g~ !Hg is the largest normal subgroup of G which is contained
geG

in H.

Let A and B be Abelian subgroups of a group G such that G = AB. Prove that ANB<G.

Let G be a group of order 60, which has a nontrivial homomorphism to a group of order
28. Prove that G ha a subgroup of index 2.



