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H ≤ Sn J |H| > 2 JLKNM<O C�D
F
P�QSRTC�U JWVYX D
F H Z\[8] H_^ ] H'`Ya
b ] O U ] H'` CIbNced O a�f�g:h�ikjSgml X H%Fon OpM d�Q[ C JqVYX D
F H
HrCIcsUtC V C O C�D>F M l�C�bNu iv C�D X Uxw*a M#y5z|{#}m~
���\���r�
�Y���>� An∩H �>� }x�0�Y�*�Y�>���'~>}x���\�I����� � H � � � �r�����>����~>}t���\�I�\�Y�o��{��\� An/Sn �

An ∩ H < H �%��{I�\� H �:�%� � �
� ���%~
� � ��} � ���r{I�\������~>�#�t���x�#�| �¡#��¢Y} H/(An ∩ H) ∼= HAn/An ≤
G/An �>¡#�3{#�|����� �Y� � 2 � {I}t{#�e£¤�#�\�>�¥�>�\�T�>¦x�>� |H : An ∩ H| ≤ 2 �>��{#� ~
� |H| > 2 ��� � �\� An∩H 6= 1 �§ �5B�CED
FGCIH ] G

f MTX ` X b O b�C�H¥w©¨TC 2 Z H K U-H ] D>F X [�[ J `Ya
b X�M�J w*C 4 Z D>FGC�U�HrCIc X�M l OpV ] O h�i�jSgml X H F
n O+M d*Q [ C JVYX D>F G
HrC�cªC�D
F M l@C�b�uYiv C�D X Uxw*a M#y¬«�{I���x�*���©¢�� G � �Y{I� �®S� ��}x{I� �:¯ ¡#}t{e�r{����e���8~>�#�t�>�\{I�Y��{#�#{I�*�8~>�I�t����~
�T� � � � �°� � �\� � �\�\��� G

{#}x{#��{#��� � �\� �Y� �\�#�>���T~>�©� � } G � �±���x�*� � } � � � � }t� � �#�����³²W�_�*£Y�\¡#��{#���r{I�\������~>�#�t�>��{��Y��{#�#{#�G�8~>�#�x�Y���{#� ~
�µ´Y�>�°��{I�0�t�G���Y{I���\¢��¥�0�Y���>� � G �#�©�>�r�>�\�<¶ �
� }t����~ �%� ��{I�>���t�I�����>� ¯ �G¡I�¥{o·3��¡I�\�#�#�\�>�¥�>�\��� � S|G| ��Y{I�¥�¹¸_� � {#} |G| �%~
�\���#� G � �Y{I� �
� ���'~>�\������{#�Y�Y£�{#}x{#��{>�-²W�Y�Y{I� � �#����}x�Y� ¯ {#} � ���*��~>� � �#� � �e�\� � �Y�\� ��r���I¦t�#�x�>� � ��}º~>}x}t� � �T�0��� � {#} �»L� �0}t{I� � ��{I�Y�\{#�#{#�G�8~>�#�x��� ~>}¼�°�t�Y�Y{#�5�Y{#�¤�\��� � �m~>}x�t�|{#}x{#�¾½�¿��r���G����{I� ���{#�I��¡#� � �\� � �Y�©�I�r���#¦x�#�t�>���\�#~>� � � |G| /2 �%~
� � ��} � ���Y��{#� ~
�À{#� � �<{#}t{I�s�%~
� � �\} � �5�¥{I���e���8~>�#�x�Y�WÁ��Â � ¯ {#} � � � �Ã��� � �©� G �Y{I�s}x{#�Y{I�À{#�>���\�I{I��£��Ä �®jSgml X H Fon O+M d�Q [ C ] l ] Uxa [�[ gWa
U�UÅn O a MTX Q ] O ] f8CIH O b�d�c�b�hoU y]IÆ Z(G × H) = Z(G) × Z(H) Ç[©Æ Z(G)
ceg�Hrw*C�H_b KNM l@f M@X ` X b O ¨ ] H X bNc°a>U X�M l O h G Z\[ C�H Çf Æ N / G ⇒ Z(N) / G

i
v C�D X Uxw*a M#y� · Z(G×H) = {((g, h) ∈ G×H |(g, h)(x, y) = (x, y)(g, h)∀(x, y) ∈ G×H } = {((g, h) ∈

G × H |(gx, hy) = (xg, yh) ∀ (x, y) ∈ G × H } = {((g, h) ∈ G × H | gx = xg ¡#� hy =
yh ∀ (x, y) ∈ G × H } = {((g, h) |g ∈ Z(G) ¡I� h ∈ Z(H) } = Z(G) × Z(H) �� ·�È � H ≤ Z(G) � � �0�G�>���°�t�Y�Y{#� h ∈ H � � � ¡#� g ∈ G � ��{ g−1hg = hg−1g = h ∈ H �r��{#� ~
�
H / G ��o· Z(N) ≤ N ≤ G �µ¡#�°�#~
�\� � G �É� {#}x�Ã{#}x{#��{I���G{#} �
� }t�_�G���@�\�Y�G~>}m~>�©� ��Ê � � n ∈ Z(N) � � � ��G�>� g ∈ G � �\{ g−1ng ∈ N �3��{I�\� N / G �Ë¡#�e���t�Y�Y{#� x ∈ N � �\{ (g−1ng)−1x(g−1ng) =
g−1n−1(gxg−1)ng = g−1(gxg−1)g = x ����{I�\� gxg−1 ∈ N �5¡I� n ∈ Z(N) �5¦x�>�
g−1ng ∈ Z(N) �Ì �5B¼a M8M d�Q [ C JËV X D
F Z(Sn) = 1 J¹V ] n ≥ 3 JLKNM Z(An) = 1 JqV ] n ≥ 4

i
v C�D X Uxw*a M#y�Í¼{#�>�G{#� 1 6= g ∈ Sn �¼¡#����{#�>�0¢�� ¯ {I}É�¼�Y���>� ag = b � � � } � � � � }t� � � �
� } � ��{#}�� a 6= b

{#}x{#��{#����{>�Î²¹�0�G�>� n ≥ 3 {#�©{I��¡#� x = (bc) ∈ Sn {I}t{#���°{#}<¶ � �Y��} c 6∈ { a, b } · h = gx 6= g ���{I�©� ah = c �L��{#� ~
� g 6∈ Z(Sn) �Ï«-{I� ~
� Z(Sn) = 1 �ÐÈ �(� �t�\�#���G� n ≥ 4 � � �0�G�>� �
� � � �� } � � � � }x� � �#� � �Ñ��¡#�Ò}t{I� � }m~ �Y� �G¡I��{#}t{I��{ a � �±¡I� b � �Ó��¦ � ¢Y}É�L�����Y�@�\���¥� c ¡I� d �Ã¡#��{I�0�G�>� � �
x = (bcd) ∈ An �¥{I���e���8~>�#�x� �
� } h = gx 6= g �Y��{I�\� ah = c 6= b �Ô �®jSgml X H Fon O+M d�Q [ C J¹VYX D
F N / G J |N | = 2

C M C OÕK H N ≤ Z(G)
i

v C�D X Uxw*a M#yÖÍ¼{#�>�G{#� N = { 1, n } �×¸_� � {I} N / G �¹���t�Y�Y{#� g ∈ G �:� {#} �
� }t�Ø�G���@�\�Y�G~>}t~>� N � {I�
N �:� { � �x�\�#�p�Y¡#� g−11g = 1 ����{I� ~
� g−1ng = n �¹ÙÕ�>� n ∈ Z(G) �Y�GÚ � {I�©�G{#�#¡#�©�G¡��Y�r{#� N ≤ Z(G) ����5B�CED
FGCIH

G
C�D
FÛa>U O ] Uxa>H X�M H K D>F@l@C O C MWV ] M a [ M l�g�cec'C O b�gÉa
g�H ] QÜf MTX ` X b O ¨ ] iqÝ ] O a
b X l8l�d�Q�c�C�D

G X b [ g O Z¨ ] g O�J3V ]'] f M@X ` X b OEXoO ] f MNÞ f MTX Q X H J ] l K UtCNQ�CIH®^ ] D
F ] U ] ` X Q X H V ] OpO ] O ¨Nd�Q>iLßkwà¨Nd�Q¤c�C�D ] l X b [ g OÕX QC�D
F Z C�D>F�C�UtCIc K HrCNQ MNO ]G[ g�UÅgml@a OEX b\a O i
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v C�D X Uxw*a M#y «-{I�>��¢�� ¯ {I}É�3�Y���>� � � � �\~ � � � �Ò�Y¡#�>�(�Y���©�\�#´ ¡#�¤�*�G��}x����Ú � �t�Ò¡I}t{ �
� ����Á¾�#�\´Y�I�\�>�{#�>�G{I�\}t{#�Ò�G�G��}t��{I}t{#�e£Ò�>� � �����>� � }��G�>��� � �r��¡#� � �©� �
� �x}t�t�#~
���>� � ��{I�>���\¡#��{I}t{#��{I�(��¦ � ¢Y} � �#�\´Y�#�\���~
����{I���Ü�Y���©�\�#´�¡#}x{#�°¡I� � �\�#{#�»�GÚ��I�����Y���\�©�#´�¡#}x{#��~
� ¯ {��0��{I�\{I�\�¹�\¦x��� �k�>� }x�Ü�\¢��0��Ú��#¡I�©�Ë� � �\� � }x� � �#� � �ÙÕ�>� |G| = 8 ·2 = 16 �3Á��L¡#}t{I���GÚ��#Ú>�\� � 8 �\Ú � �t��¡#� 4 �Y���©�\�#´°¡I}Y{#�>� � {#�>�¤�>� � �����>� � }x�G�>�T��²W�>�Û�\Ú � �t�¡#}x�Y{#��� � �\�����#�¤�à� �
� �t}x�t�T~
���>� 2 {#}t{I��£��0¡#� � ��¡#} ¯ {#}x{#���e��{I����}t{#��{#�W�\¦x�#��~
� �Û�>� }x�Û��¢��0��Ú��I¡#�|��{#�Y{I�8~>} � � �{#�>�®�Y���\�\�#´ ¡#}t�Y{I�e� � �\�����#�'�©� �
� �t}t�x�T~
���>� 4 {#}t{#�e£���¡#� � � � �Y�>�\��¡#}x{#�_¡#� � �\�#{#�°�GÚ��������Y���©�\�#´ ¡#}t{#��G{I��{I�\�I��¢Y}x��{#���Ø�\¦��0� � �¼��� � ~ �Y� ~ � ��¡#} ¯ {#}t{I������{I����}x{#��{#�<�\¦x�#��~
� �®�>� }x�®��¢�����Ú��#¡#�Û��{I�Y{I�8~>} ��~
�¥�×¶pÁ��¡#}x{I�G{#� �
� }t��� � �8~>�Ã�t�k�*£Y�\¡#��{I�#�r��{I�©�k���x�Y�Y{#���#�\´Y�I��{#}��G~>}x}t¦x�\� � ���»�G¡I�À¡#}-�°{I���\�#¡I�©�r���G��� � �G¡#�G�T��·°Á} � �¥�>� �GÚ��I¢Y} � �Y¡#�>�0�#{I��{��Î{#�>� 2 {#}t{I��£�� � �\¡#��} � } � �r�>� {#�>� 4 {#}t{#�e£ �>� � �����>� � }��G�>��� � �r�Ó²q�>��Y¡#�>�0�#{I��} � �Ø�©� �
� �x}t�t�#~
���>� � D4 � �>�G{#}��x�#�����>� ¯ ¶ � �Y¡I�>���#{I�À�\�#�x����{I�\�\�m~>�t� � ����{#� ¯ {#}x{#}�����¡I� � {#}t�º{#�>� �� { � ~>������~>���>� � �Ë� � �\� � }x� � �#� � ·���{#�>�e��¡#��} � } � �r¡L�r{#�Y�x� 4 {#}t{I��£�� C2×C2 �:� {I}��x�#�����>� ¯ �L¶+Á } � �¥�>�G����t�S�*£Y�\¡#��{#� � ��{I�Y��{I�#{#�G�8~>�#�t�Y�%��{I�©�À���x�Y�Y{#�®�I�\´Y�#�À{I}��G~>}t}�� ~
�\��� } � ����{I�\�\�#¡#�©�¥���*��� � �G¡#�*�#��·

� �5B�CED
FGCIH
H < G J |G : H| ≤ n JqKNM |G| > n!

iµjSg�l X H F
n OpM d*Q [ C J�V X D
F�CNQ@Q X b G
HrC�c UtC V C O C�D
F M l@C�b�uYiv C�D X Uxw*a M#y Í¼{#�>�G{#� |G : H| = k �Û¡#� }t{#�>�G{I� ϕ : G → Sk � G � �Y{I� � H �©�#{I���x�*���L�\� �Y���{#}x}t¡I�G���©�I�8~>}x�G�>�G��� �>� }x�_�¥{I���e���8~>�#�x�>��{I�Y��{I�#{#�G�8~>�#�t��� � �×²q�0�G�>� G/ Ker ϕ ∼= Im ϕ ≤ Sk �Ë�\{#� ~
�

|G : Ker ϕ| ≤ k! ≤ n! ����¦x� |G| > n! �¼��{#� ~
� Ker ϕ 6= 1 ��¸ ~>�©��¡I�\�I� Ker ϕ ≤ H < G ����{#� ~
�
Ker ϕ �
� }t�0�Y���Y�>�\�'~>}t���\����� G �:� {#���

	 �®jSgml X H Fon O+M d�Q [ C J¹VYX D
F V ] P ∈ Sylp(G) JSKNM N / G J ] Q@Q X b N ∩ P ∈ Sylp(N)
i

v C�D X Uxw*a M#y N ∩ P ≤ P ����{#� ~
� � Í � �>� � �Y��{ � ��¡���{#}���� � �\� N ∩ P ��{#�Y�@�\{<�t� p � � � � � ~>�G�G�Ë¸×~>�à��¡#�\�I�
|NP | =

|N | |P |

|N ∩ P |
�0{#�I¡I�\� |N |

|N ∩ P |
=

|NP |

|P |
� � �������©�I����� � |G : P |� �Y{I�r���°� � {#} |NP | ���\������� � |G| �

�Y{I�¥�Ü ��x�\�#���G��
���}t�� � ��¡#�©�#�#�\�>�¥�>�\�Ü�t�Y�Y{�¿�{��Y{I�ª���\�I��� � ��� p �É� {#}É��¦x�>� |G : P | ��¡#��{ �Y� ��} � �Y�0�Y� � �
|N : N ∩ P | �\{#���-«-{#� ~
� |N ∩ P | � � � ¿��t�'~>}x�t� p � � � � � ~>�G�G� � �°�����\�I��� � N ��{I�Y�@�\¡I�T� � � � � N∩P ∈
Sylp(N) �

� � v C�UÅF
g�Q ] l ] UtC�DoQog M C [@[ Sn J ] c�C�UÅF
g�Q O ] b O ] UÅc ] l ] Q�^ ] O C�bNH%g:h@f MTX ` X b OÉO ] Urgml X c X b�RÜb KNM l@f M@X ` X b OEXoO��v C�D X Uxw*a M#y S8 �:�%� �Î�G���x} � ~>� �
� � Q �:�
� }|�t�I�����>� ¯ ��¡#�\�#�I�\�>�r�>�\�#�W�Y�>� � �Y�t� � Q �I�\�>�r�>�\� L� �0}t{I� ���{I�Y�\{#�#{#�G�8~>�#�x�o� �Ü� �e{#�>� � {T~>�>� � �T~>�©� S8 �É�%� �ËzL{I}m~
���\���¥���Y���>� S7 �:� {#�»�Y�x�Y�#�Ã¶p¡#�3¦x�>� � ���x�\{ �Y�»¯ �>��´
Sn � {�� � {I�×�\�x�Y�#��·S� �
� ��{I�\�Y�t�0�I�\�>�r�>�\�#�kÈ � Q � {#�Y�Y{e}x{#�Y�Y{ S7 �É� {#��� Sn �É� {#� }t¡I�\{#�#�Y�t{¤�G{#}x}t{#�Y{¤{I�>��Y{#�>�G{#���\{#�Y�Y£ i {#}t{#�°�Y{I�r�G¡#�¹{#�>�e�'~>�\���¤�Y{#�>�G{#���\{#�Y�Y£ j � �Y{I�¥�G�Y���>� i2 = j2 �3Á�� i ��~
�\�#¦t�°�G¡I�#¡#�©����}{#}���{I���x�*� � {��I� � � (1234) �
� �>� (1234)(56) }x{#�Y{I�T�º¦x�>� i2 = (13)(24) �<²W� � �I�q�\{#}t{I�*���p���Y���>� j 4 �
�#����}t�Y� � ¶p�Y{I�0�<�x�5�r���G����� � � {#�>� 4 � �#����}t�Y� � �>� � � ��{#�Y�@�\{Ò��� � �\�I· �
� �>� (1234) � �
� �>� (1432) �� ��� � ��} ij−1 �
� �>� ij ½�¿Y{#��� � �>�#� �¤� � 1, 2, 3, 4 {#}t{#�°{I�G{I�T�Ë²W� � �I�¼�\{#}t{I�*���p���Y���>� ij−1 �
� �>� ij � �
5, 6, 7 {#}x{#��{I�G{#��� � ���k� � ��� � � ¯ �>�0´��\�I�t����{��\���x�0�Y���I�\�>�r�>�\�\� � ��{#}x{#��{>����{#� ~
����{#�Y�@�\{µ�Y{#�Ð}t{#�Y{�� 4 ��Y��}t�>�©� � � �
� ��{I�\�Y�t�0�I�\�>�r�>�\�À��{#� ¯ {#}x{#}��°{#}t{#�°{#�x��{ ij−1 = −k � ij = k ���t�Y�Y{I�>���x�G{<�Y{#�>�G{#����{I�Y�Y£��²W�I�#{#}º{#}t}x{#�G�������Y� ~>�©� � �\�����>�\���Y���¥�A�� �®ÝÛa
H F

5 Z�� F
U X�� Z b KNM l@f MTX ` X b O ¨ ] UtC V C O C�D
F 80 Z©] w
b8C�H¥w
u f MTX ` X b O H ] Q �v C�D X Uxw*a M#yÏÍ¼{#�>�G{#� |G| = 80 �r¡I� P ∈ Syl5(G) ��²q���G�>� |Syl5(G)| = |G : NG(P )| | |G : P | =
16 �Y�'~>�à��¡#�\�I� |Syl5(G)| ≡ 1 (mod 5) �Y��{I� ~
� |Syl5(G)| �#� � � 1 �>� �>� 16 }t{I�Y{I�T�A�A �®ß � F
U X�� Z b KNM l�f MTX ` X b OÕX Q»^@g�l M DGa
U ] O a
^ ] U [ gml X H F
n O+M d*Q [ C JqV X D
F'ceg�Hrw*C�H

15 Z�� w
b�CIH¥w
u×f MTX ` X b O f�g�QoUÅg ZQ�d M i
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v C�D X Uxw*a M#y�Á 3 � 
��0}t��|�>���©�T~>� � ���\�I�\�o� � 5 � �Y{I�r�¥¡#� 3 � � � }����\��� �>� 1 � � � � �Y¡I�G�>� � ���¥�\{#� ~
� 1 �¥¡I�� � 5 � 
��0}t��|�>�Ò�\�#~>� � ���\�I����� � 3 � � � �r�Ë¡#� 5 � ��{#}µ���\��� �>� 1 � � � � �Y¡I�G�>� � ���Ë��{#� ~
���\�I�t�G��¡#� 1 � ²W�� �I�k�\{#}t{#�G���p�|�Y���>� � 3 � 
��0}t����µ¡I� � � 5 � 
���}t��¬�t�»�Y�>���'~>}x���\�I���Y� Í�{#�>�G{I� Syl3(G) = {P } �µ¡I�
Syl5(G) = {Q } �Ü²q���G�>� P ∩ Q = 1 ����{I�©����{#�Y�@�\{����\�I����� � 3 � � � �Ø¡I� 5 � �Y{I�_�x�#�r��� � ~ �Y� ~ |PQ|

���\�I�\� � ��� 5 � ��{#}%¡#� 3 � � � }Y�t�I��¦x�>� 15 � ��{I}%�x�#�G��{#� ~
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