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V]b
Z

Zcb
R d b Z[x]

N�b
R[x]

Ceb
Z[i]A)C�Q+f>D9N+P>g%h

Z i R[x] j%k Z[i] l9m�n%opirqsn]tvuwn]x�y�z8l9{"n%kv|%l}mS~���t7��y�l8k]i R l8k%i�qsn�tvuwu7n%kcu%i�j%kY�9mS~��%k7�
y��
0 = (0) j]k��S| R = (1) �S|�l8{"n%�Sz �7�SlO� Z[x] ��l8kv|]��o+u�o"n%q ����l9{"nL�Sz8mS~���t7�pi��,j%z8{��Sx"z (2, x) o"n%q
����l8{"n%�SzO�

�
∗
�B�JM�X\f
��E>�-�-gH��G�ZHC����"f�Q
E

K[x1, . . . , xn] � ZHC��B cV>�"f
D K �aCHg���bL�¡V>X
(x1, . . . , xn)

MON+C7P
D��5C�¢£Q�C��5C�U7P
D¤��V
�e¥
n � �5¦]D5G�C�§SCHg\CLZ\ZYC�D8C�¢¨¢sC�D9©A)C�Q+f>D9N+P>g%h«ª n%mS~[n]o R = K[x1, . . . , xn] i I = (x1, . . . , xn) ipj%k J = (xixj | 1 ≤ i, j ≤ n) �­¬ry�®
y[�St I/J ®�o"n]yBt7n]�"t7n%|]n%o+u7�So"k�t7n%o"{"kc|%n]t7j]u¯�Sz9y[�Su��7�
y°�S| x1, . . . , xn �S�Sz�u7��|%±Sy²z9l8o"nL�
tvl8k³y[��qw´�l8o��S�%l9±�lO�µ n%¶��
u I/J �[n]y�uv�Stvu7j]t²�S|)·�kvkv|%n%�S{��Skct��¸j%k°�¹y[��o"kcu7�So"kB�5��z9l8o"��qs�Sy�yS�Sz­qsl9o+u�kcy
�Sz��
t7�Sy�yS�Sz��
�Sz8±
kv|%�Stv|L�Skct��ºo"j]|]�[nSi�j%k�n]o"o"n]y�´��S|]l8k7�s�S| {x1, . . . , xn } »¼��½"m�m�n�u7z8n%o"n�y5i�qsn]tvu�kvn%qºn%z9~�l9yWo"n%qwuvtvl9��l8�Sz8l9k
z8l9o"nL�
t7l9k³y[��qY´�l9o��S�%l8±��vx�y°o"n]q¾z8n%¶"n]u I n]z8n%qsn�¿�� R/J ®?o"n]yÀ�S| I/J ®?´,n¨n]kv��l9{"nL�Sz �7�SlÁj��"�5n%oÂ�W�[n�y�®
u7�Stvuvj]t¡�Sz�u7n]t7n]lOi
x"mS~+�So"l9k n%mS~ I ®?´,n%z8l[�5��z9l8o"��q R ®?´5n]z8l9�[n]z[�
�Sz8±�kv|%�St7|%�
u��³�����
y�u7�St7mS~���t7��´5n%o¯x"mS~+�So��S|Si
qsl9o+u7¶��Ã�%k7�
y��JqW�Skv��{"l�y³�5��z9l8o"��qÄy[��o"kcu��So"k�u��Sm]�7�\�
�Sz�kv|%�St7��|]o��So�y¯qsn]mÅ»¼qºl8o"{"n%oÆqW�Skpu��Sm J ®O´5n%z9l-¿��
I/J ®�o"n]y�qsl9o+u��[n]y�u7�Stvu7j]tvo"n]y n n%z8n]q¨�Å�;qsl8o"l9qW�Sz8l9kpm�n%o"n]t��
uv�Stvt7n%o"{"kv|]n]t7nSi��9mS~ I/J ®?o"n]y¯qºl8o[u R/J ®
´5n]z8l l9{"nL�Sz8o��
y�l8k]��Ç�nw¶�� I ®?u;y[n��[n%kvn]´"´Èn%z8n]qsqsn%z�z8n]¶"n]u7o"nwm�n%o"n]t7�Sz8o"lOi,�
y�y[�St³�S|w�So"o��
y²qsn]m���n%z8n%z9�
qsn%z9z8j]y[��kc|]u��Sz9~[�Sysm�n%o"n]t��Sz9o��
y I/J ®Ou�l9k%i"u7n%¶��
u I kvn%qÉm�n%o"n]t��Sz9¶��
u7± n ®�o"j%zpy[n]�[n%kcn]´"´�n%z8n]qsqsn%z¼�

Ê �BA�M�GËV�X­M�UHU�C7N
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U�f�gÆCaQ+¦Hg7X\C�G­Q
E
T�U�THÍ\¦LZHC����
2Z � ZHC��r`¨ÎÅV
�aP
U7f�X�X���G¯¢sCaQ
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A)C�Q+f>D9N+P>g%h Ï |�l�tvt7n%{"x"�%l�´�l8z9l8kvn]yÐ� 4 ®�mS~[n]zJo"n]q ��kc|]u7¶��
u7±À���
t7��kËkc|L�Sqs�Sy5i��"t7�9qsn]y���l9kv|%��o[u¨o"l8o�®
�%kvn]o"n]y5i¨qsn]tvuÀu7n]uvkv|%��z8n]m�n%k a ∈ 2Z ®?tvn a | 2a iw{"n a 6 | 2 iYj%k a 6 | a � Ñe{"nL�SzËqºl8o"{"n%o«�S{"{"l9u7���
t7j%kc|%�%kv�S�,�StvuLi"x"mS~+�So"l8kÃ�S|­mS~���t7�"n%z9n%qsqsn%z��
�Sz8±wkv|%�Stv|L�SkÃl8kvqsj�u7n%z9u3·�kvkv|%n%�S{��Skvk7�SzOi"l9z8z9n]uv�[n;y�l9�[��o��Skvk7�Sz
qsn%mS�
�Sz8±�kc�9u7¶��
u7±"�ÄÒemS~Ó�S|�l8{"nL�Sz9�Sy¸qsn%m�n]mS~[n%|%o"n]y Z ®�o"n�yÔ� 2Z ®?´,n�n%kv�¹l9{"nL�Sz �7�Sl��S�Sz¼Õ mZ ���
t7��k
m ®�n]y�t7nSi�j%k�n]|%n]y�����l8{"nL�Sz9�Sy�l9k%�

Ö �BA����aV>g�g��+Gº¢sC�Q[h
V]b

Z[
√

d]
C�D8C�¢WC�MÆ cV
�"f>D

d ∈ Z
�5C�¢×�p¦�Q
E�X\C��¼g7XLP
¢­b�C�Q
E+¦�UH�eC�DF¢YT�C��Ø�-U���V
�e¥�G

a + b
√

d
V
D9V>GSZ�VS���V>�"f>D

a, b ∈ Z ÙZcbÚV�X
N(a + b

√
d) = a2 − b2d

�5f>UH¢sVs¢Y��DF�¼MFÌ'DFM�GSV
�O��§ Ù
d b z, u ∈ Z[

√
d] � U7C z | u ⇒ N(z) | N(u) ÙN]b

Z[
√

d] � ZHC]� z
C�Q
E>gL¦�Q ⇔ N(z) = ±1

©
A)C�Q+f>D9N+P>g%h ��¿sÛ�� a + b

√
d = a′ + b′

√
d i�j%k b 6= b′ ir�
y�y[�St d = ((a − a′)/(b′ − b))2 n]mS~

t��S�]l8��o��Sz8l9k¡kv|L�Sq£o"j%mS~�|]n]u7nSi�qW�SkÜt7j%kv|]u d n]m�j%kv|SiSu7n]¶��
ur�
y�y[�St d n%mS~¯n%m�j%kv|}o"j%mS~�|%n]u7kc|L�Sq«z9n%o"o"nSi
n%z9z8n%o[u7qs��o"{��
���Ý��n]z9u7j]uvn%z8n]y�o"n]y5��ÒemS~ b = b′ i��Sqºl9´5��z a = a′ l8k³y[·\�[n]uvy[n]|%l9y,�ÆÞ�n%mS~�½�yBj%kv|]tvnSi
¶"��mS~¹�S|Bn%z9��|%�)´�l8|]��o+~��9u��Skº�
y�y[�StËl8kºqY��y[·�{"l9y5i�¶���� a, b n]mS~�½�uvu7¶��
uv±SyS�
u Q ®?´5±�zJ�[n%kvkv|]½�y5i
u7n]¶��
u;qsn]m Q[

√
d] ®?´5n]oBl8k�n%mS~[j]tvuvn%z8qY���Ë��·�z8��t��Sk%�

´5¿�Û��s�S| u = a + b
√

d ®?tvnÅ�S| ũ = a − b
√

d �vn%z8·�z9j%kcu³¶��Skc|%o��Sz �vx�y,i5�
y�y[�St N(u) = uũ i�u7�\�S�
´"´��
ũu′ = ũũ′ i[x"mS~+�So"l8k u = a+b

√
d ®Ot7n�j]k u′ = a′+b′

√
d ®?t7n uu′ = aa′+bb′d+(ab′+ba′)

√
d i

�9mS~ ũu′ = aa′ + bb′d − (ab′ + ba′)
√

d = (a − b
√

d)(a′ − b′
√

d) = ũũ′ ��ÒemS~ N(uu′) =

uu′ũu′ = uu′ũũ′ = uũu′ũ′ = N(u)N(u′) �
�>¿ z | u ⇒ ∃v : u = zv ⇒ N(u) = N(z)N(v) ⇒ N(z) | N(v) �
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{,¿ z n%mS~�kvj]m ⇔ z | 1 �«Û�� z | 1 i;�
y�y[�St��>¿Ëqsl8�
uvu N(z) | N(1) = 1 i��9mS~ N(z) = ±1 �
Û�� N(z) = ±1 i��
y�y[�St zz̃ = ±1 ir�S|L�S| z l8o[�[n]t7|%n z̃ iÁ�
�SmS~ −z̃ iÁu7n]¶��
u z qºl8o"{"n%o�y[j]�"�,n%o
l9o+�[n]tcu��Sz8¶��
u7±"�

� �B�­f>���¼gH��GÅILC�D�Ì'UH��¢WCHG�g�X\f>U7X\V
��PSUvVÂV
7
�

13
¦�g

5 + i
g7XLP
¢Wf�GSV
�

Z[i] � ZHC����ÈÎÅP
��E)C�QSE>¢ºP
g�g%V
D3�5C�¢V>g�g�X\f d MOPSDF�pÌ'U���¢ I%V
G��af
UvVº§
VS�
2 + 2i � �5CHG'`A)C�Q+f>D9N+P>g%h Ï�� ����n%z��S{��
uÆ�Sz9z8�9u7�Sk7�Sl9´,±�z y[·\�[n]uvy[n%|%l�y5i5¶"��mS~²¶�� N(z) �"t7�9q²ip�
y�y[�St z l�tvt7n%{"x"�%l�´�l8z9l8k

»¼x"l¼� N(z) qºl8o"{"n%o N(u)N(v) ��n]z9´5��o[u��Sk7�
´��SoÚ�S|�n%mS~�l9y�u7j]o+~[n%|]� ±1 ¿�i3¶����5n%{"l9m N(z) = pq
�
�Sz��Sqsn%z�~ p j]k q o"n%q ��n%z�u7j]u7z9n%o�½"z¡y�½"z8·�o[´5·�|%�W�"t7�9qsn]y�t7nSip�
y�y[�St z �%k7�
y��
y�y[�St­z8n%¶"n�uÆtvn%{"x"�%l9´�l9z8l9k%i
¶�� p j%k q �S�SmS~ −p j%k −q n%z8�[�Sz9z8¶��
u�o"�St7qW�
y[j%o[uL�����5n%�%l8�Sz8l9k7�So°�
	Æ�Sx"kvkÜ®�n]m�j%kv|%n]y�y[·St7j]´,n%o p ∈ N

�"t7�9qskv|L�Sq�	��Sx"kvkÜ®O�"t7�8qBi+¶�� p ≡ 3 (mod 4) i�qsn]tvu N(p) = p2 i�j%k p o"n%q �Sz8z�n%z8�­y[j]uÁo"j]mS~�|%n]uvkv|L�Sq
·�kv|%n]m�n]y[j%o[uLiÁ�S|L�S|so"�StvqW�
y[j%o[uL� µ n%¶��
u 7 	Æ�Sx"kvk¯�"t7�9q²i 13 ®�o��
yÀ�5n%{"l9m°�S|ºl�tvt7n%{"x"�%l�´�l8z9l8kvn]y�t7nº�
�Sz8±
��n%z�´5��o[u��Sk7��Õ (2 + 3i)(2 − 3i) � 13 = 22 + 32 n]z8�[�Sz8z9�9u��SkÜ´5±�zO� N(5 + i) = 26 = 2 · 13 ��n%z�´5��o[u��Sk7�
qsl8�
uvu �S|3�Skvkc|%���%l8�Sz9u7kv�Sm;n]t7n?�vj%l8m­n%mS~[n�u7z8n%o 2 o"�St7qs���
��	��Sx"kvke®�n%m�j%kc|Si 1+i y[n%z8z¼i>¶"��mS~���kv|]u7±��7�Jz8n%mS~[n%o
5 + i ®�o"n�y5i"j%k y[��qº��z9n��W��kc|]u��Skvk7�Sz,�S|]u}y
�
���vx�y,i�¶"��mS~ (5 + i)/(1+ i) = (5 + i)(1− i)/2 = 3− 2i i
u7n%¶��
u 5+i = (1+i)(3−2i) l9tvt7n]{"x"�%l9´�l9z8l8kcn]y�t7n ´,��o+u7�Sk%� 2+2i = 2(1+i) = (1+i)(1−i)(1+i) =
−i(1 + i)3 i"u7n%¶��
u;�Skvkv|%���%l��Sz�u��
y�uv±�z5n%z9uvn]y�l9o+uv�[nÆn%mS~[n]uvz8n%oÝ�"t7�8q ���
y�uv�St��¨�
�So 2 + 2i ®?o"n]y5�

� ��� CaQ
E[C]�
R = Z[

√
−5]

©��³NÜÍH��GÝ¢sCaQ
6 � �,V>GWG[¦��� eD8¦���E+C�Q+CHgLC]��bWG�_�D8^>�,ZH^\X�K\�;M�U�U7C7NS� d M?Z]M�DFM�gºC�D8C�¢WCHG�U7C§
V
D8¥;ILC�D9ZHf
����P
g%P
�

R � ZHC��5©A)C�Q+f>D9N+P>g%h
6 = (1 +

√
−5)(1 −

√
−5) = 2 · 3 ����l8o"{"n]mS~�l9y)��n%z9´,��o+u��SkÜ´��SoÐl�tvt7n%{"x"�%l�´�l8z9l8kvn]y��

���
y�uv�St7�Sy5i x"mS~+�So"l8kwkvn%q 2 iÁkvn%q 3 o"n%q �Sz8zrn%z9� a2 + 5b2 �Sz8�
y�´��Sopi¡j%kw�9mS~)�²kc|%n]t7n]��z9�����
y�u7�St7�Sy
o"�St7qW�Sl¼Õ 6 i 4 i�l8z9z8n]uv�[n 9 o"n]q ´5��o[u7¶��
u7±Sy���n%z�y[j]u³o"n]q n%mS~�kvj%mso"�St7qs�Ëkv|%�Stv|L�
u��
t����Æ»���n%m]�vn%mS~�|]j%k%Õ
¬3|��5j]z8{��s�
tvt7��i"¶"��mS~�n]mS~ R ®O´5n%o�o"n%q qºl8o"{"n%o�l9tvt7n]{"x"�%l9´�l9z8l8k�n%z8n]q �"tv�8q²i��,j%z8{��Sx"z�� 2 l8z�~[n%op��¿

� ����P
g�gH��GÅZHC����"f�Q
EÆ�"V
Z[
√

d] �����  vV>�"f>D
d
�pC�¢ �5¦�QSE\X\C]�-g7X\P
¢­bL�¡V>G�G�f>U

2
�5C�¢ M-UHU7C�N
� d MOZ]M�DFM�g Z[

√
d] �ZHC��5©

A)C�Q+f>D9N+P>g%h Û�� R �! ÁÇYiB�
y�y[�St qºl8o"{"n%o l�tvt7n%{"x"�]l9´�l8z9l8k n%z8n%q �"t7�9q l9k »O� qW�Skvl�y l9t��So[~"�
y[·\�[n]uvy[n%|]uvn]u7j%k�l8m[�S|�qsl9o"{"n%o l8o[u7n%mSt7l�u��Skvl³u��
tcu7��qW�So[~�´��So,¿�iÃx"mS~+�So"l8k�¶�� p l9tvt7n]{p�8i;j]k p | uv =
q1 · · · qr i��S¶"��zp� q1, . . . , qr l�tvt7n%{"x"�]l9´�l8z9l8kvn�y[n]u��S| u j%k v ��n%z�´5��o[u��Sk7�
´,±�z5yS�
�"u7x�y,i"�
y�y[�St}�
�SoÝ��z9~+�So
w i��Sqsn]z8z9~[n]z pw = q1 · · · qr � Ï ��n%z9´,��o+u7¶��
uv±�k7�Sm�qºl��
uvu³� w n%z9n%q p2 · · · ps �Sz8�
y�´��So��9tv¶��
u7±"i5�8mS~
pp2 · · ·ps = q1 · · · qr i�j%k3n]y�y[�St3�S|;n%mS~[j�tvu7n%z9q¨�"kcj%mS´5��z"y[·\�[n]uvy[n%|%l�y5i+¶"��mS~ p �Skvkv|]���%l8�Sz9ur�S�Sz8�Sqsn%z9~�l9y
qi ®O�[n%zOi+�8mS~¨��kv|�u7±��7� u ®?o��
yË�
�SmS~ v ®�o"n]y,� µ n%¶��
u3n]z8j%m¯´,n]´�l8|]��o+~��9u��So"l¼i�¶"��mS~ 2 o"n%q �"t7�8q²� Þ �Sz9±S´��Sopi
¶�� 2 6 | d i �
y�y[�St 2 | 1 − d2 = (1 +

√
d)(1 −

√
d) i {"n (1 ±

√
d)/2 = 1

2
± 1

2

√
d 6∈ Z[

√
d] � Q

��·�z8·Sucu7l¡n%mS~[j]tcu7n%z8qY����·�z8��t��Sk­qsl8�
uvuLi,j]k��9mS~ 2 6 |(1 ±
√

d) �ÆÛ��Skv��o"z8±[�So�z��
uv¶��
u7±"i5¶"��mS~ 2 | d n%kvn]u7j]o
2 | 4 + d2 = (2 +

√
d)(2 −

√
d) i�{"n 2 6 | 2 ±

√
d �

# �%$'C�Q
E
_+G�IL^>D ����f7Q
E
d ∈ Z

�5¦�Q
E�X\C��O¢sC����eCHg%©&��P>g�g��+GsZ�C��r�"f7QSE
V]b

d < 0
C�gLC��e¦��

Z[
√

d] �'��� ⇔ d = −1
§
V\Q
E −2

©
Zcb

d ≡ 1 ( (mod 4)) ⇒ Z[
√

d]
�pC�¢ �'��� ©A)C�Q+f>D9N+P>g%h ��¿�Û�� d ≤ −3 i��
y�y[�St N(u) = a2 + (−d)b2 ≥ 3 qsl9o"{"n%o ��z9~+�SoÔn%kvn]uv´,n%opi

�Sqsl�y[�St u 6∈ Z i�u7n%¶��
u¯l8z�~[n%oÂn%z9n%qsn]y�o"�StvqW�\�7�
y[j%o+u�o"n%q �Sz8z9¶��
u�n]z8�²� 2 »¼j]k�u7n]tvqsj%kv|%n�u7n%kvn%o
−2 kvn%qÝ¿�i�� Z ®O´5n%z9l'kv|%�Sqs�Sy¨o"�St7qW�\�7�Æ�,n%{"l8mÅo"j]mS~�|%n]uvkv|L�Sq²i+u7n%¶��
u ±2 n%mS~+�Sz�u��Sz��SoËo"n%q z9n%¶"n]u
o"�St7qs��i�j]k;�8mS~��S|�(�� ��n%z��S{��
u;qsn%m���z9{��Sk7�So��
yÝn%z8n��vj]o°kv|%n]t7n���z8�W�Sz�u��Sz��So"��kÃu7x"z��\�v{"��o"k7�Smºqsl��
uvu
2 l9tct7n%{"x"�%l�´�l8z8l9k%i�u7n%¶��
uJ�*)�����n%z��S{��
u��Sz9z8�9u7�Sk7�Åqsl��
ucu Z[

√
d] o"n%q z9n%¶"n]u UFD � Ï d = −1,−2

n%kcn]u7n]y�´5n%o°z8�
uvu7x�yÝ�S|Æn%z8�[�S{��Skv��opi�¶"��mS~ Z[
√

d] n]x�y�z8l9{"n%kv|%l�mS~���tv�pi��9mS~+�! ÁÇ l8k]�
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f(x) ∈ Q[x]
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