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fgShDYi

<)J�L+OEfjV+XED"k+lnm"oqp2m"rtsqu
f(x) vxwqy{z�|�}hzq~����Wz���� r z�v=�A�"y α

squ�m"oqp �j~ oqp2� ~ mq����s ~�� m v m � �{��~ squ x−αoqp2� ~��{� r+p2m�u"� � f(x) ��� � �6� s ~�~2zq� squ f(x) � m � s � m y(�{� �3��� �Q�"y�� m"r ��� r�m w
�Q��y�} s ~��{zq�Qzq~�� s ��z r �Qzq�{�Q��~W�� m"� w
� squ α � �
s � �qs �j��� �3��� �Q�"y squ f(x) } m ����z r �Fwqy{��� m y�� mq��W���nX
DFD_>AG=\_JFM�N�OQLqR]J�L
R
K

`qb�L+J�D @cJ_D_@
n ¡ JQV(Z3O�G�[&\_^
`3a�@cb_DYbY\_J�U¢HTS,UWV+J�U n ¡ JQV�ZYO�G�[+M K[x] ¡ \_J�fgS£S�e_eFJQV
> ¡¤ S�\"S�fgShD¦¥POEfgS,U�OEH§fgS,U�JQX
e�ShD�Z"BEG�@cOEeFO�G�e{B¨\_OEHTfgShG�©

<)J�L+OEfjV+XED"kªlnm"oqp2m"r |K| = q �«��y L
s

K n � m |�}hzq~��¬� ����� �Q�"y mq�¢­ ~�~2zq� |L| = qn �®�"y L
m � m v m ������ m"r¯squ

xqn − x ��z��j� r z�v oqp2� ~ m ��° L× qn − 1 �±� m�r |�²¯³�y{zq��zq�{�"��� m"� w
�´vK� r | m"r a
m � m vK��� m

aqn
−1 = 1 ��vKwqy��Q�"y u � squ xqn − x �Wz���� r z�v rPs ~?vK� r | m"rµoqp2� ~ m�m"oqp y u"m � m y"��vK� �2m � s | m �Q� � wq�j�h� s �

qnxqn
−1 − 1 = −1 � m � s � �j� ��� � v � z u"u w�� �joqp ³"y s ~ squ L

m � m v m � sKoqp2� ~ m �,¶ ����s f
m"oqp

K } � � � �{��j��� m |���³"���P�����jy n � m |�}hzq~�� ��z��j� r z�v´� s ~�~2zq� squ¦sqr�rPs ~ m"oqp α
oqp2� ~2� �2m � �
s ���·� ����� �Q��y�y u � r �{� r qn

m � m vT²� m y(� m � s |¸��~ �3�2m �{~ m"u �"y�~2����� m"r´squ α vI� r ��vKwq�j��z��j� r z�v¹� s � f(x) ��z�y u �{�E� s xqn − x � r�m ~��A� m"� w
� f(x)
L ��� m"r ��yº��� r�m w
�Q��yº} s ~��Qzq�{zq~�� s ��z�vK�j�j~ �» �=<?>A@CBEDFD�>+G¹HKJ�LEMnN�OQL
R¼N�B

p
¥$e_a,H M½BEG3G�O
e

xpn−x
B�¾¼¿�DFDQ¾3J�D�OEfgR2B
U

Fp

ZY¿
f�¿E@6@�SWU�OEe_HKX
fg@nS�e�eQJQVq> ¤ S±\�S�fgShD¥POEfgS,U�OEHÀDF¾3OEeQ¾3B
@�BEM¦B
HKJ�fgR
U�J_G·ZYO�GqB
n ¡ U�J_GxO�DF¾�@CÁ(Â"B2i<)J�L+OEfjV+XED"k Ã ��|3�{��~W� � z oqp xpn − x } m �j�Wz r �Fwqy��¦� m y�� m¨s pn

m � m vT²µ� m y��=° s } m �j�Wz r �Qwqy{�¦� m y���� m"rm"r�r�m ~ s �Wz���� r z�v rPs ~ s¢oqp2� ~ m �¦�Q�"y u � m y�� m � s �j~2zq� rPs ~W�5� m"� w
� m�u=s �Q�"y u � m y��Kv sqo2s¢s } m �j�Wz r �Fwqy��� m y(��¶ �Ä¹u´m � ��u"� } m � s | s �xv m"o z��j|PwqyQw
� sqr ��w
�{�Q��~�� � z oqp vK� r | m"r d � m |�}hzq~��Å�j�{� m |���³"�j�P�j����yK�Wz���� r z�v
z�y u �{�E� s xp

d − x � r�m ~ �5��s d z�y u �{�E� s n � r�m ~�� s ~A~2zq� pd − 1 z�y u �Q��� s pn − 1 � r�m ~W���"y ��oqp xp
d
−1 − 1

z�y u �{�E� s xpn
−1 − 1 � r�m ~�� s vK�j� � � xpd − x z�y u �Q��� s xpn − x � r�m ~ �Æ zq�Q| � � �qs � �Ps f(x)

squ
xpn − x

m�oqp �j~?���{� m |���³��j�P���j��y�} s ~��{zq� s � s ~�~2zq� squ xpn − x } m �j�Wz r �Qwqy{�� m y(�Q� r�m ~t�Q�"y u � m y�� mÇsqu Fp(α) � sq� z�� α squ
f(x)

m"oqp ��~ oqp2� ~ mq�®��s deg f = d � s ~�~2zq� m"u�s �Q�"y u � m y��
pd

m � m vT²¸� s�rPsqoqp � m y�� m � m vKy u wqv s � pn � m |�� oKm�r�r�m ~ �Ps � � w r2p+s ��� m"� w
� d z�y u �{�E� s n � r�m ~ �È � o ���6�$vI� r | m"r�r zq�Qvxwq�j�·�j��� m |���³"���P�����jy·�Wz���� r z�vÀ³"y s ~ m�oqp y u"m �¹}hzq�Q|���� m � � } s ~A�Qzq�{~2� r �Y�Pv m ���
xpn − x � r�m ~ r � r ³"y·� � ���Py u"� � � y oqp2� ~ mq�É ��Ê¹¾dJ�f�^�¾3^«ZYJ�fjB2V2B
@5B
fjB_¥EÂ"X
UtDF¾YX
HTa�@6D_>AGdG�ShMËN�X
U�R

1
Z3^2J�L
R
ÌA@�@6N�B
@cÁ�D·HIX
DYOYV ¡ M�N�B
e�HIB2V ¡ b_D·U�JCL
R2JFV(ZYO�G�[S�e�eQJQV
> ¤ S�\"S�fgShD¦¥POEfgS,U�OEHÀ`
BqU

F3

ZY¿
f�¿E@6@C©
<)J�L+OEfjV+XED"kÍÄ¹uTm ��y � }hzq~�� r zq�{vxwq�j�¹���{� m |���³��j�P���j��y���z��j� r z�vKzq~ x − a � sq� z�� a ∈ F3 �¸� m�� w
� � w
�{z�v��� p2m"rT�qsqr¸�®Ä vxwqy{z�|�}hzq~�� s ~ squ x3

2 −x ��z��j� r z�v m"u"m ~�� � ��~���� ��r � ��u"� �j�{� m |���³"�j�P�j����y®~2z�vI�Wz r�m"r y m �6���oqp y u wqvT��~ (9 − 3)/2 = 3
�]��s y{z r ��� sqrÎs]�Ps �Qv s |�}hzq~�� s ~ squ x27 − x ��z���� r z�vÏ���{� m |���³"���P���j��y} s ~��{zq� s � squ�m ��y � �Ç�"y �Ps �{v s |�}hzq~�� r zq�Qvxwq�j�T���{� m |���³��j�P���j��y���z���� r z�vKzq~���� m�� w
� sÐ�Ps �Qv s |�}hzq~�� s ~y u wqv s (27 − 3)/3 = 8

� È � o ��� sKr�m�oqp2m |�}hzq~�� s ~ squ x81 − x
r�m v m ��y � �£�"y¼vKwqy{z�|�}hzq~�� r zq�Qvxwq���} s ~��{zq� s �����"y m"u"m ~=y u wqv s (81 − 3 − 3 · 2)/4 = 72/4 = 18

�
Ñ �=ÒºSÓ¾3O
UPREa,@,D_>AG]\�JFM·N�OFL
R]HTS�UWVAJ�U

p
¥$e�a�HTeFJ¨b_DIHTS�UWV+J�U

n
¥PO�¾�S�@�a�`´J�L+b�DQ¾�DQ¾YXqHTe{B]f�b�@CJ_¾�ShG

n ¡ JFV(ZYO�G�[S�e�eQJQV
> ¤ S�\"S�fgShD¦¥POEfgS,U�OEH
Fp

ZY¿Ef�¿E@�@Ci
<)J�L+OEfjV+XED"kÎlnm"oqp2m"r

K
m�oqp

pn
m � m vT² � � o�m y¦� m y(��° squ xpn − x } m ����z r �Fwqy{�W� m y�� m ¶ �®­«oqpI� � o�m y¦� m y��vT���j�Q���P����~ s � ��� ³"y{zq��zq����� s ³"�j~����j~���y"Ô�� m"oqp2m"r K× = 〈α〉 �5Ä¹u α

m � m v Fp } � � � �{�{�$vK� r ��vxwq����z��j� r z�v¹� s³"y s ~ n � m |�}hzq~��´� m"��m �Y�Pv m �{� Fp(α) = K
�

Õ ��Ö�L2B�¾ ¡ J_M®N�OQL
RtJ�L
R K = Fp(α) × α 6∈ Fp Ø @cJ_D_@C\_J�U α
DQ¾�ÌAG3DYb�LEG2bC¥2¥PJ�U¨L+J�U�J�e{Xq@COEeFJ�f�J�HKJ B

K
HT>�fg@6SÙ¥ ¡fgShGqBq@6a�` ¤ DYOF¥PO
e_@ÚÂ"X
UWBEGWÛ
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<)J�L+OEfjV+XED"k �¹m v � o2squ�� ������|Pwq��� F

×

9
∼= C8 ��� sqr m"oqp

4 � m |�� m�r |�² α
m � m vI� m α /∈ F3 ��� m"� w
�

F3(α) = F9 ��| m α
r�m v o�m"r�m �Fwq� � sKs 8 � s |�� m"r |�²]³"��~��j�j~���y�³"y�zq��zq�{�Qzq� �

� ��Ö�L2B�¾ ¡ J_M®N�OQL
RKU�OEe�HIX
fgShDT\_^E`3a,@Cb_D�U¸OEe_HIXqfgShD9\_^
`3a�@cb_DYJdU�OEe�HIX
fgShD9B�¾�J�eFJQV+J�@�S�@cJ_D_@$ZY¿Ef�¿E@�@�Û<)J�L+OEfjV+XED"k �¹m v � o2squq� Ã�m ~�� r �Qy{��~ s
Q ≤ Q(

√
2) ≤ Q( 4

√
2) � �3��� �Q�"y{y{zq�{z uYs �Qzq� ��� � r |�~2���� �3��� �Q�"y¼vKwqy{z�|�}hzq~�� ° x2 − 2 �����j� m � �2m x2 −

√
2
s vK� r ��vxwq����z���� r z�vKzq~$¶Q� ��oqp�r zq�Qvxwq�j��y"�$| m 4

√
2 Q} � � � ���Q�PvK� r �jvxwq�j�Wz���� r z�v¼�Qw rPs ~�� x4−2 � r�m ~ r�m v �
s ����y oqp2� ~ m �P��y �qsqr�rPs ~W�A��y m"u"m ~KvK� oÇs � ���2m ���� m y(�{� m"r y{� r ³"y m"r�m ~¨� m"r�r�mq�

� �
	PB
U ¡ JT@C¿�\�\�DQ¾3¿EeF¿�D¹LqR2¿�G2J�BE¾ f(x) = x4 + 2x3 − x2 − 2x + 1 ∈ Q[x]
¥�OEfgS�U�OEH�UWBEG¨B¹Z3J�fj\_OEUP@CXED_S@cJ_D_@cbY\_J�U5Û�� B S�L+J�U�MK\�OEUP@6D_>+GKZY¿
f�OEfgR2B
U

Q[x] ¡ \_J�fgS�¥PO
fgS�U�OEHKOEG¢DQ¾�OEeQ¾YBq@�X
eQB�MxB
HxJ�fgR2J�G�U�J_GµUPS�U ¤ D@c¿�\3\�DQ¾�¿EeQ¿�D�LqR2¿�GEÌ+Gq©
<)J�L+OEfjV+XED"k�­ ��~��j��| m y u � s � o zq�Q���QvT��y{y s �«y u wqv � �Qy{��~&~�� squ f(x) �"y f ′(x) = 4x3 + 6x2 − 2x − 2��z��j� r z�vÀ� m�o�rPsqoqp zq���=~ ��u"� yºz�y u �Q���Qw
� �

f(x) = f ′(x)

(

1

4
x +

1

8

)

+

(

−5

4
x2 − 5

4
x +

5

4

)

,

f ′(x) = (x2 + x − 1)(4x + 2) + 0,

� m"� w
� x2 + x − 1
s � m"o�rPsqoqp zq��� ~ ��u"� y�z�y u �Q� �Å­ ��� � ��~ ���2m ��~ m"u �j~W� � z oqp x2 + x − 1

oqp2� ~ m �� m�o2s �Ów
���t~2���Qy u�m � m y oqp2� ~ m � f(x) ��z���� r z�v rPs ~�� squYsqu (x2 + x− 1)2 z�y u �Q��� s f � r�m ~����"y s }hzq~�y u wqvvK� s �{� f
m�r�r �"� rPsqoqp zq��� r�m v ��y � m"��m � � È s �j�q� sqr � f(x) = (x2 + x− 1)2 ����y x2 + x− 1 � r�m ~xvxw
�r � r ³�y·� � ���Py u�� � � y oqp2� ~ mq�


 �=<?S�fgR+J�U G�B
e{BEGE@CJ�e�ShDQ¾�@�ShGqX�Â_[¢@cJ_D_@�ZY¿
f�¿E@6@¹f�J�N�J�@�B�¾
f(x) = 3x7 + 7x2 + 2

¥�OEfgS�U�OEH�UWBEG�@c¿�\3\�DQ¾3¿EeF¿�DL
R+¿�G�J�ÛKÒ¹OEUP@6D_>+G·ZY¿Ef½O
@6@
f(x) ¡ J�@£S�e_eFJQV
> ¤ S�\�S�fgS�D�ZYBEG�@cOEeQO�GEe{B2i<)J�L+OEfjV+XED"k ��u wqv � �Qy{��~ ~�� m ��~��j��| m y u � s � o zq�Q���QvT��y{y s � squ f(x) = 3x7 + 7x2 + 2 �"y f ′(x) =

21x6 + 14x �Wz���� r z�vIzq~Î� m"o�rPsqoqp zq���Å~ ��u"� yIz�y u �Q���Qw
�Y��}h�"��� m �Q� �2m´squ zq~ s � squ´m y m � m ~ m �Y� s vK�j� p2m"r~ s � s ~�� m �Q��y u �Q�j~ s v m ��� m �{� �qs � s v m � p �j~µz�y u �Q�)} �Am"oqp ���{� �Ps �Q��� s 0
� Ä v s � s |���~2zq~Îy�zq�{� s 5x2 + 2 �

14(x− 12

125
) ��y 6394

3125

����s�s � m y(�«~ s � s ~�� m �Q��y u �Q�j~
w3� s p 6= 2, 3, 5, 7 � s ~�~2zq� � � o � o �Q��|3�{��~�³"y{� r wq� r � squm ��~�����| m y u � s � o zq�Q���QvT��y��Y����y�³"y s ~ s ~A~2zq�·� m y u � � ���Py u"� � � y oqp2� ~ m f � r�m ~W� �Ps 6394 = 2 · 23 · 139 ≡
0 (mod p) � squYsqux�Ps p = 23

�qsqoqp
p = 139

�¨­£u"m ~�� m�r¬squxm y m � m ~A� m"r squ ���{z���y{�]v s � s |���~�� squm �jy � }hzq~��t��z��j� r z�v s � m"o�rPsqoqp zq���t~ ��u"� y�z�y u �Q����� m"� w
� sqr�rPs ~ oqp2� ~ m ~2���{y u"m � m y oqp2� ~ m f � r�m ~ � −8 ��Ps
p = 23 �
��y 19 � �Ps p = 139

�½­ ��� m"r9squ«m y m ��� m"r f(x) = (x+8)2(3x5−2x4+x3−3x2+7x−5) ����j� m � �2m f(x) = (x − 19)2(3x5 + 32x4 − 35x3 + 50x2 + 35x − 35)
����s

p = 2 � s ~�~2zq� f(x) =
x7 + x2 = x2(x5 + 1) ���"y squ�� � � |�}hzq~��&��z��j� r z�v rPs ~Ðvxw
� r � r ³�y m"r�m ~)� � ���Py u"� � � y oqp2� ~ m � �K��s
p = 3 � s ~�~2zq� f(x) = x2−1 �"y f ′(x) = −x

r+p ��� � w r � m � s � ��� ��� � v m ~W� ��oqp f � r�m ~ r � r ³�y½� � ���Py u"� � � yoqp2� ~ mq�9��s p = 5 � squ f(x) � r�m ~ squ f ′(x) �±y u"m � �
s ���¨z�y u �Fwqy{w r wq� s v s � s |���~ 2 � �joqp (f, f ′) = 1 ��
sqoqp ��y f(x) � r�m ~ r � r ³"y=� � ���Py u�� � � y oqp2� ~ mq�À��s � m |�� o p = 7 � s ~�~2zq� f(x) = 3x7 + 2 ���"yvK� �2m � a7 = a � o2squ F7 vK� r | m"rÎm � m vK��� m � m�u �Qz � w
��� � � �Ps �{� 37x7 + 27 = (3x + 2)7
s � s ~�� sqr¸�� y{y u"m }hz o � s � �
s�� p = 2, 7, 23, 139

m y m �{� r´�qsqr f � r�m ~t� � ���Py u"� � � y oqp2� ~ m
�;�� �´ÒºSÓ¾3O
UPREa,@,D_>AGÐ\_JFM¼N�OQL
R]N�B
char K = p

M9b_D
f(x) = g(xp) ∈ K[x]

S�e_eFJQV
> ¤ S�\�S�fgS�DQM�BEG�G�OEe f
U�J�HDQ¾3Jc¥�B
e{X+\�S�fgShDQMTD3^E@�`
BqfjB
HKJ�fgR

k ∈ N ¡ eQJ f ¡ U�J�GÎB¨ZYJ�fj\_OEUP@CXED_SÇ@CJ�D_@Cb3\_J�U HTS�UWVAJ�U L
R2¿EG�Jx¥POEUP@cO�D"BqU
pk ¡ DQ¾3O
eQO�D"i
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<)J�L+OEfjV+XED"k Æ m �j� m���m ���{��~�� � z oqp f(x) 1 } ��m�oqp ���{� �Ps �{��y®�Wz���� r z�v �½Ä¹u wq��� � �Fwqy�� s g ��z���� r z�v }hzq~qw
� s� z rPs �{~2z u �¨� m � � m yÇ� r |���~2³"��� �qs ���P� u z r+p�� ���{��~ �I��s g }hzq~ s 1 � s ~A~2zq� g(x) = (x − α) �Ë�"y α � rPs ~ s
K
s �j~ s ��v s y¦� �3��� �{�"y{��� m"r=�
sqr p � m |��j~ oqp2� ~ m ��� m�oqp2m"r´m"u β

�5­ ~A~2zq� f(x) = xp − α = xp − βp =
(x − β)p

� � z�y�� � m�oqp ��~¢} m ��� � z oqp&s v m"o2s |�zq�{� f � r ���«~��jy m ���Î}hzq~��)��z���� r z�vKzq~�� s vxw
���Q��|3�{��~squ wq�j� � �Qwqy�� � � � �2m � f(x) ���{� m |���³"���P���j��y"� g(x) �jy squq� � oqp g
�
sqoqp y u"m � s �Fw
�P�j����y�� �qsqoqp g′(x) = 0 �� m"� w
� g(x) = h(xp)

�qs � s v m � p h(x) ��z��j� r z�vI� s���Ä¹u � r |���~2³"����y�} m �j� m�� �"y�� s ��~ s �jv squ"�Ps ���{��~ s g

�"y h ��z��j� r z�vKzq~A� s��]­ y u"m �Q� r � s g(x) } m ����z r �Fwqy{�¦� m y��Q��� m"r g(x) = (x − α1)
pk · · · (x − αr)

pk �sq� z�� α1, . . . , αr vK� r |�~���� ��r � ��u�� ~Î° �Ps g y u�m � s �Fw
�P���j��y"� s ~�~2zq� k = 0 ¶ ��� �3��� �Qy{��~ s � m y�� m �¹� oqp �� z oqp vK� r | m"r αi � r�m ~ m"oqp p � m |��j~ oqp2� ~ m �jyÇ� m"r�r�m � m"oqp2m"r � βp
i = αi

�x­ ~�~2zq� f(x) = g(xp) =

(xp − α1)
p

k · · · (xp − αr)
p

k

= (xp − βp
1
)p

k · · · (xp − βp
r )p

k

= (x− β1)
p

k+1 · · · (x− βr)
p

k+1 ���"y�j��� s βi �±~¨vK� r |¨~���� ��r � ��u"� ~W��v m �{� s p � m |��j~ �Ps � � w r2p+s �j~¨��y squ zq~ �;$; �=�ËJCL
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K(t)
m"oqp&s �j~ s ��v s y s � o�m ��� s �5� ����� �Q��y{��� m�r)�qsqr z�� p+sqr α � � z oqp αp = t � �joqp ���{�

xp − t = xp − αp = (x − α)p � �
sqoqp ��y squ xp − t ��z��j� r z�v rPs ~¨vK� r | m"r´oqp2� ~ m v m�o�m"oqp2m"u ��~ �¦��ss �Wz���� r z�v r�m v � m"r�r�m ���{� m |���³��j�P���j��y K(t) �±� m�r � s ~�~2zq��� m"r�r�mxm�oqp ���{� m |���³"���P���j��yÇ} s ~A�Qzq� s � s v m � p�
sqoqp ��� r�m w
�Q��y �qsqoqpÎr�m v y u"m � s �Fw
�P�j����y � Ä¹u ���Q�q���P� m y m � m �j� m"r �QvKz r | sqr�rPs ~ s �Q� r+p�r�m ~�� � z oqp�j��� m |���³"���P�����jyÇy u�m � s �Fw
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��� p � m |�}hzq~�� �x��s�� ��y u z r �m �jy � }hzq~����j�{� m |���³"�j�P�j����y�} s ~A�Qzq� s9�qsqr xp − t � r�m ~ K(t) �±� m"r � s ~�~2zq� �
sqr�rPs ~¨z�� p+sqr g(x), h(x)
r�m v

0 ��z��j� r z�vKzq~ K[x] �±� m"r � s v m � p2m ~�� m t = (g(t)/h(t))p � squYsqu t(h(t))p = g(t)p
� � � �2m � p ~ s � s ~�� m ��Q�jy u �Q��~qw3�{�9� m y��5} � � � �{�½� sqo z r ~2� r �5� m"��m � p � m |���~ �Ps � � w r+p � s¹m v m � r ��� squ xh(x)p ��z���� r z�v9� sqr ³�y s ~ s

p y u�m �Q� r � m"oqp v s � s |���~2zq� s |�� ~���� m��2� �{²I� sqo zq~ m"oqp ���{� �Ps �Q��� s � m"��m � r�m v 0 � s g(x)p ��z��j� r z�v9� sqr� m |�� o ³�y s ~ s p � �2m �Pz�y u � �Ps �Q�d~���� m��2� �{²�� sqo zq~2�q� m"u ���{� t
s�r�m v r ����� s xg(x)p−h(x)p ��z��j� r z�v rPs ~� m�r�r�m s�oqp2� ~ m � s vK� m ��� m"r �QvKz r | sqr�rPs ~W� � z oqp t �{� sqr y u ³ m"r | m"r y K } � � � �{� �
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