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@)B�C+^EWpf+ZED"q rts"u]v2sxwzy|{}s"~p���i�2�]���R��u2y
�Jy
1 � y|�X�
�G�K���R�x�Ku��R�"�
�Jy a ��� ��y]�U�p�R��sx�Rsx�G�Ysxw�y]�Yy
� x �� ���2�]��y��Gsx�R���Ysx�Gs���� � �R� � �Ysx� � ����s"w���s"�p~p�R�
y�y]�����
y
���R��� � ���Ku]v
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a2 − x2
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2(2a + x) = x

√
4a2 − x2 � � u]v����"sx�G���R~��G��sx�G��w��zy|�}�K�"�p�G~�� √

2a + x   �R�"s"�N¡ 2
√

2a + x =
x
√

2a − x �t� �¢sx{�{}£K�5w � u]v��"s��R�Gs�sx��s"� � � � �m�Gs"w�¤�s"� � �`���J�]w¥¡ x3 − 2ax2 + 4x + 8a ��¦ sx�Gs"�R����w���K�pv+y]w
a   � � y]��s"��v��Gs�s"�§���R�Gs"¤���¨"��{X�Y�p�Y� � ¤�s�y]� � �R�©�
y]w 0 � � 2a

�2�K�"�]�R�G�X�]y]�pªK�©u]v2�]�2s]«¬ � �p¤X�]��� a = 4  �Gs
f(x) = x3 − 8x2 + 4x + 32   w�sx�®�]y]w¯u]v2�]�2s 6 � � 7

�2�K�x�]�R� �5� ��y��Jy]¨"�p�KwX�]�Y�p��u]v2�]���Gs"�R���R�Gs"�s"�p�Ys"w�£]�G�p�"��sx���R��� � ���Ku]v f   w�sx�)w��pw�¨"�S�Jy]¨"�p�KwX�]�Y�p�Su]v2�]�2s � ~pu]v&s"�ey°�Xy
�R�±y]¤����]��²)�}�K�Y�Yw��K�³�p���Gs"¤��  ¨"��{X�Y�Y�p� �i´ s"�X�
�¢y7���K�p�Yw��K�µu]v2�]� � �2sx�5�
y]�Yªe{�£3��~�� � � 3   y]¤����]��² �t� �¢~Yu]v�y7�X�
�G�K���R�"�KuKs���w�sx�¶�ps"��sx�
��s"uK���"sx�R�2s"���x�Gs"w�� �

· �z¸�n�f(¹�n+I[b5MX^GC
T
Q(cos 40◦) º d]WY^E»�D:QR¼�D[^J½X^EH�L¾¹[d 3

QRB�WYB�_�¿�ÀeÁ�d
VXQRBS^EWÂT2d
V°HRd+¼x»<^EV}Z
WÂ»�D�DGF3Z
_SbÃd
_�B�WÂT
V�B:I
d�I2aKkÄC
T+a�IKj�ÅKB�W�Å
d
WYÆek�OEÅ3l�LPj:D�n2C
TKd]V�BJF�Lhd�LPB:D:LPB�LÇd2f(¹"d¥o
@)B�C+^EWpf+ZED"q®ÈÉ�pw�¨"� � ��u]v+y]w��p�Ês"u]v����[�]�Ë�2�]{Xu]v2�]� � �2s"�X�
y]�YªS{�£3��~�� � �Ã�
y]u]v�sx�Y�R£ � �]y]u]v��Xy
�G�±y]¤����]��² �
� ��y]�Ç���Gª]{�{X�Xs"�Rsx�R{}s"w�y����pw��Y�±�]�����K�Y�pw��K�É�G�]wXy
�mw�s"�Ì�]y]�pªK�5u]v2�]�2s"���Y��
y]w�wXy
� � �Gs"�X�
�Ãy���s"�p{}�Kw+�J�]����Gs"�(�Í���]�
y �X� �Í~pu]v7y�Î�y]�p�K�Y�   ¨"�R�]�}�]�R���Rs"w�¤3�RsS�Y� 6 �

Ï �AÐh»ÑF3^
VXTEl,L,D:n�I¢k:BJbÒMX^GC
T�M�dÓB�C
T
f(x) ∈ Q[x]

»�H�HGBGf]nX¼�»<kx»�WÂ»�Dt½X^EWÂ»�V¥^E_ º d]WY^E»�D:QR¼�D[^J½X^EH�L¾¹[d§IK^
_Ó_Ón�L�d
Lgl�Å"bdEI3I2^EHSd º d
WY^E»�D:QR¼:D[^:½X^EH:L�HGB�V�f(¹[B deg f
À

@)B�C+^EWpf+ZED"qËÔ§{�s"�   ¨"�R�]�}�]�R�����Yw�¤�s"w|� � �R�x¨"�R�]���]�����GyAw��]�G�±�]�p�K�R�x�Gª � ~pu]v|yU��s"��{��Kw2�J�]�R��Gs"�(�¢���pw�¤�s"w�2�K�x{X���p�R£��Gs"���Rs`w��]�G�±�]�Y�p��{}£���~p� � ��s Q   wXy
� � � �`y]���5�Rs"�Ysxw+�G� � ���Ku]v�y��}�K�Y�pw��K�Õs"u]v2s��G�Ys"wÖu]v2�]� � �2sx��
y]�Yª�{�£3��~�� � �7×gy]��sx�pv deg f
���]��²}Øm�±�
��y°�Gsx� �Rs"����s"�p{}�Kw+�G�]�R�©�Gs"�(�Gsx��y]¤3�Gy � y]�7���Rª]{�{X�YwXy
�®yÖ���]�]y��sx¤��Yu���s"uKs"u]v2s"�"���7y�Îmy]�Y�K�Y�   ¨"�R�]�}�]�R�h�Gs"w�¤3� � �2s"� �

Ù �UÚÉFÍd
WpZ2k3kx»<dEI�I2a3F�Û�W�_±B�WÂTE»�I©½X^EWÂ»�V�^
_�^�I�C
T+a�IKB�»�L¥WYB�M�B�LÜdEF�d]Wpd:½$_Ó¿�Å]B�WYB�LPB:ISj:DcC
T+a�I�Å]^
V}ZED©D[B�C
l,L,D[jÄC+j�Å]B�W
Ý B�WÂl,H:VX»:o
dxÞ

x4 + 2x3 − 5x + 1k�Þ
x5 − 15x4 + 6¼(Þ
x6 − 2x2 + 4@)B�C+^EWpf+ZED"qXÔÉ��y�Ø � �Í¨EØ����K�p�Yw��K� � ���puKs"w � y�{�Ø  <� ��w�s"� �y�Ø±Ô ���K�p�Yw��K� Îmy]�Y�K�p�   ¨"���]���]�R���Gyß�}sx�G�Ó���J�]¨"�pª�¨"�R�]�}�]�R�R� � w2�à�Xy
�áyâw � u]v u]v2�]�2�Kw � �Rs"�X�
�
� � �R�"¨"�R�]�}�]�R���Gy±y���s"�Y�K�p¤��Xy
�Gª S4

¨x�R�]���]�R�RwXy
� ��� ��s"� � �R�Í�±y]u2y`�Y�h��s"�Y�K�p¤��Xy
�Gª �{�Ø
f(x)

���R�Gs"¤���¨x�p{X�Y�p�Y�7×,�Rs"� �Rs"��~p�G�ÃyÖã�¨:���Kw�sx�±y]w�w�ä � �p�Rs"w����Gsx�Ywå���G�p� � �G�Y�����]� p = 3   ��y]�,Ø �Ü� �`~Yu]v���pw�¤�s"wmu]v2�]�2s5�����Y�Kw2{��K�"£ ��´ �3�]�
{�{�� f ′(x) = 5x4−60x3 = 5x3(x−12) 0   wX�]� � � 12   w � �2�
�]�p�s"�p£��Rs"�Ysx� � lim
x→−∞

f(x) = −∞ � f(0) = 6 > 0 � f(12) = −3 ·124 +6 < 0 �+� � lim
x→∞

f(x) = ∞ ��Gsx�X�
�
f(x)   w�sx�)�}�Kw+�R�K�Gy]wå�X�
�R�K�ß�]y]�pªK�`u]v2�]�2s��]y]w � � {�{�£K�©�2�3�2sx�R�2sx�"�p� � ���Ku]væy�Îmy]�Y�K�p�  ¨"���]���]�R�

S5   w�sx�7� � �R�"¨x�R�]���]�R���Gy �$� �§y��2�K���X�ps�çe�2�Kw3�R��u2�]�Ñ�]�����Yw2�Ç�R�Jy]w��R�x�}�K�"~Y¨x�Yª�{}s"w�w�s¢�
y]w ��G�3�
�
{�{��
5   �Gs"��K�R���G�Xy
�GªUy±�Rs"w�¤3�Rs � ~pu]v�s"u]v 5   ¨"�p���Y�����Y�É�
y]w|{}s"w�w�s � � �"sx�Ös"u]v����R�my]�Ós"u � �R�

S5   �]�h���puKs"w�sx�J�]� �G�
� � y]��sx�pvew�s"�à��s"�p�K�Y¤��Xy
�Gªi¨"�R�]���]��� �¨EØeÔè�}�K�Y�Yw��K�Õu]v2�]�2s"�p�§��s"u]�
y
�X�Xy
���R���°²�u]v � ���Ku]v°s"�p£K�R�"�]�my]� x3 − 2x + 4
�Xy
�G�±y]¤����]��²°���K�Y�  w��K�¶u]v2�]�2s"�p�2s"�Ü{}£���~p�G��w��}és"��w2v��p�p�
�]w)��s"�p�K�Y¤��Xy
�GªÖÎmy]�Y�K�p�   ¨"���]���]�R�G�]�¢y]¤ � �±y3�R¤����Yw�¤�s"u]v��p�
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u]v2�]��w�sx��y�w � u]v��"sx�Gu]v2�]� � �2s"�X�Y� � ÔÉ�hs"�Y��£�{�£3��~�� � �5w��]�G�±�]�p�Y� � �Gsx�X�
�©y�Î�y]�p�K�Y�   ¨"�R�]���]���R{�y]w���s"�  �K�p¤��Xy
�Gª¢��y
���G�]�G²�w��]�R�±�]�Y�K�R���Gªm�Gy
�R�G�K�"���Ó���K�"�[� � Ô w � u]v��"sx�Gu]v2�]�2�]���2s"���
y]�Yª�{}£���~p� � �����]�
ym�}s  ¤��pu

2   �Xy
�R�
�]w+v � ~Yu]v�y]�És"�Y£]{�{X��w��]�R�±�]�Y�K�R���Gª 2   �Xy
���]�]w2v±s"�ps"���R�[�]�Ó² � �Gs"�X�
�hy]�É�Y�Ã��s"�Y�K�p¤��Xy
�Gª �
� �Ís"���Ñy
���§yi�Rs"� �Rs"�mÎmy]�Y�K�p�   ¨"���]���]�R�Í�Y�§y]� ��� �]��� � ����s"w¥¡�y��Çy
�G¤Xy]w��   � � �X�psx�R�Gsx�t��s"�p~p�G�Xy
���R����y�Xy
�G��y]¤����]��²U�}�K�Y�pw��K� u]v2�]�2s"�p� ��� �Ís"�"s���w�sx�Ayiw � u]v��"sx�Gu]v2�]�2sx�Òy]�¢sx�Gsx¤�sx�G�¥���K�p�Yw��K�àu]v2�]�2s"� �

�}���tBÄC
T2BxV
L|K BÄC
T º d]WY^E»�D:Q�k�OEÅ3l�LPj:DGb M j:D

N
½XBJf
»YC�^EWÂTKd]V°IKa3F[kxÛ�W D[OÓLPB:D:LPB:I[b�d
_�B�WÂT+B:I�HJBSd�F

M |K j�D
N |K k�OEÅ3l�LPj:D[B:I�V�^EH�_�Z
WÂ»�D"d
I[b©LP^EÅ
Z+k3kJZ�WYBÄC
T2BxV

S
d�F

L
QÄV¥B:I±d�F

M
j:D

N
Z
WÂLÄd
WÒC+B�V�BxHRZ
WÂLÊHJj:DGF�LPB:D:LPB[À

Ðh»ÑF3^
VXTEl,L,D:n�I�k:BJb5MX^GC
TiM�d
Gal(M |K)

j�D
Gal(N |K)

Ý B�WY^
WpfEM�d
LPÆ3b©dEI3I2^EH
Gal(S|K)

»�D Ý B�WY^EWpf
M�d
LPÆKÀ
@)B�C+^EWpf+ZED"q � �p�2s"� M |K � � N |K w��]�G�±�]�p�Y� {}£���~p� � ��sx� � y Îmy]�Y�K�Y�   ¨"�R�]�}�]�R� M∗ � � N∗� � ���"¨"�R�]�}�]�R���Gy]�hw��]�G�±�]�Y�K���x�Gª]� � ÔÕ�Jy
���Jy]�Y�±y]�"�]���`��s"uK���]�R¤�~p�Gª&Î�y]�p�K�Y�   �]y
�}¨"�R�K�Ñy
��{�ªK�Ã�2�3�2sx�R�2s"�x�p� ����Ku]v

S∗ = M∗∩N∗ �5¦m� �Êw��]�G�±�]�p�K�R�x�Gª¢��sx�G�R�xsx�GsÍ�p�©w��]�G�±�]�p�K�R�x�Gª � ~pu]v�y]� M ∩N � � S
{�£3��~�� � ��Y�mw��]�G�±�]�p�Y�

K
���K�p�]�R� ��´ �3�]�
{�{�� Gal(S|K) ∼= K∗/S∗ = G/(M∗ ∩ N∗) � �Xy G = Gal(L|K) �

´ ��¤3�R��� � ���Ku]v Gal(M |K) ∼= G/M∗ � � Gal(N |K) ∼= G/N∗
��s"�p�K�Y¤��Xy
�Gª �	� u]v M∗/(M∗∩N∗) ∼=

M∗N∗/N∗ ≤ G/N∗
��sx�Y�K�Y¤��Xy
�Rª �� � (G/(M∗ ∩ N∗))/(M∗/(M∗ ∩ N∗) ∼= G/M∗

�p�Óy]� � ~Yu]v
Gal(S|K) ∼= G/(M∗ ∩ N∗)

�p����s"�p�K�Y¤��Xy
�Gª �

 ���tBÄC
T2BxV

H
B�C
T°V�B�_ Û�HGB:D�HGj:DJF:M�d
WÂ_�dEF[d|d�F

R
C]TE¿�H:¿�V�B:I]À��tZEDJD:n�I|k:BJbÉM�^GC
T|d

H
Z]WÂL�d
WC+B�V�BxHRZ
WÂL

¹[^Kk�kx»gf+BGZ]W {∑

nihi + hiri |ni ∈ Z, hi ∈ H, ri ∈ R } À�GH,¹:n�I Ý a
WM�dED[^
VXWYÆ°_±Æ[f+^EV d H
Z
WÂL�d]W

C+B�V¥B�HRZ
WÂLÃ»gf+BJZ
WÜB�WYB�_±B�»�LÃ»�D��
@)B�C+^EWpf+ZED"q r s"u]v2s"w

J = {∑

nihi + hiri |ni ∈ Z, hi ∈ H, ri ∈ R } � � ���2�]� H ⊆ S �5� �
S
�[�
����y]�7�K�R�R�"s"y]¤X�]���Jy � ��y|u]v����G��s"�ps"��sx���2s"�Ã�
y]�Yªi�R�]{�{X�R�"�]�G�"�]���Jy&w � ���2s]¡ (

∑

nihi + hiri) +
(
∑

n′

ihi +hir
′

i) =
∑

(ni +n′

i)hi +hi(ri +r′i) �+� � (
∑

nihi +hiri)r
′ =

∑

hi(nir
′+rir

′) � �Rs"�X�
�
J
�R�]{�{X�Y¤�s[�]� ����� uK���Ê���pw�¤�s"w H   �Ó�Jy
�R�Jy]�p�±y]�"ªÓ�R�]{�{X�p¤�s[�]�©�Jy
�R�Jy]�p�±y]�"�[y�y]� nihi � � hiri

y]�Ñy
��²
s"�ps"��sx�2sx� �¥� ��sx�"sx�|�K�R�R�"sxu � �¢�p� � �Gs"�X�
� J

{�s"w�w�s��]y]w����Yw�¤�s"w|�Y��v2s"wi�R�]{�{X�Y¤�s[�]��{�y]w �t� �ms"� � �R� J
y

uKs"w�sx�G�]�p���R�]{�{X�Y¤�s[�]� ��� u]v+y]w�~Yu]v��Ys"��sx�Ís"�Y�ps"w�£]�G�p�"w�� � ���Ku]v7yiuKsxw�sx�J�]�p���Y¤�s"�]�
{

∑

nihi + hiri + sihi + s′ihir
′

i |ni ∈ Z, hi ∈ H, ri, si, r
′

i, s
′

i ∈ R
}

� �AÐh»ÑF3^
VXTEl,L,D:n�I�k:BJbÜM�^GC
Tid�F
R
B�C
TED[j�C+B�WYBx_�B:DÊC]TE¿�H:¿

a
B�WYB�_�B¢Z
WÂLÄd
WXC+B�V�B�HGZ
WÂL�¹[^Kk�kx»gf+BGZ]W}d�F

aR
IK^E_§½$Q

WYB��
n�DJDGF�^EHGF[d]L�À¢@�»�j�H:LÊV�Bx_ »ÑC2d�FJbÃM�^GC
TAB�C]TeLÄBxL,DGF�OEWYB�C+B:D
H
HJj:DGF:M�d
WÂ_�d�FiZ
WÂLÄd
W C+B�V�B�HGZ
WÂL�¹[^Kk�kx»gf+BGZ]W�d

HR
I2^E_§½$WYB��]n+DJDJF3^EHGF3d
Lxo

@)B�C+^EWpf+ZED"q ÔÉ�
aR = { ar | r ∈ R } �Xy]�p�±y]���"�
�R��y]�S�K�R���"s[y]¤X�]���Jy � �§y]� R   {�s"�p�tsx�Ys"��s����2s"�Ò�]y]�pª�R�]{�{X�R�"�]�R�[�]���JyÖw � �x�2s]¡ ar + as = a(r + s) � � (ar)r′ = a(rr′) �� � 1 ∈ R

���Ñy
�R�
a = a · 1 ∈

aR � �Gs"�X�
� aR
s"u]v

a   �§�Jy
�R�Jy]�p�±y]�"ªÉ�R�]{�{X�p¤�s[�]� �m´ �3�
�
{�{������Yw�¤�s"w a   �É�Jy
�R�Gy]�Y�±y]�"ªÍ�R�]{�{X�Y¤�s[�]�5y]�
ar

y]�Ñy
��²æs"�Ysx��sx�2sx�¢�Y�S�Jy
�R�Gy]�Y�±y]�"�"y � ~Yu]v aR
y]�

a
�]�p�Jy]�cuKs"w�sx�G�]�p�Ç�R�]{�{X�p¤�s[�]� �Ö´ s��G�R�"£K�ps"uKs"� HR�2�K���X�ps�ç����R���"�]�G�[y
�R{�y]w����Y�R�"�Kw2����s"u]�R�]�R� � w���sx� � ���Ku]v hr, h′r′ ∈ HR � ¤�s hr + h′r′

w�s"�µ~p�R�Xy
�Gª
h′′r′′

y]�Ñy
��{�y]w �
� �UÚ§f(¹:n�Iæ_�B�C d

K[x, y]
C]TE¿�H:¿���dEM�^
W

K
IK^
_Ó_Ón�L�d
Lgl�ÅæLPB:D:LpÞ

x
j:D

y2
Z
WÂLÄd
WhC+B�V�BxHRZ
WÂLÓ»<f+BGZ
W ¹"Z]V}dEI

B�WYB�_±B�»�LÄÀ ÚÍf�¹:n+I _�B�Càd Ý dEI�LP^EH<C
T
¿�H:¿�L d�F »gf+BGZ
W�_±B�W�WYj:IK^�DJF�L�Z]WÂTKd
»,V}dEI B�C]T d
W IKd
WÂ_�dED HGBÄ½$HJB�Q
F3B�V�L�Z
VXD:HGB�V�fEDGF3B�HJj�Å]B�WpÀÊ@Ö»�Ied�F�»gf+BJZ
W ¹"d
»�d Ý dEI�LP^EH<C]TE¿�H:¿�V�B:I$o
@)B�C+^EWpf+ZED"q Ô uKs"w�sx�J�]���7�Y¤�s[�]��y]�Ö�K�pv+y]w ∑

i,j

ai,jx
iyj

���K�p�Yw��K���]��{�ªK���]�Y� � y]��s"��v2sx��{}s"w a0,0 =

a0,1 = 0 ��� u]v+y]w��p�§���Yw�¤�sxw|�K��v+y]w xiyj
{�s"w�w�s`�
y]wÖyeuKsxw�sx�J�]�p�§�Y¤�s[�]��{�y]w � y]��s"��v��Gs i ≥ 1 � �
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