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R
T^Y
J�O3]�Y+T�_`T�abT:O

Y
J
c@d�c@ef]Xe
\
_`ghOZF3H�QfiMOjH�OkQ�D,N^T�d,ljT:OZFmN^]:O3TVUn\MQ3QfHMd
R
IoT�apDGF3HMabHMd�q

Z r esT�_utv T�Y+HM_uw+iMO"x
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���Z�s�Z�s�����Z�3��~��2�"�f~"�m�s��z`���"�f|+� R1 ��� ~"| {(a, 0) |a ∈ R } ∼= R �f�u�+�s|

|�~"y�|@���u�G��z`}�~j�s���$�syh~"�u�@�Z~ R1/R ∼= Z �2�"�s�Z~m�`~"|��� � v Dn\��Ki
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Q �Z~m���j�¡�V�
���V�s�uyb�s�"�j� 2Z � �j�¡�"��y{zu|�}�~"|¢~"�`~"yh~{~"�`£2�s�u� (2a)/(2b) �s�G�
� � �s|��¤�Z~"¥K�
���¥K�s|2�+�s}��f���Z~"���>~"�s�2�m����~"�`y������"�f~¦y{z`�
���¨§"�Z�
� Q �`~m¥�~m�k��¥K�s|+�+�s}��f����~"���j�© �CBEDGF3H
IKJML,N,O:P@Q{R:T:UªW�HZY
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�2�fy{y����V�
��®u�o�j|+���`�u�f���m�Z�fyh~"|+��~"���s�����Z���¤¯°�@�2�s�±y{z`|�}�~"| 0 6= r ∈ R ��Z~X�s� x 7→ xr �u~m�2�m²³~"�"�"�´z`|3��~m�@�Z®u�&µ xr = yr ⇒ (x − y)r = 0 ⇒ x − y = 0 ¶V���Z~"¥K�
� R �2�"�f~"�����"�f~
y{z`�
��� � z ��~m���Z®��·zu�"�¡¯ ��� £f���2¸��2~����2~"�"z��o�s¥��f�s�·�
�s|��f�u�+�s| e �2�sy{~"�����Z~ er = r �f�"�ª�
���2�s�¡yhz`|�}�~"| s � �Z~
ser = sr ���syhz � £f���·|+���`�u�f���m�Z�fy{~m|+�Z~m�����"��y{z`�
��� se = s �2¸��2~m���2~"�"zu�³�@�m�¨���2�fy{y����V�
�Zz���zu�Z�s�¡y{zG�
���
es = s z`��z`�2�s�hy{z`|�}�~"| s � �Z~
�5�s�j�s� e ~"�s�����m�f~"�`~"yC�º¹��3�s� ��� � 0 6= r � ��~{�s�s|¢�f�u�+�s| x �5�sy{~"�����Z~
xr = e ���Z~m¥K�
� r � |�~m�­�
�s|Cy����u��zu²K�`z��s�
��®u�[µ����2�fy{y����V�
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Z[i]v T�Y+HM_uw+iMO"xÈÇ ¥K�s|+�+�s}��f�(�Z~"���Z~�� Q � K(x) µ�� K �Â¸f�u¸s���Zz��V�s§"zu�f|K�s�`z`�E�Z¸s���Z�ÂÉ��f�s�2�m|+�2~m�¾�Z~"����~M¶V� Q(x)
�"� Q(i) �¢¯n�"~��¢|+��z`�u�
�s|Êyhz`|�}¢�Z~"���Z~��o�n�m���2¸f|�|2���Ë~"�`�u~"|�£s�Zz`�m|�z��n¥��f�s�Ìy{zu|�}�~"|Ì~"�`~"y�É��¢~"�u£2�s�`�¨�
y{~"�2�s}��s���X�s�����Z� � ~"�uz°~m�`~"y{~��S¥K�s|2�+�s}��f�Z�
�2�"|2�j� Ç yb�MÍ�z`yb�s�uz`�¿zu}�~j�s�`�s��|K�
�[�"�·~"�"~��&���
�@�Z�s�V�sz`|K�
�
�`~m®u�V�s�Z��Î
�@¶ Z �Â£fz`}�~j�s�u�s�����Z���{�Z~m¥K�
�¢y{z`|�}�~"|Ïzu}�~j�s� �Z�Ð�s�s�`�sy{~"��� n ∈ Z ���"�sy �Z¸ ��� ���"¸s�Z¸f��~"z � £f�b�s�`���¯°�"~m�Ñ�2¸f�"¸s���h²o~m}�z`�¢|+��z`���s�s|Ò�s�"�s�Êyb�MÍ�zuyb�s�`zu�Z�
�o�°�sy{~"���2~m�2~m�h~"�s�Ê²��Z®uy{���j�sy �f~"|�~m�V�s��� Ç

¥K�s|2�+�s}��f���s�������Ózu��� � �
�Zy{~m�u� Fp �Z~"�(�>�u~"¥�~m�j�
� ¶ Ç �­~"�u£ ��� z`¥�~"�­¥K�s���f|��u�2�s|Ëz�����z`���Â£fz`}�~"�s�`�s���������Z£f�n�
�s|Ë���m���ª�m�h�ºyb�MÍ�z`yb�s�uz`�¦z`}�~j�s�u�s�¢�s�"�s�o��sy{~m�u�2~m�2~m�¾zu���Z~"}���§"z � z`�`zu�C²o�f�uz`|��fy �f~"|�~m�V�s���ÕÔ��s|+�+�s}��f���s�����Z���2�"|2�ºy{~"�s�
�
²@����� K ¸f�����"~"�

~"�s�����"~m�����³�s�u�f~ � �V�szo�Z~"�(� � £3��®��Z�"���m�"�§M¶­Ö¿��z`�u�
�s|2�s�s�u���o¥��f�s� Z[x] � |�~m�º¥��fy{�fy{�s���¤�2�m²o~�y{zu|�}�~"| Fp[x] �s�����Z���o�Z~"¥K�
��� � ¶E�Z�"�������m~ ��Zzu|+�{~"|�|�~m�Ò�)yb�MÍ�z`yb�s�uz`��z`}�~"�s�`�s���
�s�¨�2~m���b���
�@�Z�s�V�sz����s�j�s�×�&�2�"�f~"�h��~"���Z~m�Ê~"�`£2�s�u�`|K�
� Z[x]
yb�MÍ�z`yb�s�uz`�»zu}�~j�s�`�`�s�±�2~m���¿���
�����s�Z�s�����Z��z��2�"|2�j�¨Ø»~"�G�
�������³�$¥��f�s�¾yb�s�´|�~"yÙzu�¿�`~"¥�~��j�o�s�j�s� Z[x]
y{zu|�}�~"|×|�~"yÙ����zu��z`�s�`zu�>z`}�~"�s� �Z� � �s|º�s�s| p ∈ Z ²��Z®`yC�³�"�k®u�s�º�s��z`}�~"�s� (p, f(x)) �s�G�
��Ú��o�s¥��f�
f(x) zu���Z~"}���§"z � z`�`zu�>y{zu|+� Fp �Â¸f�`¸s���Zzo²o�f�uz`|��fyÓ�¬ ~"�s�2~"| R = Z[x] �±�"� I / R y{�MÍ�z`y{�s�`z`�>z`}�~j�s���hÔ�� I ∩ Z 6= 0 �¤�
���2�s���s� R/I �Z~"�����2�"�f~"�
�
�
�V�
����~m�Zz`���m�Zzu�
�3��Ú��+��~"¥K�
�»���s�
�V�
�@�Z~m�Zzu���m�Zz��s�3�Z���s�s�`�sy{~"�u� p ²��Z®`yC�+�m�n®`�s� p ∈ I z`�°z`�2�s�s�¡Û×�f���
�Z~m�s��É����Â¸f���
¥��f�s� I∩Z = 0 �M�"�¤�`~m�s�2~"| J = IQ[x] �s� I �s�u�V�s� Q[x] ��� ~"|��f~m|�~m�V�s�u��z`}�~j�s���¤¯n�n�s�zu}�~j�s�³|�~"yÜ�`~"¥�~��¨�X�Z~"� ��~"�n²o�f�uz`|��fy{�s�����Z���+y{~m���n�
���2�s�n�`~"|�|��"|�~��b�f�u�+�s| fi(x) ∈ I �"� gi(x) ∈
Q[x] ²o�f�`zu|��fy{�s�o�j¥��f�s� ∑

fi(x)gi(x) = 1 �M}�~��
���2�s���s�u�
�s�`y{�s� n ∈ Z ���"�syh�V� ngi(x) ∈ Z[x]
y{zu|�}�~"| i � �Z~s�$�"�>®u�s� n =

∑
fi(x)(ngi(x)) ∈ I ��~"�u�`~"|2�Zy{�f|�}��
�h�h�Â~m�u�Z~m�2�m��É�|���|�~m�³��Ý�z`���m�f|+�

Q[x] �Â£fz`}�~"�s�`�s���������>®`�s� J = g(x)Q[x] �s�s�`�sy{~"��� g(x) ∈ Q[x] � �Z~s�´��£s�­�Â¸f�u��~"¥�~m�Z£��´¥��f�s�
g(x) ∈ Z[x] ²���z`y{z��Z®u�Ë²o�f�`zu|��fyÓ� I ⊆ J = g(x)Q[x] �E�Z~"¥K�
�7y{zu|�}�~"| f(x) ²³�f�`z`|��fyÃ�V�
�
�s|Ë�f���+�s| h(x) ∈ Q[x] �¡¥��f�s� f(x) = g(x)h(x) �ÓÛ×zu�2~"� g(x) ²��Zzuy{zu��®u�[²o�f�`zu|��fyÓ�¤~ ��� £f��2¸3�2~m���2~"�mzu�o��¥��f�s� h(x) ∈ Z[x] ���
�s�s��zu� I = g(x)Z[x] �Â£fzu}�~j�s����Ýn�s�G�sy{zu�u�2~"| p ²��Z®uyh�Z~ g(x) �|�~m�Ì�
�s|Ñ~"�s� a ∈ Z �s�2¸s�2~7y{��}����u� p µ,~"�`�"���n¥K�S�s�s�`�s���m�Z��|��Ì~"�s�Ì�f���+�s| a ∈ Z ���"�sy{�s�j�
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�sy{~m�u����~ g(a) 6= 0,±1 ���"� p g(a) � |K�
�º~"�s�º²��Z®uy{�f���m�Z���Z�@¶V��®u�s� g(x) ∈ (p) + ((x − a)) ���"�
~"���s��zu}�~j�s���
�s�`��}�z�z`}�~j�s� �Z� Z[x] � |�~m�³�����s�+�s|�z`� Fp[x] �<� ~"| ((x − a)) �s�s�u��}�z z`}�~j�s����¹ ~"¥K�
� I
yb�MÍ�z`yb�s�uzu�V�s���Xy{zG�
��� I = (p) + ((x − a)) ��}�~�~"�X~m�`�`~m|+�Zyh�f|�}Ó�s|�|K�
�o�K¥��f�s� I ∩ Z = 0 �

}³¶ Z[i] �����s����� � ~"�f�"���m~m� �s�������3��~s�¨�"�h~"�Cz`�h~m�����`zu}�~"���"z����Z~"¥K�
�h�Â£fz`}�~j�s�u�s�����Z����yhz`|2�b�s�Ó�@¶X�"�
� ¶ª�Z�"��� � ~"�uz�²o�"�u}K�
�o���¿¸3�2~m���2~"�"�m���2�m²�²o~m|º���¦�s����� � ²��Z®`y{~��7�s�u�V�s�$�f~"|�~m�V�s���´�Â£fzu}�~j�s�`�s�{�`~"���m|�~m��[yb�MÍ�zuyb�s�`zu�·z`}�~j�s� �Z�sz��ÌÔ��S~"�C���¦�s����� � ²���®`y Z ��� ~"�uz�� p = 4k + 3 �s�G�
��ÚÌ²���®`yÓ�n�
���2�s�Ã�
���
�@�Z�s�Z�s������� p2 � ~m�`~"y��X�Z~m���¨µ��´y{~"�`�u�m�2�f���m�Z�s�u�2�s��|K�
�>�Z~m²��Z~"�m~"|+�Z�s|����Z~"|�}����m~m�Z~´�s� {x+yi | 0 ≤
x, y ≤ p− 1 } ¥K�s�`yb�s�M¶Z�¡Ô��X��z`���"�f|+� u �f�u�+�s|��¦�s����� � ²���®`yÓ���syh~"�u��|�~m�{|��s�Zy{���Z� p = 4k + 1
�s�`�
��ÚÒ²��Z®`yÓ�>�
���2�s�7z`� � ~m|�|�~S�
�s| �s�×z`}�~j�s� � �s| � p = uū ���j�syÓ�>}�~[�s�s| � ~"|�|�~S�f�u�+�s|zu�	� ²³�"�`}K�s���Eyb�s�2� u � ���sy{~"���¢|�~"y ��¸ ��� ���"¸s�Z¸f��~ p � |�~��o�»®`�s�Ì�S���
���Z�s�Z�s�����Z�Ê�f���+�s| p
�
�
�V�
����~m�Zz`���m�Zzu�
�3��Ú7��~"���j���sy{~"��� p2 � |��"����z`��~ ��� ~"�`~"yh���j�sy�Ú���z`�s�­zu�"�fy{�s�Z� Fp � �2~"���
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v T�Y+HM_uw+iMO"x Ç �¾z����Z~"}���§"z � z`�uz`��~m�Ë� 4 � �s�2~m�E|�~my �f���m�Z¥K�
�Z�[²��
�Z�f�Ã���j�sy{�s�o�5²��Z®uy{~m� ��zu���"�f|2��|�z`| �§"��~m|�~m�o��y{~m���[�Z~m�����"£f�`~m�f~"� a ∈ 2Z � ��~ a | 2a ��}�~ a 6 | 2 ���"� a 6 | a � 
«}�~j�s�Ãyhz`|�}�~"| �s}�}�zu�Z®��
�Z�"���"§"���s²³�s���j�����s�+�s|�z`���{�s�����Z��~"�u~"y{y{~"���
�s�`�b���"�s���j�s��z`��y{���Z~"�u�>¸f�����"~"�s}K�s���Z�s����zu�`�u~m���2~X��zu�2�f|K�s���Z�s�
y{~"�s�
�s�`�f��®u�Z¥K�
�Z�����«�s� �s�×z`}�~j�s�u�s� y{~"�f~m�s�2~"�"|�~m� Z � |�~��È� 2Z �<� ~×~"��£Êzu}�~j�s� �Z�sz��s�s��Î mZ ²��
�Z�f�
m � ~m�@�Z~s���"�´~m�"~m�¾�Â£fz`}�~j�s�u�s�¾zu�"���� v P@N^\MOVO�P+Qha{T�Y2x
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√
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d ∈ Z
IoT�a I�]�Y
J�F3T�N�OZFji
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a + b
√

d
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a, b ∈ Z �R�ÅÑ\�F
N(a + b

√
d) = a2 − b2d

IoHMd:a{\{a�P�_ÁN�DÁ�$_ÁDÂQs\
N�L�e �Æ(Å
z, u ∈ Z[

√
d] r dZT z | u ⇒ N(z) | N(u) �wmÅ

Z[
√

d] r R:TmI z
T�Y
JMOj]�Y ⇔ N(z) = ±1

t
v T�Y+HM_uw+iMO"x �@¶{Ô�� a + b

√
d = a′ + b′

√
d �5�"� b 6= b′ �ª�
���2�s� d = ((a − a′)/(b′ − b))2 ~m�s�

�V�s§mz`�f|K�s�`zu�¤���j�sy |��"�s���m~m�Z~s�fyb�s�(�Z�"���m� d ~m�f�"���s�s�Z~m¥K�
�ª�
���2�s� d ~"�s�X~"�f�"���»|��"�s���"~m�Z���j�sy �u~"|�|�~s�
~"�u�`~"|2�Zy{�f|�}��
�­�7�Â~m�u�Z�m��~"�`~m��|�~m�o���«�s� b = b′ ���syhz � £f� a = a′ z`�¿�2¸3�2~m���2~m�"zu�³�¦Ý°~"�s��É��C�"���m��~s�
¥��f�s�Ê�s�C~"�u£f�"£ � z`�m�f|+��®u�V�s�h�
���2�s�Ãz`�hy����2¸@}�zu�o�°¥K� � a, b ~m�s��É����Z¥K�
���s�s�
� Q �<� �f�E�2~"�����mÉ��o��Z~m¥K�
�>y{�m� Q[

√
d] �<� ~m|Cz`�´~"�s�2�m����~"�`y��¾�Ã�Â¸f�`®��V�s�"�

� ¶­Ô��{�s� u = a + b
√

d � ��~·�s� ũ = a − b
√

d ��~"�`¸f�u�"���¿¥K�s���"|K�s� �����³�o�
���2�s� N(u) = uũ �K�Z�3�s� ��� �
ũu′ = ũũ′ �2���s�+�s|�z`� u = a+b

√
d � �Z~´�m� u′ = a′ +b′

√
d � �Z~ uu′ = aa′ +bb′d+(ab′ +ba′)

√
d �

®u�s� ũu′ = aa′ + bb′d − (ab′ + ba′)
√

d = (a − b
√

d)(a′ − b′

√
d) = ũũ′ ���«�s� N(uu′) =

uu′ũu′ = uu′ũũ′ = uũu′ũ′ = N(u)N(u′) �
§M¶ z | u ⇒ ∃v : u = zv ⇒ N(u) = N(z)N(v) ⇒ N(z) | N(v) �
}³¶ z ~"�s�����m� ⇔ z | 1 � Ô�� z | 1 �>�
���2�s�­§M¶Ãy{z`�
��� N(z) | N(1) = 1 �´®u�s� N(z) = ±1 �

Ô�� N(z) = ±1 �°�
���2�s� zz̃ = ±1 �ª�s�j�s� z z`|2�2~m�Z�"~ z̃ �¡�
�s�s� −z̃ �¡�Z~m¥K�
� z yhz`|�}�~"|��2�m²�²³~"|
zu|+�2~m���V�s�`¥K�
�Z�����m�>®`�s�­~m�s�����"���
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5 + i
OZFji
abH�Qs\
N

Z[i] r R:T�I³ÄS½·i
IKJ)T�YsJMahi
OVO"\
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