
���������
	����� ������������������ "!$#&%(')�+*�!,�-��.� 0/ �1324��65�78	:9;�<9;=>�13�
? �A@$B�C
D
E+FHGIBKJML�N�O:C
DAP�Q

R RTS CUBWVXCTD0Y�ZWY\[^]�_,`+BK_
x
B�J<BK[ S Z:B R PT_aO
JbDcP
_

n > 1
LdN�O:C
D

xn = x ef ]gQ4O
_hD0i-j-VWkUFmlWBWLnN�O:C
D
R
FcO
[^[^k�j�P
joi R
prq�s jt[�kUjuP
juv0V"wyxzP0V{Q�_,v
J |WkUFmP~}�B:`3`+BKZ"lKk�ZW_��
�>ZWjo]�_h�uj S j�B�Jbj p��� B�C+O0J;`+v0V"wa���T���������8�"�����<���K�����K�

0
���<���8�T�:�K�����"�<�"���,�m�K�����h 

xm = 0 ¡  T�g T�m�"��� m > 1 ¢ �:�T��H£T����¤"��¥K�� m¦§�"�;�:� ¡ ¤"����¥"���:�<�3� xn = x ¡  T�g T�m�K�;� n > 1 ¢ �:�
�8 
¨�¨3�T� x = xm(n−1)+1 = 0 ©yª � ¡ £
����£ T¥
R ¡ ¤"�c�"����¤K�c���d�g 
��� R

�����:�;� ¢ �T�����:�«�,�:�"�h£
�� m¬�K®�®��K���h¯��:�U°U�������<� ¢ ��¤K�:�"�±��¥"���:�<�3� R
¦§�K��®��K�:�"���

¦§²c�<²T���:�>�H£
���:��³��T�����:��¨~®��;�:��¨��X²c����¥K�"�c� ©µ´   m > 1
�¶ 
¨�¨3�T�X�K�T�

m × m ¢ �"�X�H£
���:�·³��T���������8�"�
¡  T���h 
¨¸���<�;�,�T�:�"���X�"�;�"�m�K¨º¹

E2
1m = 0 » �y�:�"�h£
� R 1 × 1 ¢ �"�¼�H£
���:�·³��T��������¨8�½ T¥I T¥¾¦§�K�:®��K���"���:�K¨®��;���K¨���²c����¥K�"�c� ©z¿ �� X¬)�"®�®��K���h¯��:� ¢ �:¤K�:�K�À�m�< 
�����"¥K�K¨Á  ¡ ¤"�c�K��¦§���:®��K�:�"�(�:�K¨¾�m�<��®��:�"�(�:�K¨8�8���"�h£
�

R
�:�K���:�K¨¼®��;���K¨��y²c����¥K�"�c�T��¤"�>Â;�T�H¨3�c�m�^¯��{ 
�:Â ¡,©Ã �ÅÄÆBuC
D3BK_

M
l{P
J<O0J;`3PTJb]

R
�u[HOI`
k�Jbk+V:L

B
l{PTJb]o`+B:v
J |IP�L

J
|IO3l4lK]o`+B{v
J |"P

R
�u_8B�FIL

a ∈ M S V U, VZ S V:Q�[mOI`TkUJbkUVIO�F M
��lWB�_ e ��Q¾P
J;v+l4lK]oP0F&FcÇ4QKEUJ>[mB�JbD
]§FcBWFJ<BWV{Q�_8BWFdGIB�Jbj S joJ<B�_hE�J>Z S V:Q�[HOI`
k�Jbk+V"PT] M

�_8BWF,È q ��QÉÇ�V{V:Q�B�C+BWF^F3O0[�Ê$J<B:ËTk+VIÇ0V{V:Q4B�CUBWFcB�j-LÌPdV{Q4O0Z:Q4P
juO0FHPdF3O0[�Ê$J<B:ËTk+V{V{Q4O0Z:Q4P
j¶B�J<B�[mB�]ÍlWÎ0JÏPTJÐFcO0j�O0jtjÇ�V{V{Q4B�C+BWFrN�P
[dP�QIvTj�|IBKJ<B�_hjo]§F e��P � Ra
l � Ba Ñ(� Ja

` � U ∩ V
B � U ∪ VG � U + V

C � AnnM (B)
N � AnnM (J)

] � BU
| � JU.� B�C+O0J;`+v0V"w

Ba
�6¤"�m���,�"�"�g£T�;�<�: T�

Ra
�� T�;�m��®�¯��;¯��"�

Ja
���"� © U ∩ V

¤"�
U + V

�� T�<�m�U®�¯��<¯��"�
U ∩ V

���"�Ò¹t�m¤"�É�"�T� ¡ �K¨����T���:¤K�¶¨3¤K�>¨�Ó��<²c�3�8²c¥"Ô 1 ¢ ®��<�m�K��¥"�<Õc�¶ T�;�:���:¤"���K¨� T¥Ö¯����;Õ0×: É���"�Ø T���:¤K� »:©
AnnM (B) = {m ∈ M |Bm = 0 }

���"�Ù�:¤"��¥"�m��®�¯��;¯��m¹t ¼�T�����:���"�<�K�m�m�"� ¡  T�<Õ¼��¥"�T��¥I£T���{ ¼���"�¥I£
��� » ��®�� AnnM (J) = {m ∈ M |Jm = 0 }
�<�c�K� © BU

¤"�
JU

¨3²c¥"Ó��
BU

�:¤"��¥K�m��®�¯��;¯��"�
JU���"� ©

Ú �Å��Q�jn[HO0_,`(|WkUFIL±N�O{C
DHB�CTD
M

lWP
JÆO0J;`3P
Jb]
R
��[mOI`
k�Jbk+V Ñ ]§F�Jb]§F0k+V:LÛN�P M = Rm R P
J;P
[mBKJbD m ∈ M

�uZ:B ef ]gQ4O
_hD0i-j-VWkUFl�B{L^N�O:C
D[�]�_,`+B�_ Ñ ]§F0Jb]§F�kUV R
�u[HOI`
k�Jbk+VÜ]gQ4O0[HO0Z�G�P�Q

R
�u_8BWFÁ[^]�_hjdÇ0_�[dP4C3PHGIÇ0J<Ç0jojo]

l{P
Jb[HOI`
k�Jbk+VW_8P0F¼BuC
DyGIP0F�j�O0ZW[mO4`
kUJbkUV"v R P
J e� B�C+O0J;`+v0V"w ÝÞ�"�T�3�"�
ϕ : RR → Rm

�
r 7→ rm ©)ß ¥X�m�U®�¯��<¯������c�m�c�d�T��àh¥"�^¯��"á (r − r′)ϕ =

(r − r′)m = rm − r′m = rϕ − r′ϕ
�,¤K�

s ∈ R ¢ �:� (sr)ϕ = (sr)m = s(rm) = s(rϕ) ©½â � ¡ �K� ϕ��¥"Ó��§×��K¨��:Â ¡ � M = Rm = Im ϕ ∼= RR/ Kerϕ ©
ã � f ]gQ4O
_hD0i-j-VWkUF)lWBWLzNhO:C
D~B�C
D

R
C
D
Y�ZWYä[^]�_8`+B�_å_�]�J ÊhO0j�B�_�VÜlWP
Jb]o`+B:vTJ |"PæP
_h_�kUJ§J;v
J>[^]�_8`+B�_çB�CTD�V:Q�B�ZWY

R
�u[HOI`
k�Jbk+VWj e� B�C+O0J;`+v0V"wèÝÆ�K�T�3�"�

B
�� T�;�<®��I£T�

R ¢ �8�"�«�Æ¤"�Ö�:�K�T��Ó�¨Á¦§�"�o�Æ���c�T� Bk = 0 ¡  T�g T�m�"��� k ¢ �:  ©H´   M�"�T����¥"�K�:���m�U®�¯��<¯��"�8 T¥I T¥r���<���"� ¡  T�<ÕU®��Æ�:¤K��¥"�m�U®�¯��<¯��: ��« 
¨U¨3�T� BM ≤ M
�m�< 
���

BM = 0 ¡  T�T�
BM = M © ��¥X�"�;��Ô&�"���K���8�K�é¨3¤"��¥ ¡  T�T��¯���¨8�À ¾�H£T����®��;¨U�� T� M = BM = BBM = . . . =
BkM = 0M = 0

�h���"�h£
�>��¨�¨3�T�y�<�¶�<�3 T¥T�����c�T�
BM = 0 ©

ê � � ]±J<BWN�BKj½P
Z
L
Z3
Lë]�J§J<B�j R B Z6

C
D0Y�ZWYUF>GIÇ0J<Ç0jojt]n[mOI`
k�Jbk+V4O�FHP3`+`
]�joi RmÑ VIOWÊhO0ZWj�|"P8È� B�C+O0J;`+v0V"w ��¥�²c����¥"�"�m���,�"� ¢ �"���T�,�T���m�"�T��ì����{ T� Z ¢ �m�U®�¯��<¯�� © Z3
�:�"���I�6Â<�T�~ &�m�U®�¯��<¯��: T� ¡ �K¨ ¢�:�T�����K�:�K¨ ©>â � ¡ �"�Æ�m�<��®��K� ¡ ��¨��:�T����¤K� 1 ¢ ®��<�m�K��¥"�<Õc�� T���:�K�:��¨Ü®��;���K¨���²c����¥"�"�c�T�«�;�T�í  Z3 ¢ �m�U®�¯��<¯����T¨ T®�®��;��Â ¡ �"���T�,�T����×: d�h£
���c�m�"�<�K���¼�"��¨��<��¨�¯��½�"���T�,�T���:�T¨X®����:�K¨��¶²c����¥K�"�c� ©Àî ¤K�cÓ��Þ�h  M

�m��®�¯��;¯��
Z6¦§²c�<²T���I�½ 
¨�¨3�T�

M
 T®�®��;��Â ¡ �"���T�8�T����×:£T�h 
¨A�m�;��®��"�ä�"�;�"�m�Ü�"�;��Ô ¢ �½�H£T����® ¢ �Ì�h 
���H T® ¢z¡  T�T�é�h 
��� ¢®��:�"��®�� © �ï�H£T����®����"��®����K¨¼ 

0 ¢Í¡  T�o���;�<�;�K� ¡ �� r�h 
�:�H T®��:�K��®����K¨¼  0 ¢o¡  T�$�:¤"��¥"�K���T�8�T�����T�> T��¨3�T�:�h 
¨8á
M2

¤"�
M3

�� T�m�"���3�K¨����
M2 ∩ M3 = 0 ©ëª � ¡ £
����£d�m�<��®��K� m ∈ M

�"�T�
M2 ¢ �,�"�<��¤"�¶�"�T� M3 ¢ �8�"�;��"�;�"�è²c����¥"�"�c�Tá

m = 7m = (3m) + (4m)
�$Â;�T�

M = M2 ⊕ M3
�, T���c�Æ T¥Ö�"�;��Ôc¥"Ôm�K���K����¥K�K�:�<�3�

M2�H£T���U®��:�"��®��Å�"�;¨��<�;¨�¯��Ì�"���T�,�T���:�T¨8�
M3

�8�"®��;�É�h 
�:�m T®��:�"��®����K�;¨��;�;¨�¯��y�K���T�8�T�����T¨H®��;�:��¨��y²c����¥"�K�c� ©



���������
	����� �«�Ö���U�-�������� "!�#&%(')�U*�!,�-��.� 0/�� Ã �1324��ë5�78	�9<�<9�=��13�
� �Å��`(|Wk�_�F�[mB�C~O0JbDcPT_é��lWB�Jb� Ñ VIO{ÊhO
ZWj�O0j�L^P
[mB�JbD)_8B�[ [dP4Ë
]�[�kU[ÌG4B�Jbj S juB�J<B�V:L S VÜO0JbDcPTj�LÉP
[mB�JbD
]§F¾_«B�[[^]�_�]�[^k�[ÌGIB�Jbj S j�B�J<BWV e� B�C+O0J;`+v0V"w

Z
���"� �m�;���<�^¯��m¦§�"���:¤K�:�"�;�"�"á

Z ⊃ 2Z ⊃ 4Z ⊃ 8Z ⊃ · · ·
�:¤"��¥"�m��®�¯��;¯����T¨��h 
¨

��¥"�;�c�T�:ìh T� ¦§�c�T�3Õº���T�:�c¥I 
�:  © Q
���"� �H 0³��;�^¯��m¦§�"�;��¤K�:�"�;�"�"á

Z ⊂ 1
2
Z ⊂ 1

4
Z ⊂ · · ·

 
Q�:¤"��¥"�m��®�¯��;¯��: T�<�h 
¨¼��¥K�<�c�T�:ìh T�Å��² ¡ ÔÉ���T�:�c¥I 
�{  ©

� C
D
R
�u[HOI`
k�Jbk+VWj±G S Jb]<C+BuC
D�V{Q4B�ZWY�_8BWFÅN+i R k�_�FIL�N�PrG4B�Jbi�Z{N�P
j��&B�C
D0V:Q4BKZWYæ[mO4`
kUJbkUVIO�F&`T]�Z:BWF0jÖÇ�V{V:Q4B{C+B��F S _�j e

� � f ]gQ4O
_hD0i-j-VWkUFmlWBWLnN�O:C
Dd[^]�_8`+B�_
M

[mOI`TkUJbkUVWZ�P�BWF R ] R P
J<B�_�VrPÉFcÇ R BKj-FcBWQ4Î�N�v
Z{O0[ v
J§Jbi-j�v0VIw
(i) M

G S Jb]<C+B�C
D0V:Q4BKZWY q P�QIP�Q M
B�CTD�V:Q�B�ZWY�[mOI`
k�JbkUVIO�F¼`
]�Z:B�F�jÌÇ�VWV:Q4B�C+B ���

(ii) M
B�CTD�V:Q�B�ZWYÜ[mOI`TkUJbkUVIO�F¼Ç�V{V:Q4BuC+B

�
(iii)

[^]�_,`+BK_
U ≤ M

��N�B{Q R P
_ V ≤ M
LnN�O{C
D

M = U ⊕ V e
� � f ]gQ4O
_hD0i-j-VWkUF�lWB{L�N�O{C
DÛG S Jb]gC+B�C
D0V:Q4B�Z�Y^[mOI`TkUJbkUVyZ S V:Q�[mOI`TkUJbkUV"P S V8G"P0F0juO0Z�[mOI`
k�JbkUV"P�]§V8G S Jb]<CUB�C
D0V:Q4B�Z�Y p�«� � B�JbD+BWFaBuC
D�V{Q4B�ZWY�BWFIL&[mB�JbD+BWFÁG S Jb]<C+B�CTD�V:Q�B�ZWY�BWFçP RTS C+BWV��lWB�Jb� Ñ VIO{ÊhO0Z�juO0FåFcÇ4QKEUJuÈ � ]�JbD+B�_

n
��Z:B

G S Jb]gC+B�C
D0V:Q4B�Z�YÜP Zn

��lWB�Jb� Ñ VIO{ÊhO
ZWj"È
	 � ? �ÅÄÆBuC
D3BK_

M =

{[

a b
0 −a

]

∣

∣ a, b ∈ R

}

S V R =

{[

c d
0 c

]

∣

∣ c, d ∈ R

}

.

f ]gQ4O
_hD0i-j-VWkUFl�B{LrN�O:C
D
M

|IOcl4l"[mOI`
k�Jbk+V
R
G4Ç0J<Ç0joj q P)j�B�ZW[ S V:Q4B�j�BWVÅ[mv
jtZ�]<Ë0V:Q�O0Z:QIv
V{V"P
J � L S VÅN�O:C
D

M
�u_8BWFmB�CTD3B�joJ<B�_ R P
J
�I`
]nZ S V:QK[mOI`
k�Jbk+VIP R P
_ e

	 � Ã � f ]gQ4O
_hD0i-j-VWkUFmlWBWLnN�O:C
DÉN�P
S, T, U

Z S V:QK[mOI`
k�Jbk+VIP
]6P�Q M
[mOI`TkUJbkUVW_,P0F4LyP0F�FcO0Z

S ∩ (T + U) = (S ∩ T ) + U ⇔ S ⊇ U


