
���������	�
���������������������� ����� ��!#"%$'&)(#*,+ -/.�01-�231�4�65/���7�80:9�2
;#<>=@?BA�CBD�E'?�D7F1GIHKJ�EMLONQPSR�?I?�A1F�T/UVHWD�UYX�NZ?\[4R�LOHKJ:UYNZ]_^�HWD`UYX�NZ?
A�[%a�bdcOe�[�f�J�UYEgNh[%bSDji�[kNhE,l

A =





0 2 −1
−2 0 1

1 −1 0



 B =





0 0 1
0 0 0
0 0 0



 C =





1 2 1
2 3 0
1 0 1



 D =





0 1 2
1 −1 1
2 1 1





m DnfSR�U	bSJ�],o
A pZq�r_sut,vxw�y,z	{W{Wq`|dr_z	}/~uw,� C t,w D w�y,z�{K{Wq`|�r_z�}�~uw,��q,y,t`r�|�vu�:r_{��:�	z�w_��}%� BBT =





1 0 0
0 0 0
0 0 0



 6=





0 0 0
0 0 0
0 0 1



 = BT B �����:� B vuq,{ vu�:r_{��:�	z�w,� ��}���r_{Wz�����q,v�suq`�kvuz	|�w�t,�Bq`|
� w_��}x�Bvk�:s1��~uvu���:��|�{W��|�r_z��/r7��suq`�kvuzQ�:�	~uv�}���q,y`t`r�| � w_��} C �Mr_�B��t,w D ��r_�B��}�q,�	��q,��su�Bv�|_q,vuzj���u�B�:�
z�vusuq��kvuz	|d��q:�8�:y,�:y:���u�B�:��vuq,����|��	��t,w��%�By,z	|_����t`r�|_t`}�q�z�w��	q,�uq`|d��q � v

T Cv ��vuq`}���z	����q�|���q v
T Dv �

vuq`}%� D �nvuq`}��:y ��|���¡��_��¢#�:v�z	w>���:v£���By`z	|_���£t`w�vuq,����|_����q,��q,{Kq:�¤���:��w�y,¥�}/w�t,�:}�t`�u�%q,v¦z�vusuq��kvuz	|§
v = (0, 0, 1)T t,w v = (0, 1, 0) �Mr7��}����k~uv�}¨���By,z�|_�	�%�)z��	��q`|d��q\vuq,����|��	�¨t`r�|_t�}�q`|`©7� C ��|�w�y`z�{ª~u�	|7�:v
w��:rd���Bw�y,�	�:�k{I«���q`��q`|_q�}/}�q,�¬suz��:�B�Bvk�:��z�w�:����}/r7���u�By,y,~�}%�®t`w¯�	�:�°�:y





1 0 0
0 −1 0
0 0 4



 �:����}��u�By±��~�|_~uv�}%�
�:{Wq,����vuq`}K�:y���|_�	¡��_��¢#�:v\���By,z�|_�	�Kt,w²vuq,����|_���Wq,�	q,{³z	wg�:�:v4���	�:� C z�w²z�vusuq��kvuz	|´� § �¤y�z	vusuq`�kvuz	|_wdt,�Bq`|
�:y,y´�:��z�wµ¢%q`¢kz�y,�Bv�����|_�k��|h��~�}%���k��¢%q,�Q��|Z��~�}��¬�u�B�:�¶�·{���|dr_z���w_�1�_��|_t`r�|�t`}�q,z�}��By`�:|�|µ���:v¸vuq`����|_�	�¹t,w
���By`z	|_����z�w,��©º%<>=@?BA�CBD�E'?�D7F1GIHKJ�EMLONQPSR�?I?�A1F�T/UVHWD�UYX�NZ?\N'LOL_D7b�ek»`NM¼`NhUYNZ]7^¬H�D�UYX�Nh?�½¾L�NhHªNhEM¿hC#l

A =







0 1 0 0
0 0 1 0
1 0 0 0
0 0 1 0






B =







0 1 0 1
0 0 1 0
1 0 0 0
0 0 1 0






C =





1 2 1
0 0 2
1 0 0



 D =





1 2 3
0 0 1
0 0 0





m DnfSR�U	bSJ�],o � GA �:r7�:pÀt,w GD �:r7�:p�vuq,{ q`r_�Bw�q,v �Bw�wdy,q,pZ¥u�B�B�u��{Kq`r�|Á�:y³q,��w��:¢%q,v �:y
{ 1, 2, 3 }∪ { 4 } �Â�·{��:w�z	}/vk�:�Ã� { 3 }∪ { 1, 2 } �B�	�S�:v pZq`�	¢��Bv�|7�:w_�Ä� � w�Å � w��:} �k�:��{��:y´�:vk��}%�)�:�u�B�
�:yWq,�	w��Är_t,w�y`�k�:��{��:y`¢%¡B�3�Ä{��:wd�/suz	}�¢#�>vuq,{Æ{Wq,�:�¹t,�M�ÄÇ®q,�k��| A t,w D r_q`su~ � z	¢kz	��z�w`� B t,w C z�rd�
r_q,su~ � z	¢kz��	z�w,�){Wq`r�|8���u�By,y´�1��~�}¨|7��r�|_�By`¡��:r7�:p²{Wz	vusuq,v � wdÅ � w_��¢�¡B��{Wz�vusuq`v � w�Å � wd�:|�q,����q,�uq`|8t`r_vuzj�
C �ur_z�{Wz�|_�	��z	w,�#{Wq`r�|È�:{Wq,�	��q`|d|´�u�u�B�:��z�r�r_q,su~ � z	¢kz��	z�w,�¾�\pZ����|���¡��_��¢#�:v����:v����By,z�|_�	�
q,�	q,{ § {��:wd}�t`�u�VÉ
C3 > 0 ©7� B z�{\�ur_z�{Wz�|_�	�%�k{Wq`r�|��:y 1 ��q`|�:y 1 �M¢��B� � w���} 3 �n{��:�®�Bw�y`|_�k��|�¡
�u�Bwdw�y,Åuw_�:�BÅ¨Å�|_�Bv¨��q,�uq`|
q,�	t`r_vuzM�V|_q,�k��| Bk vuq,{Ê���By,z�|_�	�%�Ë�k� k vuq,{Ì�Bwdy`|_�k��|_¡ 3 �n{��:�j� §jÍ �:wd}�t`�u�VÉ B3 r_q`su~ � z	¢kz	��z�w`�®q,y`t`r�|
vuz�v � wÈ���By`z	|_�����k��|��:�:v��S���kt,w��	�:� B �nvuq`}
w�z	v � w,��©

Î4<>=�bÏcOe�?HWDnf\a�F
A =

[

5 −4
−4 5

] ½kR1F�N'Ej¿hC¯b�D'i�[kNhE)HKJ�EMLONQP8ÐgÑ�Ò¯ÓYÔ´D`U	¼OR�[kEÕJ�],J�E'^�Ö�]¤D�[k[�D�?�]´Dnf�¿'E']´ÖÕfSÖ�C:D�U
a�bÏc�e�[u?\HWDnf>R�UYXBa�[�½kR1F�N'Ej¿hC\b�D'i�[kNhE

B
HKJ�EMLONQPSR�E'^×a�HWD`UYX�L7D

B2 = A Ø
m DnfSR�U	bSJ�],o

A∗A =

[

41 −40
−40 41

]

�Ùw_�1�_��|_t�r�|_t`}�q,z 81 t,w 1 �Ú�:y A w�y,z�vu�B~u����r_z�wÛt`r�|�t`}�q,z
9 t,w 1 � �¤y A∗A {���|�r_z�� 81 ���uq,yÜt,w 1 �n�uq`yÝ|7��r�|��By,¡³w_�1�_��|���q�}/|_�:r7�:z

[

1
−1

]

t`w
[

1
1

]

���:y
q,y,q�}/¢��B�¬}�t,wdy,¥u���·�:rd|_�Bvu�:r_{��:��|�r_q,vusuw�y`q`r

{

1√
2

[

1
−1

]

, 1√
2

[

1
1

]}

�®�:{Wz	¢%�B� M = 1√
2

[

1 1
−1 1

]

�
AM = 1√

2

[

9 1
−9 1

]

��t,wKq,vuvuq�}Ù�Bw�y`���:�#�:z	|I�	q,vu�:r_{��:���:�Ä}:������~�} M ′ ��|,É 1√
2

[

1 1
−1 1

]

�g�:{Kz	��q,�
A = M ′Σ′M∗ = 1√

2

[

1 1
−1 1

] [

9 0
0 1

]

1√
2

[

1 −1
1 1

]

� Þ�¢u¢��B� B ��|ÚÅu�:�ß}:������~�}%�·�u�B�:�
A q,�����:�	����|7�:w_��¢#�:v Σ′ �uq,����q`|�|¶�¦vut,�:�/y,q`|_�:���:}�t`|,�

[

3 0
0 1

]

��q`|¶t`rh��~�}%��t,w¶�:y�q`r_q`su{Wt,v�� B =
[

2 −1
−1 2

]

�Í q,�`��q,�:��y,t`w,É Í z	��q,� A �%�By,z	|_��� § w�y,q,{Kz'©Õsuq`�kvuz�|´�)q`�:��w�y,q�r_«�¢u¢�q,v¶z	w8{Wq,�:}����k�k��|h��~�} A à�á�â��
pZq,��¢��Bv�|7�:w_��|´É��>w�y,z�vu�B~u����r_z�w¯t`r�|_t�}�q`}�t��u��q,v A w_�1�_��|_t`r�|_t�}�q,zM�®t,wµ�:y\~uvuz	|_t`rµ{���|�r_z��u�:}°�:y A ��|µsuz��



�:�B�Bvk�:��z	wd¢#� |�r_�:vuw�y,pZ�:r_{��:�	¡Ù{���|dr_z���w�y´�:��q,�:��q,y,vuq�} {Wq,�uÉ A = UDU∗ ��:�u�B� U �Bw�y,�	�:�#�:z¯q`�:�
w_�1�_��|���q`}�|_�:r_�:}�¢�¡B�4�:�	��¡I�:r�|_�Bvu�:r_{��:��|²r_q,vusuw�y`q`r¤q,�	q,{Wq,zj�k�\w_�1�_��|_t`rd|_t`}�q`} � w��:}�}�q,vu�Kwd�:r�r_q,vus1��t`¢%q,v4�

�Ë<>=�bÏcOe�?�H�Dnf¯a�F×a�U	J�¼�¼`N¾HWJ�EjL�N�P¤?:a�L�a�?�EÕD`LONZ]_F`EjNZ?�eS]4½#R�UYNh[�R�H×c,J�E'^�]´aÏc,J�EÕa�UYE6D�L_Ö�[4DO?¤b�N'HWD�[�F�N��6c,J�E'^��uR�L�b�a:[kÓÔ´Ö�U�D8[�R�LOHWJ�U	a�U	a�?Õc´J�EÈÖO]HªNh[#NhHKJ�U ½kR�UYNh[�R�H²c´J�E Ø m N3a�F An
�uR�L�b�a:[kÓÕ[�R�L�HKJ�U	a�U	a�?Õc,a�l

A =







2 0 2 1
0 2 −4 −2
0 0 2 0
0 0 0 2







m DnfSR�U	bSJ�],o Í z	��q`� A − xI �k��r_�B{Wwdy,�B�B{���|�r_z��4� kA(x) = |A − xI| = (2 − x)4 �¾t`w A �nvk��}>� 2 �:y
q,�:��q`|���q,v�w_�1�_��|_t�r�|_t`}�q:� A− 2I r7�:vu�`�_� 1 ��q,y`t`r�|±�8{��:�:|�q`r_q 4− 1 = 3 suz	{Wq,vuy,z	¡Bw,�����:�:��z	w A ��vk��}W�
2 ���u�By�|_��r�|_�By,¡�w_�1�_��|7�:��|_q`r_q 3 suz	{Wq,vuy,z	¡Bw,�ÃÞ�¢u¢%�B�%}�����q�|�}�q,y,z�}��/�u�B�:� A �S�:r�sk�:v/�nvu�:r_{��:���:�Q��},�_��¢#�:v4�
J ��¢%q,v¦�k��r_�B{ 2 ��¢k�	�:}/}��:�:v4��t,wÄq,y � w_��}£Åu�:� ��q`�uq`|´��u�B�:�£���:v¦q,�:� 2 × 2 ��q,wÄt,w�}�t`| 1 × 1 �
q,w,�¸� ¢k�	�:}/}��:} {Kt`r_q`|_t`vuq`} �¹{�����z�{ª~u{�� 2 ��q,y,t`rd| A {Wz�vuz	{��:�	�%�B��z�vu�B{��_��¢#�:v x − 2 }�z�|_q`������q
2 �×�:�:�:�/z�w mA(x) = (x − 2)2 � An ���:r_sk�:v/�nvu�:r_{W�:�Q�:�Q��},�_� ~u�:�S�:vk�:y:��{Kz�v�|��¸�u�By`y´�¸�k�:wd�Bvu��¡
Jn ���:r_sk�:v/��vu�:r_{��:�Q�:����}´�_��� Jn ��q,suz	�Ä¢k���:}/}/suzQ�:�B�Bvk�:�	z�w{���|�r_z��4�®�:{Wq,�	�/vuq`}¹suzQ�:�B�Bvk�:��z	w¯¢k�	�:}/}´�_�:z
[

2n 0
n2n−1 2n

]

�¾z��	��q`|���q}�t`| [ 2n ] ���¤�:�S�:vSÅu�:���#{Wz�v�|¤�:y A ��r7���%�:y`|�}����/��~�}%�%�u�B�:� An 2n �n�uq`y § �:y
An q,�:��q�|_��q,vÄw����_��|�t`r�|_t`}�t`�uq,y�©×|7��r�|��By,¡Ww_�1�_��|7�:��|_q`r_q 3 �nsuz	{Wq,vuy,z	¡Bw,�¾|_q`�k��|��	���:r_sk�:v/�nvu�:r_{W�:�Q�:�Q��},�_�
q,�:� 2 × 2 ��q,w�t,w±}�t`| 1 × 1 ��q,w 2n �M¢k���:}/}�¢�¡B�V�:�	�MÉ

A ∼ J =







2 0 0 0
1 2 0 0
0 0 2 0
0 0 0 2






An ∼ Jn ∼







2n 0 0 0
1 2n 0 0
0 0 2n 0
0 0 0 2n






�


%<��±NQF1R�[kX�¿'E']Oe�? ¼�D7^�uR_f�X�ua a�F
A ∈ C

m×n HWJ�EjL�N�P¸L�a�[�fÏc,a n
^Wa�?1?BR�L

A∗A
Nh[#C:D�LOEÕJ�U��a:E��1^�Ö�]

Am R1R�L7D�����D�[kL_R�]´D�ÓYÔ´Ö`U�D3½¾]_F1D�ekbSR�Nh[#C:D�L_F�D
(A∗A)−1A∗ Øm DnfSR�U	bSJ�],o Ç®~us1��~�}��¨�u�B�:� r(A) = r(A∗A) �Ä|_q,�k��| A∗A n r7�:vu�BÅ4� n × n �nq,w�{���|�r_z��4�

q,y,t�r�|Úz	vS��q`rd|7�:���k��|_¡u� �¤vuvk��}�¢kz	y,�BvS�/�	|7�:w��:�u�By:�>�u�B�:� A′ = (A∗A)−1A∗ �:y A �kw�y,q`~usu�Bz�v/�
��q`r_y`q:� ���kw�y,q,~usu�Bz	vS��q`r�y,q`| suq��kvuzQ�:��¡ßvut,�:� |_~u�Q�1��su�Bvuw_�:�B�:|À}�q,�	�Äq,���	q,vu�:r_z	y,vuzMÉ AA′A = A �
A′AA′ = A′ �g|�������¢u¢#� AA′ t`w A′A {Kz�vusuq,�:�/z	}�q
�Bvk�:s1��~uvu���:�	|´����r_suq,{Wq,wW�:y·~�|_�B��wd¡����:�²}�q,y��
suq,vuzj� A′A = ((A∗A)−1A∗)A = (A∗A)−1(A∗A) = In �Bvk�:s1��~uvu���:��|´� (AA′)∗ = (A′)∗A∗ =
((A∗A)−1A∗)∗A∗ = A((A∗A)−1)∗A∗ = A((A∗A)∗)−1A∗ = A(A∗A)−1A∗ = AA′ �±|�q,�k��|
AA′ z�w��Bvk�:s1��~uvu���:��|´� AA′A = AIn = A t,w A′AA′ = InA′ = A′ § z	|�|�pZq`���k�:w�y,vk�:��|_~�}£�:y
q,�	w��:}�t,v�|�¢kz�y`�BvS�/�	|_�:|�|±�Bw�wdy,q,pZ¥u�B�Bt,wd|,�#���:�:��z	wÈ�:y�|´�k�u�B�:� A′ �:y A �nvk��}�¢#�:�V�B��sk�:�	z4z�v���q`r_y,q�©7�

�4<��±NQF1R�[kX�¿'E']Oe�?¼OD7^�uR_f:XµDnf�X
A ≥ 0

NhL�L_D_b�e#»�NM¼,NhUYNZ]�HWJ�EjL�N�PHªNh[%b�D�[W[�D�Hª[�DÕf�a�EM¿hC±]´aÏc,J�EMC:DO?�E6R�L_a�½kR1F`NhEj¿'C Øm DnfSR�U	bSJ�],o � q,�:��q,v v ≥ 0 �:y A λ �n�u�By·|7��rd|_�By,¡ w_�1�_��|���q`}�|_�:r7����Þ�}�}��:r v �:y (A + I)n �nvuq�}
z�w�w����_��|d��q`}/|_�:r_� (λ + 1)n w_�1�_��|_t`r�|_t�}/}�q,�j�¨â�q A z	rdr_q,su~ � z�¢kz���z�|7�:w_�Ä{Wz���|�| (A + I)n > 0 �¬|_q,�k��|
(λ + 1)n

v = (A + I)n
v > 0 �¬q,y`t`r�| v ≥ 0 q,�:�/z	}¹}��B{K���Bvuq,vuwdqWw�q,{ �	q,�uq`| 0 �Â���:�:��z	w v > 0 �Í �:w�z	}�{Wq,�B�B�	sk�:w,É � q,�:��q`v H = { i | vi > 0 } �¬t,w H ′ = { 1, 2, . . . , n } \H � Í z���q,� Av = λv �

{Wz	vusuq,v j ∈ H ′ �Mr_q Av j ��q,suz	}8q,��q,{Kq 0 ���:y´�:y j ��¢%�B��� H ��¢%q,��z i ��}�¢�q²vuq,{ {Kq,�:�8t`�u�:y A �:r7�:p �_��¢#�:v4�
v 6= 0 {KzQ��|�| H 6= ∅ ��t,wg�k� H ′ 6= ∅ ����}�}��:r H ∪H ′ pZq,�	¢%�BvS|_�:wg{WzQ��|d| A r_q,su~ � z�¢kz���z	wg��q`vuvuq:��Ç)q,�k��|
H ′ = ∅ �k�:y´�:y v > 0 �


