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3 × 3
<D9�EAFHG1IKJ�L�M

Q NPO B O IKI"QR91F4>SBTC�:->PUVFHLW:=LWF4G�B X @�B�LW:-@;FRYP9
9PZ

x2 − 2 [\ Z
x2 + x ]^ >�_`@�B�a1G�ESb c`dfegc

mA(x) = x2−2 = (x−
√

2)(x+
√

2) h c�iji;k;l A m�n c�ipoSqrc�i √
2 s q −√

2
cgqrctru�v s lrv s i;w+xKyz w{c�iji;k;l

kA(x)
x|q�k1}�~1c n v��;�'�$q��S�;lr�1q�w

m(x) m�n wSi h c;��x�oSqrc�i�wS�SwSi;wSv�cp�;~;�;ijv s+n ~;wS�S�;i;wSvgvrc�lrvrc;}���c��S�+c y
� w+�'u�v

kA(x) = −(x2 − 2)(x −
√

2) � c��;~ kA(x) = −(x2 − 2)(x +
√

2) h�� wHwS�;~ x�i�q�w+�
Q[x] m ��w+}|xKy� w+�'u�v n x n oSq�x|}�~;w n �	u�v�l�x���y

�-d���x � w+} mA(x) = x2 + x = x(x + 1) h c�qrctru�v s lrv s i;wSi 0 s q −1 h�s q4��x � w+} mA(x) m ��w n ��x n'� wS�;~ x�ioSq�c�i�wS�;~ q��SwSlrw+qV�;~;�;i h c�� A
�	u�v�l�x�� � x|c��;k n c;}|x��+u;}|�'c�v��'y����"w+}�v s v�w+}�v n ~�x|} � u n i x�x|q�w+} s �1��vrx���x n'� w nk1}|~1c n 3 × 3 m c;q � x|c��;k n u;}|x�qA�	u�v�l�x�� h c;�4w+}|~ n wSi�c���u�vr}���tru��$c n 0 m i s q −1 m wSi � c n'n c�i h x|}|}�wSv � w�w n'n wSiv�wSvrqr�S�1}�wS�;w+q�i;k n tr� �1u;}�v"trc yR�j�;v h }�u�vr�'c�v"t�� i h � k;�;~4�'c;q�k n }|�1qru���wSlrwDt s x�� i s v¡x|}�~;w n ��u�v�l�x�� � c n�¢ c;�4w+}|~ n wSi

� x�c��;k n u;}|x|q�c;}|c�i)tru��$c n 0,−1,−1 h x|}�}�wSv � w 0, 0,−1
u;}|}£c���u�vr}��;�$c n y���¥¤�>¦_1C�§jU NSO B¨QR© @r_1Cª>¦_`C

C NSO B O IKIKL A
F4G;IKJ«LTM`JD9�I�>PB Y+>«E«§�B¬9)

Am = I
>¦_1C1>+:'B�®�ES¯¦_�°9;B�9;FHLWBTC1>+:

m ≥ 1
>«E+>SI�¯+:=±

² _`9+@�B Y«³jUQ´©�@r_`C
A

a;Lµ9+_`@1:=9�B�L�)G�B¶© 9;I¦·1¸
^ >�_`@�B�a1G�ESb¹��x � w+} A i�x|w+} s �1��vrx�c�� xm−1 º k1}�x n k1�4k;v h ��x n x|��u;} º k1}|x n k1��trc�k1qr�Sv���t�c{w n'n wSi�y�»�x�q��Sk n v xm−1 m
n wSi C m ��w n m

i ¼'}�� n ���;�S�f�;~;�;i;w � c n¥½ c�� m
i;k1� º }�wP� m m w � x|i�wS�;~�q s �;�;~;�;i$d h �|�;~ªc	��x n x���u;} º k1}|x n k1� n c�iqrx n oSq�v��;�'�$q��S�;lr�1q��;~;�;i;w;yR¾�� s lrv A � x|c��;k n c;}|x��+u;}|�'c�v��'y¿ � ^ LWBTC1>+:�U�9«X ÀPES@�B�91I¡°�9;:

AB
¯«E

BA
FHLW:$L"F4G�B X @�B�LW:=@1F¡YS9;L´U O  O IKI"Q´©�9 A

¯PE
B

:-¯�_1C+)>+I�>«EÁFHG1IKJ�L�M`@�U ]	Â G�E�E«³jU\ >PQ�©�@r_`C
AB

¯«E
BA

EP9?YSG;I�¯+J�I�¯PU;>SL�F4>�_j>�_1C1>�+:->«U;¸
^ >�_`@�B�a1G�ESb � wS�;~ ¼ iÃ�"w+} h � k;�;~

AB
��x n x|��u;} º k1}|x n k1��trc g(x) = akxk + . . . + a1x + a0 h BA

��x m
n x|��u;} º k1}|x n k1��t�c º w � x�� g(x) = bmxk + . . . + b1x + b0

y�¾�iji;k;l
0 = ak(AB)k + . . . + a1(AB) + a0I m v�$c;}�lr�1}

B m¦� w+} h t?k;�'�'lr�1} A m¦� c;}��4wS�1qr�Sk;lrk;� � c4c��SvÄi�c º t�� i h � k;�;~ 0 = ak(BA)k+1 + . . . + a1(BA)2 + a0BA hv�w+�'u�v
BA

�;~;�;i;w
xf(x) m�n wSi hÄs q�wS� s lrv g(x)

k1q��Sv���trc
xf(x) m�n wSi-y8Å��;~1c n ���;~ f(x)

k1qr�Sv���t�c
xg(x) m�n wSi�y� w+�'u�v

g(x)
��x n'� w n�n w+� n �'}|}|c��;~;�;i;wÆ�;~;�;i;w

f(x) m�n wSi h�s q � x|qr�Sk n vSy�e�c � x|q��Sk n v f(x) m�n wSi¹�;~;�;i;w�c
0 hc�i�i;k;l

AB n w+�Çx n1� wSlrvru;}|�'c�v�� h c��+c�� 0 = |AB| = |A| · |B| hÈs qÁwS�'�-�1} |BA| = |B| · |A| = 0 h v�w+�'u�v BAq�w+�Éx n`� wSlrvru;}|�'c�v�� h=s qÄ���;~ 0
c

g(x) m�n wSifx|qR�;~;�;i;w;y¡¾��S�Sw+}��-w+}|u�v�vr� i h � k;�;~ AB m�n wSi s q BA m�n c�iÆ� �;~1c n c��Sk;ic�qrctru�v s lrv s i;w+x�i�y����fx n`� wSlrvru;}|�'c�v��¹w+q�wSv���w n cÊi s vHk1q��Svr�'c�v��1qru��1x��"w+}�v s v�w+} n ~ x|} � u n c��Sv4c � t�c h � k;�;~ËcÊi s v��x n x���u;} º k1}|x n k1���4wS�;wS�;~;wS�+x�i�yH����x�i;k;l
AB s q BA n w+�Çx n1� wSlrvru;}|�'c�v��;i hÈs q��4k n'� t�� i h f(x) = xsh(x) hc;� k1}

s > 0 h´s q h(0) 6= 0 h´s q4c���u;q�k � x�i¹k1q��Svr�'c�v��1q�u��1x��"w+}�v s v�w+}Ì��x|c�v�v
xg(x) = xsh(x)k(x) � c;}|c;��w+}�~

k(x) º k1}�x n k1�4l�c h v�w+�'u�v g(x) = xs−1h(x)k(x)
y z w

g(x)
k1q��Sv���trc

xf(x) m�n wSi h wS� s lrv k(x) = 1 h x � c��;~ x2
yÍ qrqr�SwS�Wk;�1}|c;} � c ¢ wS�'��w n c���w+q�wSv��-w n f(x) s q g(x)

}�wS�;�"�1} t?wS�'��wS�;~
x m w+q�q��Sk;lr�S�;�$c n i�¼'}|� n ���;�+x�i-yÎ � ^ >SBTC�L�UAF4G;IKJ«LTMj@�UHa;Lµ9+_j@;:=9�B�L�)G�B¨©�9;I¦·�U

C NSO B O IKI�9AU O °�>SI"U1>�)®�U U O S§�B ] ^ L%9HÏ @1JDa191:$<Ð:-@;J�F4G�B�9�B�9�UÐYS9�9))@�U�:=9�U)Q9;F�>PB�C1>«U	:->+FÑa;Lµ9+_j@;:=9�B�L�)G�B¨©�9;I¦·�U ]

A =





−3 1 2
1 1 0
2 0 −1



 B =





0 0 −2
1 0 3
0 1 0



 C =







1 1 1 1
0 2 1 0
0 0 3 1
0 0 0 4






D =







0 0 0 0
−1 0 0 2

0 0 0 −1
0 0 0 0







^ >�_`@�B�a1G�ESb��g�
A
��u�v�l�x�� i�c�l�c�i�v�wSl�x|q��Svrx�i �'q º k1}|x n k1��t�c −x3+3x2−6x = −x(x− 3

2
−i 3

√
3

2
)(x− 3

2
+i 3

√
3

2
)
y

� � x|c��;k n c;}|x��+u;}|�'c�v�� h �4wSlrvg�'u�lrk1�Òi ¼'}�� n ���;�S�Vq�ct�u�v s lrv s i;w � c n y
B

i�c�l�c�ijv�wSl�x�q��Svrx�i �'q º k1}�x n k1��trc −x3+3x−2 = −(x−1)2(x+2) h v�w+�'u�v�qrctru�v s lrv s i;w+x 1 s q −2
y¬�g�

1 m� wS��vrc�lrv�k;�S�Aqrctru�vrc;}�v s l�c (B−I)x = 0
wS�;~;w n }�wSvR�4wS�;k1} � u;q�v�wSlrw h c;��x'oSqrc�i

1 m�� x|�4w n �+x��1q h v�w+�'u�v B Ó k;l � c n�m
n k;l���u;}�c;}|c�i+tru n c�ifwS�;~

1 m �$}�k;iji)trc ½ 2 × 2 m w+q�d s qÌwS�;~ −2 m �$}�k;iji)trc � c n�h-s q����;~ B n w+� � x|c��;k n c;}|x��+u;}��'c�v��'y��x � w+} C
�'u�lrk1�	q��S�;�1��u�v�l�x�� h q��+u;�4k1}�u;q n s }|i�¼'}Rx|q�}|wSk1} � c;q��'c�v�� h � k;�;~�qrctru�v s lrv s i;w+xÌc��Æu�vr}|�1q�w+}�w+��w+x ¢

1, 2, 3 s q 4
yÔ��x � w+} 4

i ¼'}�� n �-�;�S�¹qrctru�v s lrv s i;w � c n c
4 × 4 m w+q4��u�v�l�x�� n c�i h C

qr�+¼ i�q s �;i sSº'º w nÕ� x|c��;k n c m}|x��+u;}��'c�v��'y
D

i�c�l�c�i�v�wSl�x|q��Svrx�i �'q º k1}|x n k1��t�c x4 h v�w+�'u�v 0
c��ÆwS�;~;wSvr}�w n qrctru�v s lrv s i;w h´s q D Ó k;l � c n�m�n k;l���u;}|c;}|c�i)t�c

oSqrc�i
0 m � k;��vrc�lrv�k;�S� Ó k;l � c n�m �$}�k;i�i;k;ij���1}�u;}�}Ky D

l�c n �+trc 2 h v�w+�'u�v�c 0 m � k;��vrc�l�v�k;�S��qrctru�vrc;}�v s l 4 − 2 = 2
� x|�4w n �+x|�1q h wS� s lrv D Ó k;l � c n�m c;}|c�i)tru n c�i�i s v Ó k;l � c n�m �$}|k;iji)t�c � c n y D2 = 0 h v�w+�'u�vgc4}�wS� n c��;~;k;�'� Ó k;l � c n�m�$}�k;i�i

2 × 2 m w+q h ���;~Æc Ó k;l � c n�m�n k;l���u;}|c;}|c�i�i s v
[

0 0
1 0

] �$}�k;iji����1}£u;}|}��4�$}�k;i�i � x|c��;k n u;}|x|q��	u�v�l�x���y
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9PZ
k(x) = −x5(x + 1)2

Q
m(x) = x3(x + 1) [\ Z

k(x) = (x − 1)4x
QR¯PEp9)

1
<�© >�AI¦9;J«I¦@))·ÆEP9?YSG;I¦9�B�I�¯SJ

2
<Da;L"F�>S:j+L"·�EP±

^ >�_`@�B�a1G�ESb c`df� i�c�l�c�i�v�wSl�x|q��Svrx|i��'q º k1}|x n k1�p�-�1}fvr� � tr� i h � k;�;~ c Ó k;l � c n�m�n k;l���u;}|c;}|c�i
0 mÔs q −1 m�$}|k;iji;k;i��-�1}%u;}|} h c���w+}��;�'�$x�wSi��1q�q��+� s lrwSv�w 5 h c��p� v��;�'�$x�c�i s 2

y�� ��x n x|��u;} º k1}|x n k1�p�-�1}�i x � wSl�¼'} h � k;�;~cf}�wS� n c��;~;k;�'� 0 m �$}�k;ijiÊ� s lrwSv�w 3 h cf}�wS� n c��;~;k;�'� −1 m �$}�k;iji s4º w � x�� 1
y � w+�'u�vÁi s v }�w+� wSv��1q s � � c n�¢ c

Ó k;l � c n�m�n k;l���u;}�c;}|c�i � x|c��;k n u;}|x|q��$}�k;iji)trc;x ¢




0 0 0
1 0 0
0 1 0



 h [ 0 ] h [ 0 ] h [−1 ] h [−1 ] � c��;~




0 0 0
1 0 0
0 1 0



 h
[

0 0
1 0

]

h [−1 ] [−1 ]

�-df� i�c�l�c�i�v�wSl�x|q��Svrx|i��'q º k1}�x n k1�Ñc;}�c º t�u n cV�	u�v�l�x�� Ó k;l � c n�m�n k;l���u;}|c;}|c�i)t�u��$c n 1 m �$}�k;i�i;k;i s q 0 m �$}�k;i�i;k;i}|w+� wSv n wSi h 0 m �$}�k;iji����1} oSqrc�i�wS�;~
1 × 1 m w+qSy��g� 1 m �$}�k;i�i;k;iª�1qrq��+� s l�wSv�w 4 h�s q�c	q�ct�u�vrc;}�v s l � x|�4w n �+x|��t�cc;}�c º t�u n c��

1 m �$}�k;iji;k;iªqr�+u;��c
2
y � w+�'u�v�i s v�}|w+� wSv��1q s � � c n�¢





1 0 0
1 1 0
0 1 1



 h [ 1 ] h [ 0 ] � c��;~
[

1 0
1 1

]

h
[

1 0
1 1

]

h [ 0 ]

	 ��
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7 × 7

<?>PE�F4G;IKJ«L�M`@;I"Q�9;F�>PB�C1>«U�:->«UÕ9ÕFHL":$LWF4G�B X @�B�L":=@;FRYP9Ã¯«E�9 U�9;J?9�U�I�>SJ«L|ErSIKL�U�³jE
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^ >�_`@�B�a1G�ESb��D}|~;w nfº-s } � u;�'} c���c4i s v Ó k;l � c n�m ��u�v�l�x�� h c;�4w+}�~ n wSi � x�c��;k n u;}|x|qÌ�$}�k;i�i)t�c;x




0 0 0
1 0 0
0 1 0



 h




0 0 0
1 0 0
0 1 0



 h [ 0 ] h x|}�}�wSv � w




0 0 0
1 0 0
0 1 0



 h
[

0 0
1 0

]

h
[

0 0
1 0

]

 ��� )G;F��WI"EP³`U�U�Lp9Ô9�B�G \)\ L�F4G;IKJ«LTMj@�U
n
<�>ra;L�UÔ©�9;IK°�G;:$C;G;I	9 a;Lµ9+_j@;:=G�B�L|E�QVLWBWB|>SIK°�>�9�Ï @;J?a19;:=< N ¯PB|>Ô:=@1J�F4G�B�9�B�9�UES>�_��"I"ES¯�_j¯S°�>PB�¸

A =

[

5 −6
3 −4

]

B =

[

4 −4
1 0

]

^ >�_`@�B�a1G�ESb |A − xI| = x2 − x − 2 = (x − 2)(x + 1) h ���;~ A
qrctru�v s lrv s i;w+x 2 s q −1

yÇ�
2 m � �;�vrc�lrv�k;�S� qrctru�v � wSijv�k;l�k;i8c [

2
1

] q�i�c;}�u�l�q��Sk;lrk1qrc;x h c −1 m � wS��vrc�lrv�k;�S�;i8c�� [

1
1

] q�i�c;}|u�l�qr�Sk;lrk1qrc;xKy � w+�'u�v�c

P =

[

2 1
1 1

] u�v�v s l s q m ��u�v�l�x��'q��+c;}
P−1AP =

[

2 0
0 −1

]

= D
yÌ¾��'�-�1}

An = (PDP−1)n = PDnP−1 =
[

2 1
1 1

] [

2n 0
0 (−1)n

] [

1 −1
−1 2

]

=

[

2n+1 − (−1)n −2n+1 + 2 · (−1)n

2n − (−1)n −2n + 2 · (−1)n

]

|B −xI| = x2 − 4x+4 = (x− 2)2 h ���;~ B m�n wSi	oSqrc�i	c
2
cpqrctru�v s lrv s i;w;yÌ��x � w+} B − 2I

l�c n �+trc 1 h c 2 m � �;�vrc�lrv�k;�S�¹qrctru�vrc;}�v s l � x��4w n �+x���trc 2 − 1 = 1 h v�w+�'u�v B Ó k;l � c n�m�n k;l���u;}�c;}|c�i+trc�wS�;~;wSvr}�w n Ó k;l � c n�m �$}�k;i�ij���1}u;}|} ¢ P−1BP =

[

2 0
1 2

] c;}�i�c;}|��c;q
P

��u�v�l�x��'q��+c;}KyÆ¾´�Svpc
P

��u�v�l�x���k;v i;w+}�}´�4wS�;vrc;}|u;} n x¦yÆ¾��S�Sw+}�c
P m¦� w+}

P−1(B − 2I)P = P−1BP − 2P−1IP = P−1BP − 2I =

[

0 0
1 0

] y � w+�'u�v
P

�4wS�1�'c�vru�lrk;�+u;q�u;� k;�ªc��

R2 m ��w n k1}�~1c n {b1, b2 }
�$u��+x|q�v�i;w+}|} vrc;}|u;} n x h c;�4w+}�~�lrwÌc

B−2I =

[

2 −4
1 −2

] �'c�vru;qrc
b1 7→ b2 7→ 0

y
b2

c
[

2 −4
1 −2

]

x = 0
v�wSvrq��S�1}�wS�;w+q n w+� v�l�x � x|u;}�x|q£�4wS�;k1} � u;q�cÁ}�w+� wSv ¢ b2 =

[

2
1

]

h b1 º w � x��Ác
[

2 −4
1 −2

]

x =

[

2
1

]

wS�;~¹�4wS�;k1} � u;q�c ¢ b1 =

[

1
0

] y��Ð�;~Ôc
b1 m ���1} s q b2 m ���1}´��x n v�k1q��+}|k º k;i��-�1}��1qrq��SwSl�c�i;k;v�v P =

[

1 2
0 1

]

m lrw
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P−1BP =

[

2 0
1 2

]

= J h%s q Bn = PJnP−1
y�� Ó k;l � c n�m �$}�k;i�i��'c�v � u n ~1c Jn =

[

2n 0
n · 2n−1 2n

]

h%s q
wS�'���1}

An =

[

(n + 1) · 2n −n · 2n+1

n · 2n−1 (1 − n) · 2n

] y
� ���gL�)@;:$C �"I"E«³jU \ >«QR©�@r_1C�FHL":=a`>+:

n × n
<�>«E�U�@;F�X-B|>rM�F4G;IKJ�L�Mª©�9�EP@1:'B�·Ê9�IKJ?9;: ErÐX @;:-G�BTI YSG�©�@+¸�� ��9�E�S:-G�B YP³jU�9

Ï'@;JDa`9;:$<D:=@;J«FHG;B�9�B�9�U;@;I¦¸ Z
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