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: �<;>=@?'ACB-D0EGFIHKJ0LNMPO7Q0R$ACSTD

n ≤ 6 UWV�X Sn U B$OYL[Z\=@B$]$O'B[B$=@^�_�ATFIO'B$H VI` HK?'aYHKAT_PA V Fcb X L-ACZ[ZdJ0F X FIE�efe X STD p Ua'HKAT_�A V F
g�hiO V O'HKHkj0LlZ\OYSlm�L-ACB.bKJ$S-nT^�FIHInTSNO V O�b ` =@S+o S7 U M�O'B X ?qpCHKHk?'O'HrB$O'ZsL-ACZ\ZNJ0F X FIEGe[B$=�^�_PATFKO'B$H
VI` Hk?'a'HKAT_�A V FIATF
t

u �<;>=@?'ACB-D0EGFIHKJ0LvMPOTQ�R$ACSTDwR X M
Z Xyx =@Z<nT^�=@H VI` HK?Ya'HKAT_PA V F�b X OYSTD G

e ` SCO'H{zcO'^�AC^@]$R X FI|}a'HKAT_�A V FIB X L�Q
X L+L-A V |G : M |

_ V E@Z[R X FKeTnTB-D-g
~ �<;>=@?'ACB-D0EGFIHKJ0L�MPOTQ$R$ACSTD[O'STD<B$=@^G_PATFIOYB$H>a'HKAT_PA V FKM X B�Z[=@B$]$O'B�B$O'Z�F V =�e+=�nT^@=�H�B$A V Z\nT^@ACHK?YFK|{Z\OYFIHK?Y= Xa'O'B-F V J$Z[ATF
t
� �\��O'STD-O'B

x, y ∈ G
g�;>=@?YACB�D+E�FIHKJ0L<M�OTQ�R$ACSTD

X o [x, y] = [y, x]−1 �MPo
[xy, z] = [x, z]y[y, z] ` H [x, yz] = [x, z][x, y]z �ayo
[x, y−1, z]y[y, z−1, x]z[z, x−1, y]x = 1

Q X R$AC^ [x, y, z] := [[x, y], z]
g

���<;>=@?'ACB-D0EGFIHKJ0L<M�OTQ�R$ACSTD�R X A, B, C / G
Q X L�L-A V

X o [A, B] / G �MPo
[A, B] = [B, A] �ayo
[AB, C] = [A, C][B, C] �]�o
[A, B, C] ≤ [B, C, A][C, A, B]

g
� �\��O'STD-O'B

G
B$=@^G_PATFIO'B$H�a'HKAT_�A V F
Q X Z\O'^GD0B$OYL2zcpC^@Hk�[a'O'B-F V nT^�^�nTB$a X 1 = Z0 < Z1 < · · · < Zk = G

Q ` HzcO V ]$O�L-ACZ\ZNJ0F�n7FIA V ^@nTB$a X G = K1 > K2 > · · · > Kk+1 = 1
g�;>=�?'ACB�D+E�FIHkJ0L2M�OTQ�R$ACSTD

X o [Zj , Ki] ≤ Zj−i

Q�R X j ≥ i �MPo
[Ki, Kk−i] = 1

Q$Z[=@B$]$O'B
i U6V O7g

� �\��O'STD-O'B
M c

B$=@^�_�ATFIO'B$a'= X ACHK?YF�nT^GD0��Q N
_POY]$=@S

d
B$=@^G_PATFIOYB$a'= X ACHK?�F�nT^�D+�wB$A V Z<nT^�ACHK?YFI| G U MPOYB�g�;�= U?'ACB-D0EGFIHKJ0L\M�OTQ$R$ACSTD

MN
=�H>B$=@^�_�ATFIO'B$H�B$A V Z<nT^�ACHK?YFI|$Q X Z\O'^GD0B$OYL[B$=@^G_PATFIO'B$aY= X ACHK?YFInT^�D X ^@OYSCzcpC^ bKOYM$M

c + d
g

� �<;>=@?'ACB-D0EGFIHKJ0L�M�OTQ�R$ACSTD�O'STD
G
e ` SCOYH�a'HkAT_PA V FKM X B�^ ` FKO'?'=�L�^�O'SCB X STD-ATM$M�B$=�^�_�ATFIO'B$HdB$A V Z<nT^@ACHk?YFI|m X ? X ?�AC^GD X B�Q X Z\O'^�D+=�L�Z\=@B$]$O'B�Z<nTH�B$=�^�_PATFKO'B$H�B$A V Z<nT^@ACHk?YFI|TF�F X7V F X ^@Z X ?yoIg ��? X�� =GFKFI=@B$S U

VI` Hk?'a'HKAT_�A V F
Q F (G)
g

  �<;>=@?'ACB-D0EGFIHKJ0L<M�OTQ$R$ACSTD�O'STD�e ` SCO'HrzcO'^@AC^�]$R X FI|da'HKAT_PA V FIB X L�Z\=@B$]$OYBlB$O'Z¡F V =Ge0=@nT^@=@H>B$A V Z<nT^@ACHK?�FI|�b XZ\OYFKHK?'= X�� =GFKFI=�B$S U6VI` Hk?'a'HKAT_�A V FIATF
t
¢ � : �\��O'STD-O'B

N, K /G
Q X R$AC^ K B$=@^G_PATFIOYB$H'Q ` H N

Z\=�B$=@Z<nT^�=@H�B$A V Z<nT^�ACHK?YFI| X G U M�O'B�g�;�=�?'ACB-D0E�FKHKJ0L�M�OTQR$ACSTD
N ≤ CG(K)

g
¢ � u �<;>=@?'ACB-D0EGFIHKJ0L�MPO7Q�R$ACSTD2R X G′ ≤ Z(G)

Q X L�L-A V M!n V Z[O'^�D x, y ∈ G U6V O ` H n
_PAC?'=GFIE�e2O'S ` Hk?fHK?
nTZ VIX

(xy)n = xnyn[y, x](
n

2)
g


