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A =





1 2 4
2 3 4
3 4 5



 , B = [−1 −2 −3 ] , C =





−1
2
3



 , D =





−1 2
2 3
3 −4



 .

`<aNE�C�R�R,b^JcCHSDO*RXO�SdT^U*U,VWK
T1Y[Z?Ve\^KAfgQ�C�S�CHY=C?J4CHY$hjigOLS�C?i(CHYN_

A + A, A + B, AB, AC, AC + 2C, A−1D, D2, BC, CB.

k R*T1KXlmY$n�o^J
J�V
A
h
CB

a?n
CB + A

P^C,Y=CHZ?KAV$G�T1G(n�T1Y�V�n�p
qrC=E^]�SdP4T�nH_

A + B s AB s D2 t(u�t(vHwyxHz|{7},~��
}H�H�1}1����{7�1�(��u��L��{7z�u��(���g�1},~d}H{�}Hz|},�(�
x,t4�1}1�

A + A = 2A =





2 4 8
4 6 8
6 8 10



 AC =





15
16
20



 AC + 2C =





13
20
26





A−1D =





−1 −32
4 33

−2 −8



 BC = [−12 ] CB =





1 2 3
−2 −4 −6
−3 −6 −9





���g}H{7}Hz��Mu�t(�1t(w7�1�I� |A| = −1 s |CB| = 0 s |CB + A| = 0 �
� �@�
CHZ7C?n�n?bgGgJc]�S�F1O1G

n × n � C�n A,B,C
Q�O�S���n�K
T1Y[Z�V�\^]�J�O1Y$h�KMC�S�F1C�J�Z7C,_

O��
AB = 0

h�a?n
BA 6= 0U:�

C2 = C
h5a�n

C 6= 0, I
p

qrC=E^]�SdP4T�nH_�� ~[� A =

[

1 1
2 2

]

s B =

[

1 1
−1 −1

]

s C =

[

1 0
0 0

]

�
}H�1�$},~d},~ n = 2 � z|}1�c�¡ ��1�1�1�(� n � }H��z�}
{7}H�1�g¢g�r ��M},~d£1�(�¤�
}H�4 1�g�1{7{X�M��{7z�ud�	�1�� �{� @�� 1~j�$�4~�w7£¥w� �z|�1����  s x,w��M�1w�¦g�*�� §�Mu�t(�g},t(¦g�8��  0 � {H� n = 1 � z|}t(u�t(vHw7},tg}H�¥u�~d�1},t¨�M��{7z�u��g�1�I�

© �@BDC=E4F4CHGIC?J
A,B

Y=CHY$n|R,ª�S�CNE	C?n
n× n � C?n�K
T1Y[Z�V�\^]�J�p�«¡VdR,]1G�F�l$Y$n?o�J¬U�C�h<i	]|E4F¬O*R AB −BA

KXT4Y[Z�V�\®�ª^T1Y¯S��7°�T^U�O1G
O*R
CHSdC,K
C�JL±�n�n|R*CNE	C@²!O8R,O*R
O8R

AB − BA
K
T1Y[Z?V�\¨G�F1]1K
O?�

0
p

qrC=E^]�SdP4T�nH_ ³ }H�1�1},t C = AB x,w D = BA �µ´j�	�1�1z cii =
n
∑

j=1

aijbji s x,w djj =
n
∑

i=1

bjiaij
�µ¶�},¦(��{

AB t4�1�4�L  ∑

i,j≥1

cii =
∑

i,j≥1

aijbji s BA t4�1�4�M ¤·.},�(ud� ∑

i,j≥1

dii =
∑

i,j≥1

bjiaij s x,w
}H�H}H�¸t^�	u�~d���1t^�� 1~�¹4 1t
}H�1�1},t(~d£1� s }H�HxHz|{ AB − BA t^�1�4�M  0 �

º �@»®R
a
a�n

b
aHZ?Y=a?J1a,YNª�S¼�b�E8E^ª^C,G½igT1G�F¾KMC=E^]�SdP4T�nHO¿Q8O1GµO*R¸O�SdT^U*U,VcCNE^F4CHG(S�CHY[Z7CHG�P�n7R*C,Z�GIC?JÀOÁQ8O�Sd��nÂn|R,T1K
]�J

J�±4Z:a8U�CHGjÃM»¡P:°�o�J
V�n�KMCNE¨O¬KMCNE�]�S�P^T�n�]�J1O1YNÄ

2x + y + z = 4
x + 2y − z = −1
x − y + 2z = a
x + by + z = 3

qrC=E^]�SdP4T�nH_ÆÅ �1�H�,Çg�¥ ���}H�1�1},t(~d}H{7z|},t(�(w7�H}HzÈ�gud}H�1x,w7�,Éd{7}H{7{¡�M��{7z�u��(��{�~dxH·ÊvHw7£4wy 1~� ��	z� gË






2 1 1 | 4
1 2 −1 | −1
1 −1 2 | a
1 b 1 | 3






7→







1 2 −1 | −1
2 1 1 | 4
1 −1 2 | a
1 b 1 | 3






7→







1 2 −1 | −1
0 −3 3 | 6
0 −3 3 | a + 1
0 b − 2 2 | 4






7→







1 2 −1 | −1
0 1 −1 | −2
0 −3 3 | a + 1
0 b − 2 2 | 4






7→







1 2 −1 | −1
0 1 −1 | −2
0 0 0 | a − 5
0 0 b | 2b






7→







1 2 −1 | −1
0 1 −1 | −2
0 0 b | 2b
0 0 0 | a − 5







´j�(�I£4~�~���{|¦( �{7¹ s ¦g�1�1�Ì ��¨}H�1�1},t(~d}H{7z|},t(�(w|�H}Hz�tg}H�Ít(u�t(vHw
�
}H�1�4~��(�1w�  s ¦(  a 6= 5 s �1xH�1{7},~d},tÍw7�1�Ì�
}H�1�4~��(�1w| �� 1t s ¦(  a = 5 x,w b = 0 s �1xH�4¢(~�}H�1�1xHz�{7},~����Î�
}H�1�4~��(�1w| Ï�� 1t s ¦(  a = 5 x,w b 6= 0 �§�Ð�
}H�1�4~��(�1w7�1�¤ ��
Çg{7¹1�(��u&�1xH{�},w7}H{7�I},tÎÑ$}H�1� � �1xH{�{7�*�����(��u&z|},�(Çg�4vHud¹4w®~dxH·Ix,w¡Çg{|�1t�Ò�� x = 3 − z s y = −2 + z s x,w z {7}H{|w7�H£4~d}H�1},w�� 1~d¹4wyw7�,�1� s u�~�~d}H{7�1}Ó 1�Mu��1�1zy}H�1�1xHz|{7},~��A�§ M�M}H�1�4~��(�1w s  ��	�1�1z x = 1 s y = 0 s z = 2 �
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� �Á`�O1G � CA]�S�F1O1G SeV$G.C�T1Z�V�nXC=E4F4CHG(S�CHY[Z7CHG.P�n7R8CHZ�h�O1KXV$G.C?JO��

5
CNE^F1C,G(S�CHY=C?h

6
V�n?KMCHZ7CHY¯S�CHGH°,CAQ8O4Ggh�a?nAC=E4F4aHZ?Y=C�S�KXf O¬KMCNE�]�S�P^T�n�O��

U:�
6
CNE^F1C,G(S�CHY=C?h

5
V�n?KMCHZ7CHY¯S�CHGH°,CAQ8O4Ggh�a?nAC=E4F4aHZ?Y=C�S�KXf O¬KMCNE�]�S�P^T�n�O��

� � 5
CNE^F1C,G(S�CHY=C?h

6
V�n?KMCHZ7CHY¯S�CHGH°,CAQ8O4Ggh�a?n�G�VmG � nÓK
C=E^]�SdP4T�nHO��P��

5
CNE^F1C,G(S�CHY=C?h

5
V�n?KMCHZ7CHY¯S�CHGH°,CAQ8O4Ggh�a?n��(]1G�YN]�nHO1G

5
KMC=E^]�SdP4T�nHO¨Q8O1GjÃ

qrC=E^]�SdP4T�nH_ �¡�¨ ^ÒÈ},w7}H{
tg},� ~d},¦g}H{|w7xH�1},w s �
}Hz|{X¦( Ï�� 1tÎ�
}H�1�4~��(�1w s  ����1�1zM Ï¦( �{
���1~d{7�1�H¹ �1�1�H�1{7{
��ud�H{7� �w| 1t �� 1tÍw7�, ��� 1�À���1~d{7�1�H¹(�À� �.ÒX},w7}H{c~d},¦g}H{|w7xH�1},wH�Ï ��§�1{M�¯¢g�1�1}H{|~d},tÍ}H�1�1},t(~�}H{¬Çg{|�1t¾�	�( �z� ��g¦( �{|Ç(tg�Í}H�1�
¦( �{7�g�(ud�� �{ s  1�
},~d�gud�¥ @�1�1z����(��u� �� ~�u�tg},��z�u�w��1�4����u�t(�1vHud¹��| g�X� v*Ò®u�w¡},~d£1�$�1z��(Ç(~�¦( �{H�È ¨�M�1w7�g�(ud�¥}H�1�1},t(~d}H{7}H{
���1~� 1w|w7�,Çg�
	g�1� s ¦g�1�1�@�� 1~Ê�4~��( 1~� 
�
}H�1}H�1�1}H�,u��@ ���},~�w7£*�1},~ s �g}Ó X�1�4t(w7{| 1t(w�{| ��M�L�1wH���®xH�4¢(~  
��Ò�},w7}H{��� 1~d¹4w}H�1�1},t(~d}H{7z|},t(�(w|�H}Hz�tgx,~�tg},� �m�1z��(Ç(~�¦( �{Ó},~d£ s �M}Hz|{È�1{7{ÓvHw| �� 0 s 1 �� ��1�Ï�1xH�1{7},~d},tÌw7�1�Ï�M}H�1�4~��(�1wÓ~d},¦g}H{ s �g}L 
Z5

�1{7},~d},�A� {7},w7{��m�4~��1{7{Ó~d},¦g}H{��1{��M}H�1�4~��(�1wH�®·�~[� x1 + x5 = 1 x2 + x5 = 1 x3 + x5 = 1 s x4 + x5 = 1 s
x1 − x2 = 0 ��!{7{ x5

{7}H{|w7�H£4~�}H�1},wAÑ$�1{7�$x,~d}1Ë ÒXxHz�{7xH�1}H{��1},¦g}H{®�m�4~ s x,w� 
{7�1�(��ud{�}H�H�H},~D�	u��m}��7}H�,¦g}H{��7¢g�I�
� �@«¡V�R*]1G�F�l$Y$n?o�J¬U�C�h¼i	]|E4F¬Y=C?n�Y=CHY�O�S J�]1Y

O��ÍO
Zp = { 0, 1, . . . , p − 1 } i	O�S�KXO8R?h�i	O O@n7R*]1Z7R,T�n�Y®a?nXO*RL±�n�n7R8C|O4P^T�n?Y��1E4F@P^C��WG�V$T�S °�o^J8h�i	]|E4F¥O8RMV�E^O*R,Vn|R,]1Z7R,O4Y[G�O�J¬VmS$SdC,Y[Q�CA±�n�n|R*C=E4G.C�JcO

p
n7R8CHZ?VmG�Y[VWKXO4Z O4P�a?J�T4Y�Q�C?n�n7R,b^J��

U:�ÍO8R { a + bi | a, b ∈ Q } ⊆ C
i	O�S�K
O*R
OLJ�]4K��ISdC�\¥±�n�n|R*C�O4P4T�n�Z OÏa?nÈn7R*]1Z7R,T�n�Z O¨GIa�RHQ�C,p

qrC=E^]�SdP4T�nH_  ^Ò��(},~�¦( 1w|�,t(�1~ �7Çg� s ¦g�1�1�@¦(  a x,w a′ s u�~�~d}H{7�1} b x,w b′ p � �1},~D�1}H{7{¡�M �z� 1�gxH�� L�M}H�1}H�1�1}H�,ud� s  ����1�1z
a + b x,w a′ + b′ s u�~�~d}H{7�1} ab x,w a′b′ u�wÈ ��H�4tg�4wA�M �z� 1�gxH�1�1{X 1�(t( ��I�L´j�(�I£4~¼�1�*�1}H{7�1}H�,u�� s ¦g�1�1� {7}H{|w7�H£4~d}H�1},w
+ � �1},~ x,w · � {| 1~D 1~d�1�1{7�1{7{��gud�$}��:}H�Hx,w�xHz�{7xH�1xH{�	g�1�¨u�w��
}H�1�� �·�¦( �{��7Çg� Zp � �I},t s ¦g�1�1�@},~d£4w7�H�1z Z � �I},t¥w7�,�1�
�4~ �7Çg��gu s x,wAvHw� ��¤ §�1xH�1x,tÎ�1},w�w7�,¢g�Ì Ï�M �z� 1�gxH�1�1{H�r´�t(tg}H�¤·I},�(ud� }H�1�1},tg},w
�1�*�1}H{7�1}H�,�
x,t^�1} s ¦g�1�1�Ì Ï���g�1},~�}H{|u ��H�4tg�4w|w|���1�1�Ï{7},~ �7},w|¢(~�tg}H� Zp � �.},t s �
}Hz|{ Z� �I},tÏu�w�{7},~ �7},w|¢(~�tg}H�I�y� + � z� 
x,w · � z� M�� 1~d¹M�,��z|{|w����¬t^�	u�~����1t^�� 1~d¹ ¬�g}���t(É�vHud¹1�I¹4~[� 0 � },~d},� x,w 1 � },~�},�   0 x,w® �� 1 s }H�1� a 6= 0 },~�},� tg}H�4 �{|Éd���| L·I},�(ud� p − a Ñ¯  0 � x�·I},�(ud� 0 Ò���¡�H{W�1},~�~.�
xH���I},~���{|t^Ç(tg� s ¦g�1�1�L�Mu�t(�g},t a 6= 0 },~d},�Mtg}H�
�� 1tMz|},vHud·(z��1�� g�j¶�}H�	u�t4{|w|¢g�L �� a, 2a, . . . , (p−1)a}H�1x,w7�¬w7�,�1�
�1� p � �1},~j�1}H{7{��L �z� 1�gxH�� 1u�{H�c´j�H}H�Â�Mu�t(�Â�	¢(~��4t4�I�1�H£1� s �
}Hz|{Ó¦(  ia x,w ja  ��H�4tg�4wX�M �z� 1�gxH�1�1{
 1� s  ����1�1z ia − ja = (i − j)a �4w|�H{|¦( �{7¹ p � �1},~ s x,w�Éd�1� i − j u�wÈ�4w7�H{|¦( �{7¹ s  1�Muj·.},�(ud� 0 x,w p − 2 �1�1�H�1{7{�� 1t s {7},¦(��{�u�~d�1},tg�1�1z i = j ��� �1w7z|x,w7�H{y  0 t(u�t(vHwy X�M �z� 1�gxH�1�1�¬�1�1�H�1{7{ s {7},¦(��{� ��È�4w|w7�H},wy{7�1�(��u �M �z� 1�gxH�1�1{�
}H�1�� �·��7Çg� s �1�1�H{|¢g�  �� 1 � }H{H� Å   ia �L �z� 1�gxH��  1 s  ��	�1�1z i  �� a z|},vHu�·(z|�1�� 
  Zp � �.},tÊ��.Ò ³ }H�1�1},t K = { a + bi | a, b ∈ Q } �� {7{¡ L���g�1},~d}H{|u� ��H�4tg�4w|w|���1�1�� �{Ètg},�Ð�1},~�~Ê�g¢(~d�4t§�.},~���{|t�Ç(tg� s �
}Hz|{ ��H�1�@  K ¦( 1~��M ��H{�{| �z|{| 1~��M ��H¹ C {7},w7{7�I},t¨u�w5{7},~ �7},w|¢(~�tg}H�I� K �,��z|{� X�A�g�1},~d}H{7}H��z�}ÓtgxH�H�1}1� (a + bi) + (c +
di) = (a + c) + (b + d)i x,w (a + bi)(c + di) = (ac − bd) + (ad + bc)i s  1¦g�4~j ��M}H�1�g¢g{7{|¦( �{7¹1�Ìt4�gu�~d���1tz� 1vHud�4t(�1~�u�w| �� s ¦(u�w7�H},t Q {7},w7{H� �j 1t 0 � },~d},�¨� 0 + 0i x,w 1 � },~d},�¨� 1 + 0i s {7�*�����(���Ï 1�(�(ud{|Éd� u�t4�1}Hz|� K � �� 1tÊ�
(−a) + (−b)i �!�¡xH�4¢(~¼�AÇ(~d{|ud·�~�ud�� �{|É��§u�t4�1}Hz��Mu�w�~dxH{7}H�,ud� s Çg�1�4 1t(u�wÓ  C � �.},~�u<z|},vHud·(z|�1� �.},t(tg}
�� 1tÂ  K � �� 1tu�wH� 1/(a + bi) = (a− bi)/(a2 + b2) = a

a2+b2
+ −b

a2+b2
i �Mu�t(�g�1xH{�}H�1�g¢g{7{|¦( �{7¹��| Mz� 1vHud�4t(�1~�u�w s ¦(  a x,w b  ��H�1��1�4~d{| ��I�

"I�@qrCHSeF4C?J O�S J�]1Y[G�O�J Q�C?J�YN]1Z�Y=C,Z:C,Y
R
H±�S�±4Y[YLO*RÌO�S�T�U*UHV¯O�J¸J�±*R,b	S!Ã » J�±8RHY[b�J¤n|R*CHZ7C#�IS�ªÀQ�C�J�YN]1Z?Y=CHZ7C?J¸i	T1G�FÍP4V �KMCHG�R,V$��n�O�JIÃ

O��
3 × 3 � O�n�Q8O1S���n�HCHS nHªMigT1Z ]4K�n|R,±|E^K
T1Y[Z�V�\^]�J OMn|R,]�J1T�n�]�n�KXf	Q�C�S�CHY=C�J*J1CHS$�U:� V$G�Q�CHZ?YNT�S igO1YN�

2 × 2 � C�n�Q8O�Sd��n�K
T1Y[Z?Ve\�]�J��� �ÍOcS�CNE|�±�S °,C*U*U 5 � ±,P:H]�J��ÏQ8O�Sd��n%�(]�SeV$G�]1K
]�J��P��ÍOcQ8O1S���nÈn|R,T1K��gT4Z ]�J¨O*R
(a, b) ⊕ (c, d) = (a + d, b + c)

±�n�n7R8C|O4P^T�n?Z:O§a?n
λ · (a, b) = (λa, λb)

n�J�O1S�T1Z?Z:O�S
Q�O�Sd�Mn|R,]1Z7R,T�n?Z:O¥G.a�RHQ�C��

C:�
C
OLJ�]1K��.S�C|\¬n|R,T1K
]�J@±�n�n|R*C|O^P4T�n�T4Z OÏa?n�Q8O1S���n�n�O�S&Q8O�Sd�cn7R*]1Z7R,T�nHT1Z O§G.a�R,Q�C*p

qrC=E^]�SdP4T�nH_ ���® ^Ò s v*Ò¼x,wj}8Ò<z�x,w7�H}H���I},t¬�g}���t(u��1~d{�w|{7z�Çg��{&	gz����M�1}H��{7�1z�{7}Hz|}H� s  ��.Ò � �.},t¬�
}H�4 1�g�1{7{�tg},� s �
}Hz|{·�~[�5u�t4�1}Hz|{|�1~�¦( �{7¹¬�M��{7z�u��@w|�� 1~���z�w7�H�1z|�4w| Mw|},� �$},~d{7xH{|~d},t^¢(~�u�t4�1}Hz�{|�1~�¦( �{7¹(��  0 � w7�H�1z|�4w| ¬tg},�Ð ��@Ñ¯�g}��4w|w7�H}H�1z�}
w7},� �,��z|{A}H�c Ï¦( 1~��M ��8Ò��§� ��Ò � �I},tÎ�
}H�4 1�g�1{7{
�4w|w7�H}, 1�(�1wX·I},�(ud� tg},� �1�4�M�AÇg{| �{|Éd�ÀÑ¯�M},~�~d},w|~d}H� s tg},� u�w
 1w|w7�H�gvHu� �{|Éd��Ò�� (a, b) ⊕ (c, d) = (a + d, b + c) s x,w (c, d) ⊕ (a, b) = (c + b, a + d) �	¢(~��4t4�I�1�,tg}H�.�È¶�},¦(��{� ��Ò � �I},~�u tg},� �1}H�	{7�1z|{7xHz,�5� �(u��
},tg�,ud¹1�� �{y}H�1� � }H�1�¥�����,u�wy�
}H�4 1�(�1w��,�� 1~&¦( �{|��z��1�,¦( �{��7Çg�Ï�
}H�(� ^Ò
'����,u�w� È �� {E11, E12, E13, E22, E23, E33 } s  1¦g�4~ Eij

 ��H{W È�M��{7z�u��	�1{(�7},~d�4~�u s  1�M},~d�	tg}H�X}H�1�1}H{|~d},tLtg},�t�Ç(~�~� 
},~�},�
}Ó �� ij ¦g},~d�1},t§~d}H�1£ 1 �����1}H�	{7�1z|{7xHz®�(u��
},tg�,ud¹��|  6 �v*Ò
'����,u�w�  { 1, x, x2, x3, x4, x5 } s �(u��
},tg�,u�¹��7 Mw|�,u�t4{7x,t 6 �}8Ò
'����,u�w�  { 1, i } s �(u��
},tg�,ud¹��|  2 �)� u�t(�(¦(��z|�4� },w7}H{7�.},t �1�4t(t4�g� ~���{|t(u s ¦g�1�1�  ¿�1}H��{7�1z�{7xHz¤},~d},�
},u
}H�1�1xHz�{7},~����g},tÏÉdz�¦( �{7¹1�@�$�4~  X�����,u�w7},~�},�
}H�¨~�u�tg},��z�u�w��1�4����u�t(�1vHud¹��| ��1x,t4{H�

* �@qrCHSeF�V�JAS�C?J4a#�(C�R*a?n,C?JXSeV$G.C�T1Z�V�n�O�JcOXJ�±4Q�CHY$J4C�R*ª�J�J1±*RHb	S Ã
» S�VmGIC|T1Z?V�nHO�J�G.O�JcO4P:°�o�JXKMCNE¬OcKXT4Y[Z�V�\^T1Y�OXn�YNO1G�P4O4Z P
U|T8RHV�nHU|O4G�p
O��ÍO8R

R
2 n�l�JMY[b�J�Z:±*R8a?nHCMO*R x = 2

CNE4F4C,G.C?n�Z:C��
U:�

ϕ : R3 → R2 h5O�i	]�S ϕ((x, y, z)) = (x + y, x + y)
�
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� �ÍO8RXOLS�C?J4a#�(C�R*a�n�h5O1KMCHSeFcKAV$G�P^C,G
R2 � U�C�S�V¼Q�C�J�YN]1Z�i	]*RMOMig]�n�n|R,T1Y�Z7CHG�P^CHSeV �P��ÍO

2 × 2 � C?n�Q8O1S���n�K
T1Y[Z?V�\^]�J1]1G¤O¬KMC�S$Sda�J�T1Y¯Sd�1Z:O¨Q8O�Sd�¬Y[b�J�Z:±*R*a�n �C:�ÍOLJ1]1K��.SdC�\¬J�]4GH°?o1E�T�S�T�n�O
C � GÏKAV$G�Y R

H±�Sd±1Y[Y[VWQ�C?J�YN]1Z�Y=a,Z:C,G �
*�¾C=E4FLO^P4]1Y[Y

a + bi
J�]4K��ISdC�\cn7R,T4KAK
O�S<Q8O1S��cn|R,]1Z7R,T�nXO

C � GÏKAV$G�Y R
H±�Sd±1Y[Y[VWQ�C?J�YN]1Z�Y=a,Z:C,G �

EH�ÍOLn�l�J
α
n7R*±|E4f C�S �]4Z$E�O1YNT�n�O§O*R
]1Z?VeE��LJ�±1Z?b	S�p

qrC=E^]�SdP4T�nH_  ^Ò��¡},� ~�u�tg},��z�u�w s �
}Hz|{y ��Ó�1z�ud�1¹1{�tg},�Ð¦( ��1���| L¦g},~d�	�.},tÊ�
�.Ò ³ u�tg},��z�u�wH� ϕ((x, y, z)+(x′, y′, z′)) = ϕ(x+x′, y+y′, z+z′) = (x+x′+y+y′, x+x′+y+y′) =

(x + y, x + y) + (x′ + y′, x′ + y′) = ϕ(x, y, z) + ϕ(x′, y′, z′) s x,w ϕ(λ(x, y, z)) = ϕ(λx, λy, λz) = (λx +
λy, λx + λy) = (λ(x + y), λ(x + y)) = λ(x + y, x + y) = λϕ(x, y, z) �5���M��{7z�u��( ¬Ñ¯w|{| 1t(�( �z��¥�����,u�w|�� 1t�Ò
[

1 1 0
1 1 0

]

�¥´j�1�1xH�(�1x,t^{M §~�u�tg}, �z�ud{|�1w� ��H�, 1~�u�w��.},~���{|¦( �{7¹ s ¦(  },~�~d},tg£1z�ud�H�,¢g� s ¦g�1�1�r}H�1�r�L��{7z�u��(w7�, 1~j�� 1~d¹
w7�H�1z|�,�1wD�� 1~�¹4w|Éd{��| y�
}H�� �~d}H�1xH·I}H�Hx,w7{ s {7},¦(��{ s ¦g�1�1�È ��W},~�£1�(���
}H�4 1�g�1{7{<�M��{7z�u��È�Mu�t(�g},t (x, y, z) � ¦g}H��{| �z|{7�1�H¹�4w7�,~d�1·��1}H��{7�1z�{® �� (x + y, x + y) �4w7�,~��1·^�1}H�	{7�1z����� ¬�	u�w|�1�v*Ò���},� ~�u�tg},��z�u�w s ·�~N� |(1, 0) + (0, 1)| = |(1, 1)| =

√
2 6= |(1, 0)| + |(0, 1)| �

��Ò ³ u�tg},��z�u�wH���¡� {E11, E12, E21, E22 } �����,u�w7�� 1tÏ L�L��{7z�u��( 






0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0






s �M}Hz|{� L~�}H�1xH·.}H�Hx,w® ��

[

a b
c d

]

= aE11 + bE12 + cE21 + dE22
�M��{7z�u��g�1{y 

[

d b
c a

]

= dE11 + bE12 + cE21 + aE22
�M��{7z�u��g�� 

�gu�w7�,u[�
}8Ò ³ u�tg},��z�u�w s �M��{7z�u��( M �� { 1, i } �����,u�w|�� 1t

[

1 0
0 −1

]

�
��Ò ³ u�tg},��z�u�wÓÑ¯ L~�u�tg}, �z�ud{|�1w��1�*�1}H{7�1}H�,u��   C {7},w7{®���g�1},~�}H{|u {|Ç(~� ��|�g�4t(w|���4 1ud�I¹4~mÒ������ (a + bi)(x + yi) =

(ax − by) + (bx + ay)i �4w|w7�H}H�¯¢g�1�1x,w
�Mu� �{7{A �� A w|{| 1t(�( �z��Î�M��{7z�u��gz�  A

[

x
y

]

=

[

ax − by
bx + ay

]

s Éd�1� A =
[

a −b
b a

]

�
��Ò ³ u�tg},��z�u�w s �M}Hz|{@}H�1���I}H�����1¹4w���� s x,w¨¦g},~����I},t(¦( ��1� �|   �� �1z�ud�1¹1{H� � ��{7z�u��( ¤�gu�w7�,�1�LÉd{|¦( �{7¹  �� i s j�1xH·IxH�.£4~&�� ��1�¥ �����Ò�·.�4t^{7�� 1tÂ~d},Édz|{y�M��{7z�u��	�I¹4~ s ¦( M�$},~�¦( 1w7�,t(�1~ �|Çg� s ¦g�1�1�§ �� α w7�H�1�4� �m�1z|�4 �{|�1w� L�1�4�
·�~d}��

w7�,�1�Mw�Éd�1�4t  �� α w7�H�1�4� s 1  ���w7�H�4~ 	g{7xHz|{7xH�g�Í�1�4�
·�~�}��¸w7�,�1�M�L 1~ s cosα + i sinα w7�,�1�M�M 1~��� 1~d¹Âw7�H�1z|�,�1wH�
¶�},¦(��{¡ M�M��{7z�u��g g�

[

cos α − sinα
sinα cos α

]

�
� �@BDC=E4F4CHG

f : R3 → R3 hÓO1KMC�S�F�Z:C f(x) = CBx
O���pcHCHS�O4P^O1Y

C
a?n

B
K
T1Y[Z�V�\^T4Q8O�Sdp���O4YNT1Z ]8R�RHo�JÂKMCNE

fJ1a��IY=CHZ7aHY�a?n�K
O,E^Y=CHZ7aHYNp
qrC=E^]�SdP4T�nH_ ���L ��1{7xHz¡  CBx = 0 }H�1�1},t(~�}H{7z|},t(�(w7�H}HzÓ�
}H�1�4~��(�1w|{7}Hz|}1�





1 2 3 | 0
−2 −4 −6 | 0
−3 −6 −9 | 0
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1 2 3 | 0
0 0 0 | 0
0 0 0 | 0
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x,w5}H�(�.£4~I A�
}H�1�4~��(�1w




x
y
z
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−2y − 3z
y
z



 = y
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1
0



+ z





−3
0
1
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1
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x,w




−3
0
1





�1}H�	{7�1z|�1�¬�1~d{| 1~

�gud�m},w|�,Éd{7}H{7{� 1~d{7xHz,���ÈxH·({7}Hz|xH{� X�M��{7z�ud�L�4w7�,~d�1·� 1uI�1},tg}Hz��1~ �|��� s w��Mud�1},~I�Mu�t(�g}H�1�gud�L ��




1
−2
−3





w7�� 1~���z�w7�H�1z��4w|  s
 È�1xH·({7xHz� ��y}H�H},tM�1}H�	{7�1z��1~�{| 1~(�	u��m},w7�,É�{7}H{7{j}H�1�	�(u��
},tg�,ud¹4w5 1~d{7xHz¡Ñ¯�1~d{| 1~����� 1tÊ�j �~dxH·IvHw|£4wj 1~� ��X�1}H�HxHz|}H�1�1},w7}H�1}H{
{| �z|{| 1~��L ��H¹L�4w7�,~d�1·� 1u�t( ��@�M}H�1�m},~d},~�£M�4w7�,~d�1·I�1�¨ ��Ó}Hz|},�g}H{|uD�L��{7z�u��g�� 1t¨�����,u�w|��{® 1���7���¨ 
�1xH·({7xHz�tg}H��Ò��

�§����� k R*T1KXlmY$n�o^J
J�VWO*R




1 2 3
2 0 2
3 2 1





K
T1Y[Z?V�\¥P^CHY=C,Z�KXV$G�T1GgnHT1Y�a?nÓV$G�Q�C,Z:R8aHYNp

�§� � �¬«¡V�R*]1G�F�l$Y$n?o�JÓU�C?h i	]�E4FÓO*R
F = { a+b

√
2 | a, b ∈ Q } igO�SeK
O*R®Y=C�n?Y=C,YDO�S J�]1YDO�Q8O�Sd��ny±�n�n|R*C�O4P4T�n�Z OLa�nWn|R,]1Z7R,T�n�Z OG.a�RHQ�C*p


