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I �KJML,N�N.OQPHP�R<S�L9S'T�P�O�UVR�WXR�P�YBRKR

8y2 + 6xy + 6x− 2y + 1 = 0 Z
[ U�L.\<YB].S�\9^`_Qa9Ycb�]H]d_Qe<]cS*W�]cf!g.f%higFU [ bcY [ N.L9W j�O�PRk_Qa9Ycb�g.flg�UMR,NHmFj�P�L.L<Yn\9T%S [ fdR<YB].S�\�U?N@]cY
f!].SQ_�]cWoe<]cT%flR,N
]cY?]p\Q].fqTDP�L,L9Yn\<TrS [ fdR9YB].S�\�UpN,]cYcb�].S�stu]!_QL�WX\ [ Ucvxwzy9{9|�}0~�~cy9�9~.�*��~c�?�c�������?|����#�p�c�9|p�.�����9�����	|��#�����.���
xT Ax + Kx + c = 0

�9�����	|����#�9�c�.�#���

[x y ]

[

0 3
3 8

] [

x
y

]

+ [ 6 −2 ]

[

x
y

]

+ 1 = 0.

w��
A
�����?|��X���p�@�?���?�c|��?�c�9~.�=�.�k���#�9�c�.�@�?�#���p��|p�?�9�c��~cy9�	�p�cy<�<�#���p�@�?���?�9~c�	�?�9|p�9�

λ1 = 9
�
λ2 = −1

�
s1 =

(1/
√

10, 3/
√

10)
�
s2 = (−3/

√
10, 1/

√
10)

���Xy9���������?�?�c|��.�������?|����*�
Q = 1√

10

[

1 −3
3 1

] ���9��~.���X�9~.�
x =

Qx′ �'���*����y9�<�*�9�����������?|���� D =

[

9 0
0 −1

]

 ¢¡ y9�

xT Ax = x′T Dx′ = 9x′2 − y′2, Kx = KQx′ = [ 6 −2 ] · 1√
10

[

1 −3
3 1

] [

x′

y′

]

= −2
√

10y′.

w
9x′2−y′2−2

√
10y′+1 = 0

�9�����	}'�9�M~cy9�£�?~.� �B~.�(�#�cy9���c~c�?�?�¤�9�����	�X�p�9�p�¥�9�cy9�.¦*�#���
9x′2−(y′+

√
10)2+11 =

0
�¢�9�#�<�*�*�9�§���

x′′ = x′ � y′′ = y′ +
√

10
�#~.�X�9~c�?�?~.�p���?�.���#�p�9�¨���

(y′′)2 − (x′′)2 = 11
�9�����9�9�
����©	�p�#�  ª«�¬~cy9�u�*�X©�~c|p}0�<���   ª=�*�#~c�u�9{9�c�c©*©��<�<�%�p��®�9�c�?�9~.�p�?�c¯<�k�9�	�9|��*���*���p��|�~.�*�*�?�c~c|��9|��Xy9���p��}'�9�x�«���°~cy9�	�9~.�p�?�c¯<�

(0,−
√

10)
©��<�<�%�p��}'�9�®�.�l����~c|p~.�#~c�p�

Q · (0,−
√

10) = (3,−1)
©��<�<�%�p��}'�9�®���9�   w±�*�X©�~c|p}��<���M�?~.�#y9~.�X�9~.�X�¤��p�@�p���?�9~c���?�9|��9���X|��9�Q�<�9���9�@�?���  

² �K³�T�N,L9S'e�´%f%UFO�P�b�]�h�µ#Lp_<e�µ	R
W1,W2

R
V ¶ g!_�]FU¬\<T Z ]cS	NcT¸·�U ¶ ]FP�fdL<Y�f!g.Y
P9g.f£R�Wof!].YB]�hVR�P,P9L9Y dim 〈W1,W2〉 =

dimW1 + dimW2 − dim(W1 ∩ W2)
s

tu]!_QL�WX\ [ Ucv¹w
W1 ∩ W2

�?~c�p�?�c¯<�X~cy9~.� C }'���.���p����� W1

�.���
W2

}'���.���p�.���K���¤�#�X~cy9�.�?�.�X�p�#~c�%�p¦#�����X~cy9�9~.�
W1}'���.���p� C ∪ B1

�
W2 º �°©�~.�*�Xy C ∪ B2

 ®» ~.�����%�p�#�0�¼�#�9y9� D = C ∪ B1 ∪ B2

}'���.������� 〈W1,W2〉
�9�X�?�c|��#~c�  

D ⊆ W1 ∪ W2 ⊆ 〈W1,W2〉
�¢�?�,����}*}'� 〈D〉 �Q�	���X���9���p��|p�p�9�������c�.� W1 º ~c�
�.� W2 º �c�=��y9� 〈W1,W2〉 º �����  ½ ~.�*��� 〈D〉 = 〈W1,W2〉  ¿¾ � D �#~.�À�X~.�*�#~������#~.��|����p�9�ÂÁ%¦#y9y9~c�p�X~.�x�����	�9�9|K���c�?~c�.�#~u����~.�X~.��~.���#~c�§~cy9�

0 º �2�9�#���#~.�Ã�?|��X�#���9�����
�����#~.��|����
�9�<�M}'���*�9Äc�X���p�#�¤�.�2���
c + b1 + b2 = 0

�9�����	}'���9�<�*�*���?�Å{<�p�?�c~9�¤�9�#�<�
c ∈ C � bi ∈ Bi

���.�����9���9�
~.���	�X�uÆ%�9{@�9~c�?�9~c�c�.�?�9�c©*©x~.����~cy<�9����}*}��9~c�?�?¯�Ç��9~c���?�9|��#~.�
0  �¾ � b1 6= 0

�È�����9�9|
b1 = −c − b2 ∈ W2

�i�.�°��y9�
b1 ∈ W1 ∩ W2

�i�#�<�X�9�?�2� B1

���9���9�?�c�p�9�p���������?� B1 ∩ W1 ∩ W2 = ∅  ¾ �9�?�<�*�X�<�9��~.���X~.�<�p���<�*�*�9�?|����p�#�p�*�#�����*� b2 6= 0   ½ ~.�*��� D �����#~.��|������9�KÁ%¦#y9y9~c�p�X~.��y9~.�#~c|����?�9|p|�~.�*�*�?�c~c|.�È�Xy9�
}'���.���£���  �É �X�9~.� dimWi = |C| + |Bi|

�
dim 〈W1,W2〉 = |C| + |B1| + |B2| = dimW1 + dimW2 − |C| =

dimW1 + dimW2 − dimW1 ∩ W2
 

Ê �KË [ U�UFO�P2b�]Fh«µ	L�_<e¬R9Wof!].YB]�P¬O#S'T%·?j�R2S0] ZÍÌ ]�W�f!gcf¸W�]cS'Î	WÏR�W�f!gcY�stu]!_QL�WX\ [ UcvÈÐ«�9�X���p��}'�9�Ñ�9�c���<�X�<�9���9�X�?�c|��*�*�X���?�#�x�9�
~.�X�9~c��~cy9�	�X�9~H�?~.�Ò�p��|p�p�9�������c�.�2�°���9���X�����c���?�<�*�2�#~.�
�X~.�#~c�H�9�X�?�c|.�¼�
~c|p�H�*�

V1

�.�
V2

���X�9~.�u�9���?~c|p~c�0�D�.�
v1 ∈ V1 \ V2

�.�
v2 ∈ V2 \ V1

�(���	�9�9|
v1 + v2 ∈ V1~.�?~c�?�.�

v2 = (v1 + v2) − v1 ∈ V1

�X~.�*�#~9�Ï�9���D~.���X~.�<�p�
�<�*�
v2

���9���9�?�c�p�9�p�9�*�����¥�.���#y9�<�9�*��y9���#~.�Ó�X~.�#~c�
v1 + v2 ∈ V2

�?~.�®���?~.�*���£���H�*�*���¬�#~.�Ò�p��|p�p�9�������c�.�K�
v1 + v2

�9~c���?�9|p�c�È�#�<�X�9�?���
v1

�.�
v2

�9~c�	�?�9|p�9�����
�p��|p�p�9���°���c�.�   ª¢y9�	�°�9�?�`�#~.�À�p��|p�p�9�������c�§�9���?~c|p~c��|�~©0~.�*�XyÅ©��.���*�¨�X~.�#~c�`~cy9�Ô�X~cy<�9����}*}Í�9�c�®�*����~.�#�.�X�<�
�9~c�	�?�9|p�?�c|��9�c��Á%¦#y9y9~c�p�X~.���9~c�	�?�9|��°�9�X�p�9��y9~.�#~c|��9�X�¤�9�c��~cy9�	�*����~.�#�.�X�<���9�X�?�c|  �Ï�Kt�O#fdR�U�UFO�P Z ]d_�h¢µ	Lp_<eKR,NkR�W [ b@bcT¤Õ ¶ R�WX·�U!Ö Zk[ fqY�T�×QL�P Z T%S�\°µ	R�UcL9S*WX·�P�v
R�Ö [

0 a
0 0

] h [

0 b
0 0

] h [

0 0
c 0

] h [

0 0
d 0

] hØR�µ	L9W
a
h
b
h
c
gFU

d
f!]cf%UpN.Ù�W�]d_	]FUVS0] ZÛÚ gcYFf!gFP<]FP,Ü

bBÖ [

1 a
0 1

] h [

1 b
0 1

] h [

1 0
c 1

] h [

1 0
d 1

] hØR�µ	L9W
a
h
b
h
c
gFU

d
f!]cf%UpN.Ù�W�]d_	]FUVS0] ZÛÚ gcYFf!gFP<]FP,Ü

Ý Ö [

a b
0 c

] h [

a 0
0 c

] hÞR�µ	L�W
a 6= c

f!].f%U?N,Ù�WX]!_�]�U�hl]!_<e Z
[ UFfd·�W¥P�Î	WXa9S0b�a,N.Ù®g.Y�f!g�P9]FP@Ü
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\�Ö




1 1 1
1 1 1
1 1 1





h




3 0 0
0 0 0
0 0 0





s
tu]!_QL�WX\ [ Ucv �QÇ É ���*�#~cy9�#�X�¬�°���?|����*�*��� x2

�H����|������?~c|����?�c�p�X�#�*�=©��<�����#�<���?�#�#�?~.�*���¤���9�9|��*�9� º �#�9|��°�9���9����� º�p�#�uÄc�p���u� [

0 0
0 0

] ����y9� [

0 1
0 0

] �X~.�#~c�  �� ~K���°~.���p¯������?|��X�#�*��������*�#~.�3�9�<�@�p�#y<�9�X�%�?�����M�����*�����
�°���?|����x���?~.�*���«��Á%~.���?�9|p�<�X�(�#�cy9�M�����?|����V�����*�#~cy9�#�X�V� [

0 1
0 0

] �����?|��X�#�#�9�l�*�9�?�<�*�X�*�<�.�D�Xy9�V~cy9�	���9���#�9�
�����*�9�?�<�*�X�9�  }0Ç���y9�<�9�*���¨� �#~.�X�	�c~c�c�M�°���<�������QÇK|p�.�p�c}0~.�x�HÄc�p���Í�X�?� [

1 0
0 1

] �.� [

1 1
0 1

] �§�X~.�#~c�p�?�cy9~.���<�9|��*�9� º�#�9|����9���9�����9�9���V�.�Ñ���3~.���?¯Â�����?|����Í�?�.���<�?�.�¿�����*�#~.�*�#~.�VÁ%~.��Äc�?~c|p�.���#~c�?¯¿Æ¸�9�X�p�9����}'�9� �
λ · I

�p���9����| º�°���?|����#�9��|��2�����Xy<���k~c�@Ç����?~.�*����Äc�p����{<�*����y<�.���9�«�9�<�@�p�#y<�9�X�c�Ï�Xy9���2�°�9�?�	�*���	�9�9|��*�9� º �°���?|����*�#�9�°�*� º�p�<�*�X�°�����*�`�°�#�cy9�K�°���?|����
Ä,ÇKw��l~.���?¯£�����?|��X�M�p�@�p���?�c|p�?�c�9~.�

a
�.�

c
�#¦*�X{<�<}�{9�c¯V�?�.�9�
�9���Q�Xy9�
�9�9|��*�9� º �#�9|��°�9���9�����,�?��Äc�����M�£�*����y9�<�*�9������°���?|����2��~.�#~c�c���c©*©�~.�������9�p�	�*�X�	�9�.�<���
~cy<�9�#�9�?�������?|����  ��Ç��n�?�k���M�Ñ���9�?�#�*�X���°���?|��������K~.���?¯<�#~c����<�9|��*�9� º �#�9|����9���9�����.�p�   ª«}*}�~.�¨���¬~.�?~c�?}�~.�¨�
�cy���� 0 º �#�9��p��|��?�9�c�¬�p�@�p���p�9�X�?�c|��*���
~.�#�.�X���p�������¤~.���X~.�#¯9|��X�.�*�x�9~.���q���#~��9{<�*�Q���Ñ�#���?�.�9�
�<���*�d�'�#�9y9�`~c���9�c�p�*���
~.�#�.�X�<�.�

�?~.�*�������9�9|��*�9� º �#�9|����9���9�����®�*����y9�<�*�9�����c� 3, 0, 0 ���p�X�	~.�X~.�
~c�	�9~.�  � �K³�T�N,L9S'e�´%f%UFO�P2b�]�h¼µ	Lp_<e°µ	R
A
a9S�RQ\BjFO#SQ_ [ W�f�gFU M

O#S'T%f!gcY Z
[ fqYFTo×9hlR�P@P�L9Y M−1AM
a<S�R<\Bj�O#SQ_ [ W�f Z
[ fqY�T�×Qstu]!_QL�WX\ [ Ucv É �X�9~.� A∗ = A

�.�
M∗ = M−1

�=~c�c�c|p�
(M−1AM)∗ = M∗A∗(M−1)∗ = M−1AM

�=���.���
M−1AM

���9�X�9}'�9�®{<�*�9�@�p�*�#y<�9�X�������?|����  
� �K³�T�N,L9S'e�´%f%UFO�P2b�]�h¼µ	Lp_<eKL9YFfdLp_QL<S [ W�T�U Zk[ fqY�T�×QL�P¬U?N,L9YBN,R9fdR�hlTrS ¶ ]cY?N,]VUpNcT%S'f!gcSL9YFfdLp_QL<S [ W�T�Ucstu]!_QL�WX\ [ Ucv ¾ � AT = A−1

�.�
BT = B−1

�0���	�9�9|
(AB)T = BT AT = B−1A−1 = (AB)−1

���?~.�*���
AB���l�9|p�?�9y9�<�*�9�����   ½ �,����}*}'� (A−1)T = (AT )−1 = (A−1)−1  

������\BjFO#S#P Z ]!_ L9YFfdLp_�L9S [ W�T�U�hKTrW%WX].f ¶ ]L9YFfdL9S�L Zk[ Wof`b [ N.T�U�f�R,N R
4 (1, 2,−1, 0)

h
(2, 1, 0, 1)

g�U
(1,−1, 1,−1)

¶ ]�P�fdL9YBL�P [ WofdR�Wx_�].S0]cY [ W�fiR�W�f!]cY?g,b�]cS�stu]!_QL�WX\ [ Ucv��~cy9�9~.� b1 = (1, 2,−1, 0)
�
b2 = (2, 1, 0, 1)

�
b3 = (1,−1, 1,−1)   ª¢���9�9|«���9{@�9~c�?�9~c�c¯9�9�c©*©0~.��9�������p�*�#� ~.��¯Í}0~.��¯<�X~§~cy9� { c1, c2, c3 }

�9|p�?�9y9�<�*�9�����3}'���.���?��� y9~.�#~c|��9�X�Å�9�X�?�c|p}�~.�x�
c1 = b1

�
c2

~cy9�
b2 − (b2c1/|c1|2)c1 = (2, 1, 0, 1) − 4

6
(1, 2,−1, 0) = ( 4

3
,− 1

3
, 2

3
, 1) º �9~.��©'��|����#�.�9�
�<���9~c�	�?�9|.���
�<�*� º�p�#�0�

c2 = (4,−1, 2, 3)
�

c3

©0~.�*�Xy �
b3 − (b3c1/|c1|2)c1 − (b3c2/|c2|2)c2 = (1,−1, 1,−1) −

−2

6
(1, 2,−1, 0) − 4

30
(4,−1, 2, 3) = (1,−1, 1,−1) + ( 1

3
, 2

3
,− 1

3
, 0) − ( 8

15
,− 2

15
, 4

15
, 2

5
) = ( 4

5
,− 1

5
, 2

5
,− 7

5
)�9~c�	�?�9|p}0�<�

c3 = (4,−1, 2,−7)   ½ ~.�*��� {(1, 2,−1, 0), (4,−1, 2, 3), (4,−1, 2,−7) } ~cy9� �9|p�?�9y9�<�*�9�����
}'���.���p� �Ûy9~.�#~c|��9��� �9�X�?�c|��#~c���Ô�.�¿~c�c~c�9~c� �Ò�9~c�	�?�9|p�9����� �X~.�#�9|��°�9�X���Û�9|p�?�<�#�9|����9�X�¹}'���.���?�¹����©'�*�#���
{ 1√

6
(1, 2,−1, 0), 1√

30
(4,−1, 2, 3), 1√

70
(4,−1, 2,−7) }  

� ����\BjFO�P Z ]!_MR@N A =





1 3 0
0 1 1
2 1 −1



 Z
[ fqYFTo× QR � Ì ]cWXb�L9S'f [ U [ f���YBR Z���� Ý µ Z T%\9f � L9YFfdLp_QL<S�R�W�T�N [ W [ U�U.]d_Q´rf%U.gd_�g ¶ ]cW�s
tu]!_QL�WX\ [ Ucv w��

A
�����?|����Ô�<�p�.�X�9©0�<�9���®�9|p�?�9y9�<�*�9���X�.�9� �?�#�Í����|��9�
�! 	Ä��*�°���#� º �
�#�*�?�c~c|p|p~.�q�M�.���Å����©0�9�?��9|p�?�<�#�9|��°�9�X�K}'���.���°~.��~.�
~.���°���<�2�<�?�.�X�9©��9~c���?�9|p�9� �9�X�9�9�%�p���Â�

Q
�9|��?�9y9�<�*�9�����K�����?|����#�9�c������y

Q−1A =
QT A = R

Á%~.���?¯��*��|p�<���?�c{9y<�����?|����Â�X~.�?�9�l�.�¬~c�c�c~.�
A = QR   w#"   Á%~.���9�*���?}'�9� ���p�
~c|��?~c�?~c�?�2�
�#�#�<���� {(1, 0, 2), (3, 1, 1), (0, 1,−1) } }'���.���p}0�<�`��� {(1, 0, 2), (2, 1,−1), (−2, 5, 1) } �9|��?�9y9�<�*�9�����c���°�@�?� �

{ 1√
5
(1, 0, 2), 1√

6
(2, 1,−1), 1√

30
(−2, 5, 1) } �9|��?�<�#�9|����9�X�¤}'���.���?�¤����©	�?�#���0�Xy9�

Q =
1√
30





√
6 2

√
5 −2

0
√

5 5
2
√

6 −
√

5 1



 , R = QT A =
1√
30





5
√

6 5
√

6 −2
√

6
0 6

√
5 2

√
5

0 0 4



 ,
�.��~c�c�c~.�

A = QR.
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� � R�Ö�JMR9f [ YBL,N�NcO�P Z ]d_`R,N A =

[

0 1
0 1

]

Z
[ fqY�T�× [ W�fdR�W [ S�L�U�´rfdL<fqf¤TrS ¶ ]cY?N,g.fds
bBÖ�JMR9f [ YBL,N�NcO�P Z ]d_`R,N Ax = b

W�]d_?jcLQb@bpR9SÑP9a,N,]cWo´%fdÙ Z ]!_QL�WX\ [ U [ f%hiµ	R b =

[

3
1

] s
tu]!_QL�WX\ [ Ucv �QÇ`w��

A
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