
������������	�
�����������������������
����� 	��� �!�"$#��&%����'
�  � !�� � %)(+*�!,�.-/%�� � 

0 '+12��%)���3


46587958:<;=7?>A@CBED,FG>AH&5I79J8BEKLF�5=MND,F�O�PCB�7RQS>UT=BEJ8VI7A:<D8H+V8W
X8Y[Z�\^]`_Ea&bdcfe[g�h

A :=

[

1 2
0 1

] bdikjAlnmpo
g�qra�gklgGa�jscnl`mRtuhnjAm9a�_vtxwntybzm9{,m?b.ik| },~G|�m?{)~GbU]+i�j
� q�\vcnjscnl`b&m9{�ik{�t�~�thnjs�Gm9j�w`tym9{,��gkl`m�i�{�t��+gGa�js~Glgkm9j
� q���~Gl\Ngk{,����wn|pc�{)~kl`b.ik|�g�|�gGa�]+ikj
\�q�g�h

y′ = Ay
\km���cfek�vcn{,|pcnj�lc�{�\Gth�c�lxik|�j�gk|�ik{)~Gt�bdcfeE~G|�\NiGt+i�jf�

� cfev~G|�\viGt+� gnq����
A

	k�k�u�k	�
�n� p1 � 
 �	 � 1��+���N� � *���
�
(1 − λ)2 = 0 � ���d 6�.�+���+���N� �   	¡�

�d �  p�$¢�* %)��*� � ���d�$��* � �d���3
 I − A 6= O �8£ ���¤�/�d �  p�$¢�* %)��*� � ��� � ���¥*��+¦���

1 − λ

�
� q

D2 = E2 = (1 − λ)2 � D1 = E1 = 1
�

� q J =

[

1 1
0 1

]

�
\nq

y = eAt

[

c1

c2

]

� (+1§�+¦�¦�� � � � eAt �$¢k
2�  ¨�©Rª�����«N( � �¬(n�3
(�	N(�
�	N�+*�*	� p1 � ¢��d��* �  A�
®�¯ bdcfev~k|�\NiGt+�6° �n��d �
3�n±f©R(+*��² � 
�n�3%)��*p¢�'+ p��«���*A³ �  �«N�+*

A
�. �  p�d¢�*�%)��*� � ����´�

(x − 1)2 � � � eAt�$¢k
3�3  ¨���
��d����	��k%,¦,�k
9´ � 	
p(A)

��*p�k	��8� � � ��¦���*<� p(x)
%)��*� � ���.�u�&(+1�� �

f(x) = etx ©Rª�����«N( � �E��
p(1) = f(1)

(�1
p′(1) = f ′(1)

��µS(�
� �  �	$ �*��N� � *��+��©R�+* ´3�n���[��*p13"�©R��	�¶¬%���*p � ��� � � � � � p(x) = ax+ b
�

· �2��
p(1) = a + b = et � p′(1) = a = tet � ���. ��)"�* a = tet (�1 b = et − tet �¹¸s���

eAt = p(A) = te2tA + (et − tet)I = tet

[

1 2
0 1

]

+ (et − tet)I =

[

et 2tet

0 et

]

.

º�¯ bdcfeE~G|�\NiGtz» ���3!,� � ± � ����$¢�*p��*¼�k	E�)��*�³ ° �
J = P−1AP � ��¦���* J =

[

1 1
0 1

] � �
A
» ���!,� � ±

� ����$¢�*p��*¼�k	+´� � �k	�	N��� eAt = PeJtP−1 = P

[

et tet

0 et

]

P−1
��½<�+¦,¢k
y�d�+�d	N��*p*L¦,�k
u¢k�3� � �  �� � 
y�

�8¢ �  �12
 � ���.�+*��E�)� � � � A
*p � ��¢k� p1¾
3�� � 1 � ©R����$¢�'� p�¿�d¢k
3�  ¨��

J � (+1S� ��� ��	��+*p���d�+ v��*�	N��
9´¢k	y� � ¢k
3
(n�(+1
�$¢k
3�3  ¨,¢ � �k	 � P ± � ��	¤� � ��1 � *p��%8��  
�� ° � P−1AP = J � �k	�	N��� P−1(A− I)P = J − I =

[

0 1
0 0

]

�
� � � � � � ¶�´ {b1,b2}

�8¢ �  p12��
(A − I)b1 = 0

(+1
(A − I)b2 = b1

� ·���� ��	[�d�+��	N�n��+13(+12(+¦�� � �+*�(+�
��*��v� �

b2

«N�n	�
���3
¹
u��*p¢�* �  � ���d��*����3� (A−I)2b2 = 0 � !�� (A−I)b2 6= 0
� �   «N�+*�� �

(A−I)x = 0

�d�+����*�!,¢�12
���3�/� � [

1
0

] ¢�*�
��*L��� � ���u¢�* 
���*�
(�� � (A − I)2
%)�+!� ��²�

0
�$¢k
3� �¨ � b2

± � ��	
R \

〈[

1
0

]〉

�8¢k��d��*����+*p�+�.�À�d�+��©R�+*��+* � %)(�*p!,¢ � * b2 =

[

0
1

]

� (+1¬�k	�	N��� b1 = (A − I)b2 =

[

2
0

] �Á½C�+¦,¢k


P =

[

2 0
0 1

]

� (+1§�����)"�* eAt 	� p1 � ¢�� £ 
¦,�k
���

Â�Y g�q=Ã§g2]h�~G| ]`_Ea���c�|Cg�h ®�¯ � � cn|�m
A
b.ikj�l`m¼oÀÄ�c�lut3ev~kl`m9{6a�Åklcnm9j��

� q���cn|pÅk| ]`Æva � cÇg.t+g^]+ikjswnlnj�w`aNc`a�cnj�w`tÉÈ�gkj�iklu~�huhn_Ea&bdcfe[g.tf}8c`a�j�l3ik|Êt`_NeNgklgkj��
� q=Ëxgkjfi�l~�huh�_va&b$cfe A

cn_Ea�|�m�\Ec`thnm�{¾~Gl`b.i2]+ikjf�
\�q=Ëxgkjfi�l~�huh�_va&b$cfe

A
tf}8c`a�j�l3ik|�mRt�{)~Gl`bdi^]+ikj��

� cfev~G|�\viGt+�$gnqÌ� 	N(�
rÍÉ���13�����3 � 	NÎ��Ì�d � !��+����  	N( � ��	Ï�Ð�Ñ	NÎ � (n%�%)� � 
9´� � � � �+���� �	 � ��	Ò� � ��$¢�13  	 � �k	Ó����1 � �N�k�u��� � qÀ� 12%���	�
2�u¢�*p1 � �N¢k�
ρ(A) =

√

maxi |λi| = 1
� � qÀ��� � � 	�*� p!��+1 �  

«k�����zÔ8������ �  � 1s± � ����$� √
∑

|aij|2 =
√

6
� \nq ‖A‖

2
=

√
maxi λi � ��¦���* λi

� �
AT A

13��´¢k
3(��3
(�	N�k�

AT A =

[

1 2
2 5

]

� � ��� �n	À	��k�u�k	E
��� �1 � 
  	 � 1��+���N� � *p��
� λ2 − 6λ + 1 = 0 � 1��´¢k
(��3
(n	N�+ 3 ± 2
√

2 �
£ ���¤�&12%)�n	�
3�u¢�*� p1 � ����$�

√

3 + 2
√

2
�



�¾Y���h�i�b��9jAt`_va&a�m�g
B :=

[

0 1
0 1

] b.ikj�l`mpodthnm9{�e�_E|�iklnmRtÇwnlnj�wna�c`azth�cnl`m9{8jAm���c�| � ~G{,j�iGt+ikj��

� cfev~G|�\viGt+�S�
BT B =

[

0 0
1 1

] [

0 1
0 1

]

=

[

0 0
0 2

] �$¢k
3� �¨ 13��´¢k
3(��3
(�	N�� �³Ç�¤(+1Ç� � �²¦�� ��� ¢�´ � 	

u�k�3
3� � � � ����$¢�*�
¿1��´¢k
3«N��	E
�����	

u1 = (0, 1) � u2 = (1, 0)
� � 1 �  � � � *¼¢k� �1�(��3
(�	N�n	

µ1 =
√

2
(+1

µ2 = 0
� �   «N�+*

B
(+1Ç«N�+*p�¬�+����ª�
3
&�

BT B
1 � ��� � �k
z�u� � ��´�

r = 1 � � � (��3
&'+1�k	Ì� � v1

«N��	�
���2

	k�k%�´ � 	 �d��� �

vi = 1

µi

Bui

	N(�%,*p�n
3
�+* � � � � � v1 = 1

µ1

Bu1 = 1√
2

[

0 1
0 1

] [

0
1

]

=

[

1/
√

2
1/

√
2

] �
���

v2

«N��	E
���3
¬¶����Ð«�¢�*p��1 � 
9´ � 	 � ¦������ v1

±f���N�+*����2
� � ����$¢�* 
$�8¢ �  p12
[��* 	N��1313� � ³r*p�+���N� �
v2 =

(1/
√

2,−1/
√

2)
� ° �

U
´3�+*pÎ�*� ��

ui � V � �
vi

«N��	E
�����	Ç�$¢k
2�  ¨�¢k
��y1 �  � � � *p¢k� p1�(��3
3(�	N��	z'+13Î�	E	N� � "
� ������13¢����� � !�´3( � ��	��.�+��©R�+*p��*p"�� � � (+1 U1 �  p*p*���
3«N� V1

´3�+*pÎ�*� <� � �n	À�+*p12"
r = 1

��1 � *p��%8¢k
 � �k	�	N���É� B�$¢k
3�3  ¨
B = V ΣUT 1 �  � � � *¼¢k� �1¿(��3
3(�	61 � ��� � 
 
�+* ´3�+1�©R�+*���� � 
¢�1� � �dµC¢ � ' � ��1s±f©R(+*�� B = VrΣUT

r©R�+* �)� � 
u¢�1 � (�1��/«N�+*�� *p( � �N�+��(n�)� � � � � � ��1 B = µ1v1 ◦ u1 + . . . + µrvr ◦ ur = µ1v1u
T
1

+ . . . +
µrvru

T
r

!� p��!� �	 � 1¿©R�+* �)� � 
u¢�1¿��*p�k	�´�� A³

B =

[

0 1
0 1

]

= V ΣUT =

[

1√
2

1√
2

1√
2

− 1√
2

]

[√
2 0

0 0

] [

0 1
1 0

]

,

B = V1ΣUT
1

=

[

1√
2

1√
2

]

[
√

2 ] [ 0 1 ] , B = µ1v1 ◦ u1 = µ1v1u
T
1

=
√

2

[

1√
2

1√
2

]

[ 0 1 ] .

�SY g�q��l?]`_Ea ��cn|Ìg
(0, 1)

wnt
(1, 0) a

a�ÆE|pÅk{ � t�wfe���c`a�js~Gl3i�j	� ��gk|�gkbzm9{8j g�h ~Gl`mpeE�G{ i�jAbdc�{�
��
a{)~Glnb.ik|���c`aGj�~Gl� cfek�vcn{)c`tnlcy�kgk|p�djAÆEa�luÅ�h�w`tybdikjAlnmpoNikj ¯

� q=ËÇ~G_vt`È�~G|�\vcnlÓbd��\Gth�cnl`lucn| � ~G{,jAt`_vaÌ��cn|¬c�ek�Ò~Glnj�~uev~G{�ik|�m9tÑwntÑc�ek�r��c�|Êt�
ÁÈ�ikl~kbÇth�Åe b.i�jAlnmpo
th�~Gluh�gkj�ikl3g¤g

C :=

[

0 1
1 1

] b.ikj�l`mpoE~Gjf�
� cfev~G|�\viGt+�¾���6gnq ©R��*¼��!,�k
3�8� � � �

a = (0, 1) − (1, 0) = (−1, 1)
«N�n	�
���3��¤�d�n�"�*p�+����1y�����N� � �+12��

«k��*p�À
ª�	��3Î � (+1z�$¢k
3� �¨,�²©R� ´2�)� �  �1x	� �1 � ¢��d��*�¦,�k
� � ¦� p1 � � � � � y = x
�+���N� � ��12��¬«���*���
3ª�	��Î � (�1 �

� ��� ��	 �$¢k
3� �¨,�À%)�+!� �� [

0 1
1 0

] ���y�²1 � ¢��d��*�¦,�k
 ��� 	�� 
ª�	��3Î � " �$¢k
2�  ¨�¢�* 
u��*¼¢ � ��1z	N(�%,*p�n
(�«N�+* �
� �

I − 2

a
T
a
aaT � «������Ó� �

I − 2uuT 	N(�%,*p��
3��	Ð«���*p���d�+*��� �	N(�«N��* � ��¦���* u = a

|a|
� �

a
  �u¢ � ��¶

�+����13(+��«N��	E
����³
[

1 0
0 1

]

− 2

2

[

−1
1

]

[−1 1 ] =

[

0 1
1 0

]

� � q ©R�+*¼��!,�k
2�8� � ���.�+�N��!���
3
S�$¢k
3� �¨��+*�13"¿��1 � *p��%8¢k
 � � � � � � (0, 1)
«N��	�
���2
S� �

(1, 0)
«N�n	�
���3�8�

1 � �n���
 � ( � 	Ó
3�u� � 1 � ©R����$¢�* �  �� · � 
¤(�%�% � � �+*�" � "��d¢k
3�  ¨ «N(+� �  É�+* � 
�+¦,¢k

[

0 1
1 0

] [

0 1
1 1

]

=
[

1 1
0 1

] � �  �«N��*§�À
ª�	E�Î � " �d¢k
3�  ¨Ì���3
����� � ¢�*p �1 �  � «N��� � �[�d�+���+���N� �  �	Ì
3�� � 1 � %)� � ¢�* 
9´¢�«���* ��£ ���
[

0 1
1 1

]

=

[

0 1
1 0

] [

1 1
0 1

]

� ���. ¾(�%�%��&	 £ «k¢ � 
�©R�+* �)� � 
u¢�1+�

��Y��Cc�ek�Nc�{
F (x) =

[

1 1
1 1

]

+ x

[

1 0
0 1

] ¯
g�q=Ëxgkjfi�l~�huh�_va&b$cfe�� È,~ek�.bzm9|��vcn{��kg�|p��t

x
�3c`a�lucy|pc`th

F (x)
{)cfeNg�j��9�/\Ec��¹{,m9j�b.ikj�l`m¼oN�

� q��/~G{8��cok�3czg�hÇgnq�� � cn|�mLÈ�gk|�bdg�h����Lik|�gkth�ikj m9{�\E~�a�~G| ]+gv�
� q � ~G{�\^]`_Ea&aGm�g/a�~G{8��co¿�nÆ�e�e���wn{,�¬\vc��¹{�� � m �s]�ikjf�


