
���������
	������������������������ "!$#� &%
A
 '!$#)(+*'!� -,/.$0213 4%65&087�,

K 9;:$< !� �=4> :�?�: 13 < #@>A J(A)n = 0 BDCFE�E�G >( : % G@< # : % B :$< !H �=4> : *-, e ∈ B
0I.� &1KJ G@L  &%M, ?ONMG !$# A ∼= eBe ≤ B ? *-, gldimB ≤ n B

P 0Q5 G %R#@S L"T , BFUWVYX+Z�V4[ n \^]_V4X+`6a_bcV4dMdfe�]gZ�\+[h`6agi;V4j�kMl�\+mnVY]gZHopV AJ(A)n = 0 l�q4b M =
n
⊕

i=1
A/J(A)i r

s VY]_t�] u;V add M \+v M wMago;V4`�ixt�b;b;vYVY\+wR\+[MwMy�a_[R\$`zj�q4X�VYb{wMa|opV4`�ixt�b;b;v4VYX�VYagd}k�]�~+]g]_y�`+\$ipV4X�y+opaQ~$i r� VY]Q~$i�u;�6`�l��Me�X+Z End(MA) m3V4X���VY]_VY] B �8[MV4`�l��R\�\+vnV4[MwMe�m3e+o;�RvYm��Mb;e+`$\$i�d�\+]|opy�]��go�u;�6` r U�VYX+Z�VY[
e ∈ End(M) \+v AA �8oA\x�I\+v M �6ipe�]_bcy�wMa|opV4`�i�`�e�mn�}e�[MVY[Mb;q4o;V@�)j+\+]gy�j�V4i;�gipqYb r�� `H`�e+o e a_wMVYmh�
��e+i;VY[MbYlRqYb eBe ∼= End(AA) ∼= A r�� qYXn\+v4i/`�V4]_]�d�V&dRa_vYe�[�Z6�|iA\+[��M[6`�lR�Me�X+Z gldimB ≤ n r�� �M�MVYv
b;vY�6`�b;qYX��M[6`�]_VYbcv�\h`�t�j�V4i;`�V4vYkn]gVYm3m�~$oA\ r
� �H���������� � "!$#$¡ E/¢  <£?�NMG !$# X ∈ mod 9 A ? *&, XJ(A)m = 0 B¤CFE�E�G > < * L  A5&0 E�G$< # : %

0 → Mm → Mn−1 → · · ·M1 → X → 0

 "!�5 :@E�L , G > G 5 :$L2?¤NRG !$# Mi ∈ add M
1�02%}.� 4%

i 9 >p ?¥L'G ( T =�= T�L  L ,p5�¦ <  "!H -, Y ∈ add M
1 G .$§ < §�,&> :

Hom(Y,−)
 A5 L¤: , G > G 5 :+L'G@L  "!�5 :$E�L = : (�0�,p540 B

¨ 5K© B �W &1h1 : =40Q5 G %R#@S L"T , :@ª�«Kv¤~+]_]g�giA~+bci n �8opV
j�e�[R\$ic`�e�vYyKa_[MwM�6`�¬Yagy�j$\+]�dRagvYe�[�Z��gi2u;�6` r n = 1 V4b;V4ipqY[
A ��qY]ga_X�VYX+Z�b;vYV4o;®l�VYvYq&o;i¯m3ag[MwMVY[ A �"mne�wM�M]_�Mb)�Mope�u;V4`�i;�gj�l�qYb add M = mod � A r3° X+Z 0 → X →
X → 0 m3VYX���VY]gVY] r� e�bci/ipVYX+Z6�6`f��V4]IlR�Me�X+Z n �8opV)a_X�\+v�\+v^~+]g]_�|iA~+bYlMqYb J(A)n+1 = 0 lMwMV J(A)n 6= 0 r© B  -,� L'±�U�VYX+Z�VY[ m ≤ n r²� `H`�e+o X m3e�wM�M]g�Mb Ā = A/J(A)n ��t�]_t+i;i3a_bYl³ipVY�R~$i´\+]g`$\+]|�
m�\+vY�R\$i�u;�6`{oA~µ\+v¶a_[MwM�6`�¬4a_y�b���VY]|ipV4j�qYbci r U�VYX+Z�VY[ N =

n
⊕

i=1
Ā/J(Ā)i ∼=

n
⊕

i=1
A/J(A)i r·� `H`�e+o

M = N ⊕AA
r «Kv/ag[MwM�6`�¬Ya_y�bO��VY]|ipV4j�qYb�b;vYV&opa_[�i X �8[MV4`¯j+\+[he�]gZ�\+[ m �Me�b;bcvY¸3��VY]ge�]_wR~+bp\6l�\+m3VY]|Z�d}VY[

\+v Mi iA\+X�e+` add N �8d�V4]_a_V&`�l�qYb)�_X+Z add M �8d}VY]_agV4`¶agb r�¹ e�j$~$dMd�~fmna_[MwMVY[ Y ∈ add M ��VY]g�gop�R\$i;y
Z ⊕P \+]_\$`�d�\+[®l�\+�Me�] Z ∈ add N l�q4b P �Mope�u;V4`�i;�gj r�� vYq4oci Hom(Y,−) \���VY]_e�]gwR~+bci�VYX�v�\$`Hi;d�\
j6agb;vYaºl»�MX+Z�\+[Ma_b�\+v�V4o;VYwMm3qY[�Z¼`�q&i�VYX�vY\$`�i�b;e+ope�v�\$i�wMagopV&`�i�t�b;b;vYVYX�V$ª½\ Hom(Z,−) �Ij�VY]»`$\$��e+i;i
b;e+ope�vY\$i»\+v)a_[MwM�6`�¬Yagy�b¥��VY]|ipV4j�qYb4l�\ Hom(P,−) �Ij�VY]�`+\$�}e+i;i¥\ P �Mope�u;V4`Hipagj�agiA~+bp\¯m3a_\$i;i¤VYX�v�\$`Hi r¾ B  -,� L"± ¹ V4X+Z6�6`¶��VY]ºl®�Me�X+Z X �"V4i J(A) �"[R\$`¶¬4bp\$`¿\f]_VY�MV4i;k�]gVYX�[R\+X+Z�e+dMd¿`6agi;V4j�k�bK�R\$i;j$~+[�Z�\
\+[M[��M]_]Q~+] up\6lFipVY�R~$i m = n + 1 l¤qYb XJ(A)n 6= 0 r UWV4X+Z�VY[ X ′ = {x ∈ X |xJ(A)n = 0 } r¹ V4`�a_[�ipb;�6`�\

0 → X ′ → X → X/X ′ → 0

VYX�v�\$`Hi¥bce+ope�v�\$ipe+i r «Kv X ��VY]ge�]_wR~+bp~+�Me�v)`�V4opVYbc�M[6`�e�]|Z�\+[�VY]gb;kÀiA\+X�e+iYlR\+m3VY]gZ�[MV4`f\hm�\+XYup\�m�~$o/\+v
VY]gb;k�V4b;V4i;d}VhiA\$ocipe�vYag` r^� agj�V4] X ′J(A)n = 0 l X ′ �"[MV4`¿j$\+[Á\+v´Â r VYb;V&i�bcvYV4opag[�ipaO��VY]ge�]_wR~+bp\6lÃqYb)�_X+Z
j$\+[�e�]gZ�\+[

M1
f
→X ′ → 0

VYX�v�\$`Hi¥bce+ope�v�\$i�lR\+m3V4]gZ�d}VY[ M1 ∈ add N lMq4b¥m3ag[MwMVY[ Y ∈ add M �8o;V
Hom(Y, M1) → Hom(Y, X ′) → 0 (1)

VYX�v�\$`Hi r�� ~+bcopqYbcv4iD�R\ P \+v X/X ′ �Mope�u;V4`�ip�|j���VYwMk�u;V+l6\$`H`�e+o�\ P
h
→X/X ′ ]gV4`�q4�}VYvYqYbD~$i;j�VYvYV4i;�MV4ipk

X �"VY[�VYX+Z P
g
→X ]gV4`�q4��V4vYqYb;b;V4]Iª

Â
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\+m3VY]|Z�opV \��Mope�u;V4`�i;�gjf��VYwMqYb/m3aQ\$ici X ′g−1 = Ker h ≤ PJ(A) l6ipe�j+~$dMd�~ h b;vY�6o2u;V&`�ipa|j6agip~+bp\hmnaQ\$i;i
X ′ + Im g = X r�¹ V4`�a_[�ipb;�6`´m3e�bci/\

0 → K → M1 ⊕P
f ⊕ g
−→ X → 0

VYX�v�\$`Hi³b;e+ope�v�\$ipe+iYlR\+�Me�] K = Ker f ⊕ g � f ⊕ g b;vY�6o2u;V4`Hip�gj}lMm3V4o;i X ′ + Im g = X � r «Kv M1 ⊕P
m3VYX���V4]_VY]³\+v X ��VY]_e�]gwR~+bp\�V4]_b;k�iA\+XYup~+[R\$`}lDm3V4oci M1, P ∈ add M rx¹ e�j$~$dMd�~�i;V4ipb;vYk�]gVYX�VYb Y ∈
add N �8opV Hom(Y, M1 ⊕P ) → Hom(Y, X) b;vY�6o�u;V4`�ip�|j�l��MX+Z�\+[Magb ϕ ∈ Hom(Y, X) �8opV Y J(A)n =
0 m3aQ\$i;i (Imϕ)J(A)n = 0 lW�gX+Z ϕ ∈ Hom(Y, X ′) l®ipV4�R~$i���Â$�¥m3a_\$i;i ϕ ~$icj�VYvYV4ip�MV&ipk M1 �"VY[®l�qYbVYm3a_\$i;i M1 ⊕P �8[�a_b r�� agj�VY] Hom(M,−) [�Z6ag]gj$~+[�d�\+]_V4X�v�\$`�i�lR\+v&i/`$\$�Mip�6`�lM�Me�X+Z

0 → Hom(Y, K) → Hom(Y, M1⊕P ) → Hom(Y, X) → 0

VYX�v�\$`Hi Y ∈ add N �IopV+l6�R\^�}VYwMa_X Y �Mo;e@u;V&`�ip�|j3\$`H`�e+oDm3ag[MwMVY[6`�q4�M�}VY[fVYX�v�\$`�i
b;e+ope�v�\$ipe+i�`+\$�R�M[6`}l
ipVY�R~$i¥\h`�e+op~$dMdRa_�Me�v)�R\+b;e�[M]_y�\+[�mna_[MwMVY[ Y ∈ add M �IopV)a_b¤ipVY] u;V4b;�M]WV4v�\À��V4]gipq4i;VY] r� qYX�\+v&in]_~$i2u;�6`µd�V+l
�Me�X+Z KJ(A)n = 0 r � \ (m, p) ∈ K lD\$`�`�e+o mf + pg = 0 lD\+�Me�]
mf ∈ X ′ l»�_X+Z p ∈ X ′g−1 ≤ PJ(A) l/`�t�j�V4i;`�VYv4qYbc`�q4�M�}VY[ pJ(A)n ≤ PJ(A)n+1 = 0 l»qYb
M1 ∈ add N mnaQ\$i;i mJ(A)n = 0 lDipVY�R~$i (m, p)J(A)n = 0 r ° X+Z K �8op\Á\+]g`$\+]_m3\+vY�R\$i2u;�6` \+v
VY]gb;k�V4b;V4ipV4iYl�q4bÀVYv4vYVY] X �"[MV4` n + 1 �Me�b;b;v4¸Mbp~+X�¸®l
\+v´~+]_]g�giA~+b^��VY]gipq&ipVY]_V4a_[MV4`�mnVYX���VY]_V4]_k¿��VY]_e�]gwR~+bp~$i
`$\$��u;�6` r ut� �H�������}�¯�� "!$#� &%

M = ⊕Mi

 "!$#�(+*"!� -,/.$0�13 &%65&0"7�,�� G =�= A 9 1 G .$§ < §H,K*-, <  '!$#� 4% B = End(M)� : 5h &%}. G 1 G >���541�§�, G�E+:$L = :$< >A7 < S2>&( :
	+B/C
E�E�G > : 5 F = Hom(M,−) ¢ §H% E�L'G > add M = add M ∩
mod 9 A 9'LÃ: B ¢��@<�@LIL 0�(+*"!H -,
.$021� &%65&087@,�� G =�=WJ�> G �� E�L S2(¤1 G .+§ < §H, G�E»E+:$L  "!�7$>-0 T � T = :³E *'J� A5&0���!$# ?�NRG !$#1�02%�.� &%�(+*"!H -,�.$0213 4%65&087�,^J�> G �� E@L S2(¶1 G .$§ < §�,¶ < ¦ T$<�<FE * J E *&% L 0Q5 G 1 G >�� :  4>p ���*40_! ? *-, :h¢ §H% E�L'G >
L  < �� -, ?¤: 5 : 5 Hom(F (X), F (Y )) = F (Hom(X, Y )) B
¨ ¾ B �W &1h1 : =40�5 G %R#$S L'T , :�±�UWV4X+Z�VY[ M =

n
⊕

i=1
Mi \+v M wMagopV4`HiO��VY]gd}e�[�i;�R\$iA\$ip]Q\+[�`�e�mn�}e�[MVY[Mb;V4`HopV

d�e�[�iA~+bp\6l@qYb�]gVYX+Z�VY[ ei ∈ B \+v Mi �IopV�j$\+]_y¤j�V4ip�|ipqYb r�� `�`�e+o Hom(M, X) u;e+dMd B �"m3eHwM�M]_�MbÃm3a_[MwMV4[
X ∈ mod � A �IoA\6lÃm3V4o;i M B − A �IdRa_m3eHwM�M]_�Mb r¯¹ e�j$~$dMd�~ BB = ⊕ eiB wMagopV4`Hi)��VY]gd}e�[�ip�R\$ip\$ip]Q\+[
`�e�mn�}e�[MVY[Mb;V4`HopV�d�e�[�iA~+bYl�i;VY�R~$i eiB \+vft�b;b;v4VYbÀj�qYX�V4bhwMagm3VY[MvYagy�bÀwMa|opV4`Hi���VY]gd}e�[�ip�R\$ip\$ip]Q\+[ �Mope$�
u;V4`Hip�gj¿m3eHwM�M]_�Mb B ��t�]gt+i;i�lÃqYb^�gX+Z¿m3a_[MwMV4[�j�qYX�VYb�wMa_m3V4[MvYa_y�b �Mope�u;V4`�i;�gj¿a_]|Z�VY[MV4`�wMago;V4`�i)t�b;b;v4VYX�V r� dMd}k�]�`�t�j�V&i;`�VYvYa|`�l®�Me�X+Z¿VYvYV&`¿a_vYe�m3e+oc��\fV&opV"u;qYagX�VY]gk�~+]_]_[R\$` F (N) \+]Q\$`Hd�\+[®lÃ\+�Me�] N ∈ add M r
« i;VY] u;VYbcb;qYX��MVYv¯VY]gqYXÀd}VY]Q~$i;[MaIlR�Me�X+Z´m3a_[MwMVY[ i, j �8opV Hom(F (Mi), F (Mj)) = F (Hom(Mi, Mj)) lj$\+X+Z6a_b��R\ α : F (Mi) → F (Mj) lK\$`�`�e+o�j$\+[ e�]gZ�\+[ f : Mi → Mj lK\+m3VY]|Z�opV α = F (f) r
«KvYe�[Me�b;�|ip�R\$i2u;�6` Hom(Mi, Mj) �Ii ejBei �8j�VY]ºl�qYb F (Mi) = Hom(M, Mi) �8i eiB �8j�VY] rÀ� `�`�e+o�\+v
F ���M[6`Hipe+o
V4X+ZnipV4i;b;b;vYk�]gVYX�VYb b ∈ ejBei VY]_VYmn[MV4`3\ b �8j�V4]�j$\+]_y^d�\+]gb;vYe+opvY~+bciFm3ag[�i eiB �8d�k�] ejB �Id�Vm3VY[Mk B �"�Me�mne�m3e+o;�RvYm��Mbci���VY]gVY]gi;V4ipaFm3VYXMl�qYb�ipV4ipbcvYk�]_VYX�V4b α : eiB → ejB �8[MV4` k�bc`�q4��V α(ei) l�MX+Z�\+[Ma_b α(ei) ∈ ejB mnaQ\$i;i α(ei) = ejα(ei) = ejα(e2

i ) = ejα(ei)ei ∈ ejBei l�ipe�j+~$dMd�~fm3a_[��wMVY[ b ∈ eiB �8opV α(ei)b = α(eib) = α(b) r ut

�



¨ L * L  < =40Q5 G %R#@S L"T , T % :@E�¢�G@< # L":$L'T , :�± � ]_qYX¶j�qYX�VYbcVY[xX�V4[MV4oA~+]gi B �8m3e�wM�M]g�Mb;e+`�oA\�d}VY]Q~$i;[MaIl��Me�X+Zµ\
�Mope�u;V4`Hip�gj wMa_mnVY[MvYa_y�u;�6` ≤ n r U�VYX+Z�VY[ L ∈ mod � B lKq4b L VYX+Z¼m3a_[Magm�~+]_agb¿�I\+v�\+v��Mope�u;V4`�i;�gj
��VYwMk+`H`�VY]®ipt+o;ipqY[Mk����Mope�u;V4`Hip�gjf��VY]ge�]_wR~+bp~+[R\$`´VY]gV"u;V

· · · → P1
α
→P0 → L → 0.

« � r UWV4m3m�\�m3aQ\$ici»j+\+[�e�]gZ�\+[ N1, N0 ∈ add M qYb f : N1 → N0 l�\+m3V4]gZ�o;V�\ Hom(M,−) �8i
\+]g`$\+]_m3\+v4j+\�\ P1

α
→P0 ]_V&`�q4��VYv4qYbci»`$\$�Hu;�6` rO° X+Z´\

0 → Ker f → N1 → N0

b;e+ope�vY\$i;d�y�]Ã\
0 → Hom(M, Ker f) → P1 → P0 → L → 0

b;e+ope�vY\$i¥b;vY~$opm�\+vYa|` r� e�bcihd�VY]_~$i2u;�6`�l��Me�X+Z (Ker f)J(A)n−1 = 0 r � \¿�MX+Z�\+[Ma_b (Ker f)J(A)n−1 6= 0 l
\$`H`�e+o
Ker f �"[MV&` N1 j$\+]Q\+mnVY]gZ�ag` ��VY]|d�e�[�ip�R\$iA\$ip]_\+[ `�e�mn�}e�[MVY[Mb;q4o;V j�V4icixj�V4i;�M]_V4ipq&i{b;V4m \+[M[��M]_]_~+] up\
J(A)n−1 r�� V�\$`H`�e+o/V4v�\h`�e�mÀ��e�[MVY[Mb³VYX+Z��Mope�u;V4`Hip�gj P m3e�wM�M]g�MbYlMqYb¥\

0

P

Ker f N1 N0

π

κ f
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wMaQ\+X+op\+m�d�\+[ Imκπ 6≤ PJ(A) r�� a|j�VY] P ]_e+`$~+]_agbYl�V4dMd�k�] Im κπ = P `�t�j�V&i;`�VYvYa|` r�� V3m3ag[MwMVY[
�Mope�u;V4`Hip�gjHopV�j$\+]_yÀb;vY�6o2u;V4`�¬4a_yf��VY]_�R\+b;\+wMyMl}�_X+Zfj$\+[¶e�]gZ�\+[ ι : P → Ker f l��Me�X+Z ικπ = idP

r¤� e�bci
\+]g`$\+]_m3\+vYvY�6`f\hwMaQ\+X+oA\+mnop\À\+v F = Hom(M,−) ���M[6`�ipe+oci�ª

0

F (P )

F (Ker f) P1 P0

F (ι)
F (π)

F (κ) α
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\+�Me�] F (ι)F (κ)F (π) = idF (P ) l��_X+Z F (κ)F (π) b;vY�6o2u;V&`�ip�|j�l�ipV4�R~$i ImF (κ) + Ker F (π) = P1
r

� a_bcvYe�[�i ImF (κ) = Ker(α) � P1 \»�Mope�u;V4`�i;�gj���VY]_e�]gwR~+b�m3a_[Magm�\+]_a|iA~+bp\¤m3aQ\$i;iYl�ipV4�R~$i Ker F (π) =
P1 l�qYb�V4dMd�k�] F (π) = 0 `�t�j�V4ic`�VYvYag`}l�\+m3a F (π) b;vY�6o�u;V4`�ipa|j6a|iA~+bp\ m3aQ\$i;i�\+v4i�\+w�up\6lH�Me�X+Z F (P ) = 0 l
qYb/VYv�[�Z6ag]gj$~+[�j$\+]_yÀVY]_]gVY[�ipm3e�[MwR~+bYlM�Magb;vYVY[ P wMago;V4`�i/t�b;b;vYVY\+wR\+[MwMy@up\ M �8[MV4` r¹ V4�R~$iµ\+v·Â r U�VYm3m�\¼m3aQ\$i;i�j$\+[ Ker f �8[MV4` n − 1 ip\+X�¸ add M �"��VY]ge�]_wR~+bp\6ln\+m3VY]gZ�V4[
Hom(M,−) VYX�v�\$`�iYl�q4b��gX+Z L �"[MV4`�VYX+Z 1+(n−1) = n �Me�b;b;vY¸h�Mope�u;V4`�ip�|j¯��VY]ge�]_wR~+bp~$i�`$\$�Hu;�6` r ut
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