
���������
	��������������	�� ������� �"!$#�%�#�&
'�(*) +-,.,./10324��5��768�4��	:9;,10
�*�=<?>�@BA�CEDGFIH;JLK�C�MON
DQP;CSRUTON�VWR�@BCYXZH�@\[4R�J^]�D

C _Z` @ ` JLJaRQD `�b >�JLD.>7X
c
DdD ` X�e-@^f
An =?

A =

[

1 −1
0 2

]

B =

[

1 1
−4 −3

]

C =





−3 4 4
−2 3 3

0 0 0



 D =





1 6 0
0 −2 0
0 −3 1





<?> TON�@gPOH�h�ikjml
A 2 × 2 n o�prqts�uwv�x�y4z�{�|}|1~�u�|��4�g�.zO��� l�� p�{U��s�u�~�vwu�~�|1o��;{;z�� 1 ~�p 2 ���g�;����x l u��.pw{;z� xY{;�.�.z�{;�gx l s;�g��{�u��4�����;��x|���o��4o�u�pw~��.o�p � xY{;�.�.z�s;�gx�p�{;�Y{�|���{

[

1 0
0 2

]

��{ � x�{;�.�.z�{;��x l s;����qts�uwvwxy��.p l n
���;�*{;x�{IqQo��.�Eo���o�� � p�{U��s�u�~�vwu�~�|-�4o l u7{�vwuw� l �Io��;�On o��;�8p�{U��s�uw�1o�|"u��;vZ�4u�o���s�u��W~�� � s;�4� P =

[

1 −1
0 1

]

�
~�p�o��4� � �

An = PDnP−1 =

[

1 −1
0 1

] [

1 0
0 2n

] [

1 1
0 1

]

=

[

1 1 − 2n

0 2n

]

.

j
B qts�uwvwxy�|;{�v�{�|-u�o�vwx�p l uwxg|��4p��W�.��xgz4�.qm��{ (x + 1)2 � � o�{ −1 n �4o l u�{�vwu�� l �tp�{U��s�u7{;�u�~�vm��p�{�|

o��;� � x�qQo�z l x��.pr�S{
[

−1
2

]

�1o�|-u��;va�.o�z4o�v7s;� ��{" 7���g�;�={¡qts�uwv�x�y�z4o�q � xY{;�.�.z�{;�gx l s;�g��{�u��4�
¢£K7>�PO>�JSC$@�> T¤R _ >�@gR1P1R�JLhZN�KZ¥7R�V¦J^§ b >¨hZ>�V©R

B =

[

1 1
−2 −3

] FIH�JSK¨C�M�h�XU>�K�>^ª�>�@BJ «�¬mX8R�FIH;JLK�C�M
P�CSR
TON�V�R�@BCEXZH�@\[�R�J]U®£FQ>�K�J£D.§�J3D
e-@ ` V�¥ ` XUcth�R°¯�H;J^§�K�J^§�D.> b R;V�i −1 ±

√
2
®±§�h¡>Z¥
¥¨c�@²ROPO]ZPO]ZR;V¤VW>�F³JS´-@

¥7R�K�H�JLh�HUTON
h�R
X
n µ >�P�CED�[�R�J b H�V�A1R
®:PO>8R
XU§�K�J±[�R b R�@gR�D
CaD
CEh�XUH�FQN�@BJ^R
®:§¨h8>�@E@�>�VWc�K�CYX�V�C�R�D;R;K$¯�R
®mC$JSJrR

b § T">�K�>�P;FQ§�V�A1i
[

1

2
((−1 +

√
2)n−1 + (−1 −

√
2)n−1) 1

2
√

2
((−1 +

√
2)n − (−1 −

√
2)n)

1√
2
(−(−1 +

√
2)n + (−1 −

√
2)n) − 1

2
((−1 +

√
2)n+1 + (−1 −

√
2)n+1)

]

j
C qts�uwv�x�y�p�{U��s�u�~�vwuw~�|1o�x 0 � 1 ~�p −1 �*~�p��E�4�.�.o�uw��o�z8p�{U��s�uw�1o�|-uw�;v��;|Q|1o��g�S�4�4�.�;�tu7{�vwuw� l�l {;z�{�|

�4� l�l sU�w��|��-u�o���s�u C
� xY{;�.�.z�{;�gx l s;�g��{�u��4�1~�p � xY{;�.�.z�s;�gx�p3{;��{�|Z��s;z�{�|Is�u����
��s��*{;zt{ 0 � 1 ~�p −1 p l s;qQ�;|

s;���gz�{�|W�·¶�x�p l �.zOu�{ l ��uw�;�4��x D
� xY{;�.�.z�s;�gx�p±qQs�uwv�xy-v��.��v��.�;u��.z}��s�u�p l x|W���4�.�;� D3 = D �����;� C3 =

PD3P−1 = PDP−1 = C ��~�p�o�qQx�{�uwu Cn = C ����{ n �*s�v7{�u��Y{;z���~�p Cn = C2 ����{ n > 0 �*s�v��.p��
D |�{�v7{�|"u�o�v�xgp l u�x|��4p��W�.�gx�z4�.qm��{ −(x + 2)(x − 1)2 �����;�¸pw{
��s�uw~�vwu�~�|1o�x 1 ~�p −2 � 1 n �4o l

|1~�u � xgqQo�z l xg�.p�p�{U��s�u7{;�guw~�v�u7{�vwu�� l xg|W�r{;qQo���1o�u}|-x��Eo�p l �gu�o�z4o�|¹�W~�� � s;�4�d{ l (1, 0, 0)T ~�p (0, 0, 1)T

�1o�|"u��;v��;|W� −2 n �4� l �Wo � x��º{ (−2, 1, 1)T �w�¦pw{
��s�u»�1o�|-u��;v��¼�½�4� � �±|1�U�1o�uw|1o l xg|����4�.�;� D
� x�{;�.��n

z�{;��x l s;����{�uw�4�4�4x�p l o�z}��~�uwo l xg| C
3 n z4o�| D p�{U��s�uw�1o�|-uw�;v7{;xg���.��s;���g�G�*s l xgp�{���~�p

Dn =





1 0 −2
0 0 1
0 1 1









1 0 0
0 1 0
0 0 (−2)n









1 2 0
0 −1 1
0 1 0



 =





1 2 + (−2)n+1 0
0 (−2)n 0
0 −1 + (−2)n 1



 .

���=<�C¾@�>¨h�X¡R
XdR�@gHO¥U¥�C¾FIH;JLK�C�MON
DQ¿�N�K�P1R�V µ V�N�K¨FIH;@gR�@gR�D^¯�R�f

R�À








1 1 . . . 1
1 1 . . . 1««« ««« «««
1 1 . . . 1









∈ Mn×n(C) Á ¥°À




2 3 9
0 0 0
0 0 −5



 Á Â À




2 3 9
0 2 0
0 0 −5



 Á P�À




0 0 1
1 0 0
0 1 0
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<?> TON�@gPOH�h�i
a)

j qQs�uwv�xy³p�{U��s�u�~�v»u�~�|1o�xu¹~�p¸p�{U��s�uw�1o�|"u��;v7{;xguÃ{Ä|;{�v7{�|"u�o�v�xgp l u�x|��4pÅ���.��xgz4�.q
|�xgp l s;qQ�u7s;p�{�z4~��g|��4��x�p£qQo��;u7{;�Ys;� �w��|W�²����p � �Ys�u�s;p»v7{�~�p l v�o��1o��4o�u$�w��|W���4�.�;��{:qts�u»v�xyI��p�{�| 1 v7{;z4�.Æ��
u�o���s�u�{ 0 p�{U��s�u�~�vwu�~�|1o (n− 1) n � x�qQo�z l x��.p£p�{U��s�u7{;�u�~�vwv�o��S�¾� l o�z�|��g�-�4�S�4qQx�1o���qIx�z � o�z8pw�;va�.pwp l o��.o
n �¾{ l (1, 1, . . . , 1)T �1o�|-u��;v:p�{U��s�uw�1o�|-uw�;vZ� n p�{U��s�u�~�vwuw~�|-|1o��L�}� l o�|-� � �Çqts�v:|1�U�1o�uw|1o l xg|��È�4�.�;�É{
qts�uwvwxy � xY{;�.�.z�{;�gx l s;�g��{�u��4�"~�p � xY{;�.�.z�s;�gx�p£{;��{�|Z��s;z�{�|}�S{;qQo���Go��;��Æ�uwu7{;�*Ê1�;v � {;z-n �E~���omz4�;v�qts;��{;�Y{�|���{
x�p¨ £s�u��g�
��s��*{;z n − 1

� {�v�{ � 0 ��~�p�o��;� n s;���L�
b) Ë�xg�1o��£{}qQs�uwv�xyÌ�Eo��gp � ��s�v��.qQp l �.��{;��{�|�Æ��Ívw�.�;u��.zÉ��o��.��;{;p»��{�u$�w��|Î{}p�{U��s�u�~�v»u�~�|1o�|1o�u�ÏGo l o�|Î{ l
s�u��g�-o��go�qQo�|�� 2 � 0 ~�p −5 � j

3 × 3 n {;p=qts�u»v�xy�z�{�|Ð��{;zÃ��s�v��.q |��4�g�.zO��� l�� p�{U��s�u�~�vwuw~�|1o;�����;�� xY{;�.�.z�{;�gx l s;�g��{�u��4�*~�pmÊ1�;v � {;z-n �E~��godz4�;v�qts;��{;�Y{�|Z��{G{ l { � xY{;�.�.z�s;�gx�pÑqts�u»v�xyW��{;qIo��g�-z4o�|}s�uw���
��s��*{;z
2 � 0 ~�p −5 s;�g�S�
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c)
j

b) o�pwo�uw�4o l ��{;pw�.z4���1{;zº��o��.��;{;p»��{�u$�w��|É{�p�{U��s�u�~�v»u�~�|1o�|1o�u�Ï 2 ~�p 5 �¾{;�4�.� 2 |1~�uwp l o�v�o�pG�;�1�;|1o
{I|�{�v7{�|-u�o�v�x�p l u�xg|-�4p��W�.�gx�z4�.qQz�{�|������;�={IÊ1�;v � {;z-n z4�;v�qQs;�Y{;�Y{�|8s�u��g�
��s��*{;z}x�p±|1~�u�p l o�v�p l o�v�o���o��S� jml
��p�{�| {¦|1~�v � ~�p����4�.�;�Ðo��;� 2 × 2 n o�p��;{;�;�©|1~�u 1 × 1 n o�p8Ê1�;v � {;z-n ���g�;|-| u7{�vwu�� l xg| �4� l�l s�� � l u
o�� � �.zOu��4o�u$�w��|¸{ 2 n �4� l u7{�vwu�� l � p�{U��s�u7{;�guw~�v � xgqQo�z l xg����{ {;�Y{��"��s;z�Ï©{ l { � ��{ qQo��©{ 2 n �4� l u�{�v»n
u�� l � ÊO�;v � {;z-n �����;|"|1�;|Ðp l s;qts�uZ� jml

(A − 2I)v = 0 o��;�1o�z4��o�u»v�o�z � p l o�vwu�qQo��.�.� � �;{Å�S{;�4�.� A
{�p l �;�*{;z4�E�;v��.� qts�uwvwxy� m{ l u��Ys�uE�w��|W�È�4�.�;�Î{�qQo��.�.� � s;p»u�~�v�o��;� � x�qIo�z l x��.pt�S{ l (1, 0, 0)T �1o�|-uw�;v
�Eo�p l �gu�x |�x$ 7�����;�8{¡ÊO�;v � {;z-n z4�;v�qts;��{;�Y{�|tz4o�q � x�{;�.�.z�s;��x�p��4��{;z4o�q³{�|1�
�1o�uw|1o l�� {;�Y{�|�Æ�Ï





2 1 0
0 2 0
0 0 5



 .

d)
j qts�u»v�xy�|�{�v7{�|-uwo�v�x�p l u�xg|-�4p����.��x�z4�.qÑ��{ −(x3−1) �.~�pÍo�z4z4o�|:��s�vw�.q |��4�g�.zO��� l�� �;�1�;|1o���{;z��;�g�;�

{=qts�u»v�xy � x�{;�.�.z�{;��x l s;����{�u��4� ~�p�ÊO�;v � {;z-n �E~��goQz4�;v�qts;��{;�Y{�|Z��{�{ l { � xY{;�.�.z�s;�gx�p�qts�uwv�x�y���{;qQo����z4o�|
s�u��g����s��*{;z x3 − 1 ��s�v��.qk�;�1�;|1o�s;�g�S��{ l { l 1 � − 1

2
+

√
3

2
i ~�p − 1

2
−

√
3

2
i �

� �=<ÌRUM�C$F��"F [�H�V*A¡N�@BA.R�V¡ª4H�K7N�V4D.§�V�J²VW>�F [�R�hZN�V*@�]�� D.N�FÑª�@�>�M�À�FIH�JSK¨C�M"N�JÈ@�>¨[4>�J²FQ>^T1R1P�V�CE®¾R�FQ>�@BA�VW>�D
RID.R�KwR�D�J^>�K�CEh�X�JSCED��"hÇª�N�@BC$V�N�F£¯�R

(x − 1)3 · (x − 2)2
f

<?> TON�@gPOH�h�i j |1~�v � ~�p©s�uw�E�.�1{;��qt{ l ��{�uw� Æ4�;�1�=�4�.�;� ��s;z1�Ä��~�zO�1o��.o�pwo�zk|��4���.z1�W� l�� Ê1�;v � {;z-n
z4�;v�qts;��{;�Y{�|1�;u½u7{;�Ys;�g�4z�|��$u�o���s�ua{;qQo���-��o�zQz4o�q �4�;�O{;z�{;z4z1��x*�;{;z�{ l o��;�1o�p£pw{
��s�uw~�vwu�~�|1o�|��4o l u7{�v°n
u�� l ��{ � �;u»u£qQ~�v�o�u	�Q�����;|"|1�;|-�W�.�$ ¾{:qQo��1{ � �;uwuÇ|�{�v7{�|-uwo�v�x�p l u�xg|-�4pÇ�W�.�gx�z4�.qQ�4� l �"�4xgp l o�z�|1~�u£qts�u»v�xy
�W�.z1u��.p�{;zÎ{�|"|1�;v:��{;pw�.z4�g�4�²��{=��{;zÉ{ l �.z4�.p:Ê1�;v � {;z-n qts�uwv�x�y4��|W�tË�x�1o�� 1 ��s�v��.qQp l �;vw�.p�� 2 ��o � x��
|1~�u�p l o�v�o�pI�;�1�;|1o}{¤|�{�v7{�|-uwo�v�x�p l u�xg|-�4pG���.��x�z4�.qIz�{�|W��{ l 1 n ���g�;|-|1�;|ºqQ~�vwo�u�o�xgz4o�|º�.pwp l o��.o 3 �·{ 2 n
�����;|"|1�;|1~���o � x�� 2 ��
�;�8{ l 1 n ���g�;|-|1�;|"v7{G��s�v��.qk�go��4o�u � pw~��Q�;{;zÎ� o��;� 3 × 3 n {;p��*o��;� 2 × 2 n o�p±o��;�
1 × 1 n o�p»pwo��S���;{;�;�8��s�v��.q � {�v7{�� 1 × 1 n o�p� 7��{ 2 n ���g�;|-|1�;|"v7{¡��o � x��Q|1o�u»u � �Lo��;� 2 × 2 n o�p±��{;�;��|1~�u
1 × 1 n o�p� 7�4u�o���s�u��.pwp l o�pwo�z 3 · 2 = 6 ��o��4o�u � pw~��G�;{;z��

� ���R�V µ > N�@BA1R�V D.N�FÑª�@�>�M >�@�>�F��©FIH�JSK¨CYM
®QR�FQ>�@BA�VW>¨DºRÉD;R�KwR�D
J^>�K¨CEh�X�JLCED��Oh}§¨h=F�C$V�C FIH�@ ª�N�@BC VWN�F£¯�R¦RD `�b >�J D1>7XUc�f
R�À

p1(x) = (x − 1)
2
(x − 2)

3 ®
m1(x) = (x − 1)(x − 2)

2 Á¥»À
p2(x) = x6 + x + 1

®
m2(x) = x2 + x + 1 Á

Â À p3(x) = (x − 1)
2
(x − 2)

3
(x − 5)

®
m3(x) = (x − 1)

2
(x − 2)

2 ÁP�À
p4(x) = (x3 − x − 4)

2 ®
m4(x) = (x3 − x − 4)

«
<?> TON�@gPOH�h�i

a) ¶Ç{;z�Ït�W~�� � s;�4�ao��;�Î�.�g�O{;zºÊO�;v � {;z-n qts�uwvwxy��½{;qQo��g��z4o�|?|1~�u 1 × 1 n o�p 1 nS�����;|"|Z��{��
u��U�;s��4�*s�o��;� 2×2 n o�pÇ~�p�o��;� 1×1 n o�p 2 n ���g�;|-|Z��{��;{;z��È�½vwv�o·u�o�� �wo�pw�4�S�"�4�.�;�G{ l o��;�1o�p�p�{U��s�u�~�vwu�~�|1o�|
q��4�gu�x����xg��xgu7s;pw{ p1(x) n ��o�z { qQo��.�Eo��go�� � ���g�;|-|1�;|¹qQ~�v�o�u�o�xgz4o�|¹�.pwp l o��.o;�¡{ l m1(x) nS�Wo��gx:q��4�gu�x�n
����xg��xgu�s;p�{���o � x��Q{¡�����;|"|1�;|�p l s;qt{��
b) �mxgz4��p���qQo�vwu m2(x) z4o�q �.p l uw����{ p2(x) n z4o�|W�
c) �mxgz4��p���qQo�vwu p3(x) n z4o�|��;{;z}�.��O{;z8�;�1�;|1o���{;qIo��g�tz4o�q �;�1�;|1o m3(x) n z4o�|W�
d) ��~�u�o l xg|¦x��g�1o�z����as�vQ{¤|�{�v7{�|-u�o�v�x�p l u�xg|-�4p¡���.��x�z4�.q �;�1�;|1o�xuIz4o�q u�� � �w��| qIo��.qQ�.z � {;z4xS�Ç{ l u
u�� � �w��|����4�.�;� x3 − x − 4 qQxgz � o�zÌ�;�1�;|1o�o��;�-p l o�vwo�pt� ��~�� � s;�4�¾qQo�vwu�{����.��x�z4�.q vwo��Y{�u���}�4v��gq {� o�v�x�;s;�u$��s;�4� l  7��u�o���s�u:{=qts�uwv�x�y � xY{;�.�.z�{;�gx l s;�g��{�u��4� ~�pd{=Ê1�;v � {;z-n z4�;v�qts;�Y{;��{�|��.�g�O{;z � x�{;�.�.z�s;��xgp
qts�uwvwxy��*{;qQo��g� m4(x) qQx�z � o�z��;�1�;|1~�u±|1~�u�p l o�vmu7{�vwu�{;��qt{ l�l {�� � <?>�@E@�>¨h¨@�> T=¥7H�K�F�C$@BAO>�V8ª�N�@BC$V�N�FQN�J
b H�@gR�h�X�JN�JLJ��-V4D b N�@BV�R

m(x) µ V�>¨DZ®²[�R
p(x) = m(x)2

®½R�D
D.N�KmJ^R�@gH�@��-V4Dd[4NUX7XUH
p(x)

D.R�KwR�D�J^>�K�CEh�X�JSCED��"h
ª�N�@BC VWN�F�´I§¨h

m(x)
F�C V�C$FIH�@ ª*N�@BC$VWN�F¡´dFIH�JSK¨C�MON�J «���>^T�A1>�V

B
R�X

m(x)
D��EhZ§�K7c�FIH�JSK¨C�MOR
® R
XUR
X·R�Ft>�@BA

R
b1 . . .bn

¥7H
X�CEhZN�VÎ´1T�A�[4R�J$®Ñ[4N�T;A
b1 7→ b2 7→ · · ·bn

®:§¨h
bn

D.§ª�§�J ®�R
XUR
X�R
X
An

b1 b >¨D
JN�K¨JR
X
m(A) = 0 ` h7h�XU> _ e.TUT"§¨h�¥¨c�@3h7XZH�F��$J ¯��"D�D
CS«�� ` V*V�A1>�VÐ@gH�JL[�R�J]U®d[4N�T�A¦>�V*VW>¨DÉRÉFIH�JSK¨C�M;V�R�DÉR

D;R�K�R�D
J>�K¨C$h�X�JSCED��"hQ§¨h¡F�C$V*C$FIH�@ ª�N�@BC$VWN�F£¯ZR=CEh
m(x)

®�§¨h��YT�A�R;V�V�R�D�R�¥�@�N
DUD.P�CSRUTON�V�H�@BCEh¡FQH�JLK�C�M�V�R�DZ®
R�FQ>�@BA�VW>�DtD.§�J

B µb >�@¾R
XUN�VWN�h¡¥�@�N
DUD^¯�R b R;V�®
p(x)

@�>¨h7XQR�D;R�KwR�D
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A =

[

3 0
1 3

]

B =

[

1 1
1 1
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C =

[

1 0
1 −1
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D =

[

2 −3
1 −2
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