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ABCD W HXB1D(V&EIY Z\[(E^]._`K�P�S
T�P
A′B′C ′D′ ZaP�b�N�KcP&VdE:B.D.E<G=OIG<e$O�GIN
MfP&VP�KRP�S>N W P&V(N W N
Ghg�E(YiL>j
E�K1TIEIKkV5EIYiY2OIG<e$O�GIN
M�[Il�K�l.YiYmj
P W�W P�M�npo>V&q`rhstY G�u1MvM
wCPvM�l`j�EIY M.E�V(_vM�w [(ExT(E�V5H<GIE�MyH(z�Y:H�M`H(YX{

|−−→AB − −−→
AD′ +

−−−→
B′C ′| Z −−→

AB · −−−→C ′D′ Z −−→
AB · −−→C ′C

Z −→
AC · −−→AB′ Z −→

AC · −−→AC ′ −−→
AB × −−→

DC ′

|QE:B1N�KR].q
GI{ |−−→AB − −−→
AD′ +

−−−→
B′C ′| = |−−→D′B +

−−−→
B′C ′| = |−−→D′B +

−−→
BC| = |−−→D′C| =

√
2 }−−→

AB · −−−→C ′D′ =
−−→
AB · −−→BA) = −1 }−−→

AB · −−→C ′C = 0 }−→
AC · −−→AB′ =

√
2
√

2 cos 60◦ = 1 }�~>�`�.�`�$��� AB′C �I�`����������^�R�`���*�.���`��R�?�4�(�����`�R�`�.���$���^�.�y�^�I�`�$}−→
AC · −−→AC ′ =

−→
AC · (−→AC +

−−→
CC ′) =

−→
AC

−→
AC +

−→
AC

−−→
CC ′ = (

√
2)2 + 0 = 2 �−−→

AB × −−→
DC ′ =

−−→
AB × −−→

AB′ �>�.�^�4�(� 1 ·
√

2 · sin 45◦ = 1 }��?�I�^�.�R�I�`�(����� ABB′ �^������>}c�4�(�$��� −−→
AD �X�`�(�

��������~>�(�`�?�.�I}��>���(��R�(�>�`�I�I���R���`�.�����v��~>�^���I}*��`�=�?�`�I���4�`����`����c�4�I�`�^�(��� −−→
DA �  ���`�d�`���`���$���$���^�������`�i¡c¢£�I�`�`�(� A(0, 0, 0) } B(1, 0, 0) } C(1, 1, 0) } D(0, 1, 0) } A′(0, 0, 1) } B′(1, 0, 1) }

C ′(1, 1, 1) ¤(� D′(0, 1, 1) �c¥C���`�`�
|−−→AB − −−→

AD′ +
−−−→
B′C ′| = |(1, 0, 0) − (0, 1, 1) + (0, 1, 0)| = |(1, 0,−1)| =

√
2 �−−→

AB · −−−→C ′D′ = (1, 0, 0)(−1, 0, 0) = −1 �−−→
AB · −−→C ′C = (1, 0, 0)(0, 0,−1) = 0 }−→
AC · −−→AB′ = (1, 1, 0)(1, 0, 1) = 1 }−→
AC · −−→AC ′ = (1, 1, 0)(1, 1, 1) = 2 }−−→
AB × −−→

DC ′ = (1, 0, 0) × (1, 0, 1) = i× (i + k) = i × i + i× k = 0 − j = (0,−1, 0)
¦ �A|QEIK§D

a
H�G

b
j
E<M�YXN`z7N
M
z7PAY:E�K TIE�G<¨�K W E<M�P&VhP`K�q1g5gIw©l�G�G4V5Ex[�¨`B&B�H�GIE�M*ª

P�« |a + b| = |a| + |b| ¬g7« |a + b| = |a| − |b| ¬O4« |a + b| = |a− b| n|QE:B1N�KR].q
GI{ �1 |a + b| = |a| + |b| ⇔ (a + b)2 = a2 + b2 + 2|a| · |b| ⇔ 2ab = 2|a| · |b| ⇔ a ¤(� b

�^�I�`�`� 0◦ }����(��� a ¤(� b �������1~>�(�`�y�.�^���d¤(�®�I�`�A����`�.�����y��~>�^���^�$���*�
�* |a + b| = |a| − |b| �����`�`�p¤(�p¯I�^���������`�`�(}°�$� (a + b)2 = a2 + b2 − 2|a| · |b| ¤(� |a| ≥ |b| �2±p�a�(��4�² �(�R�4¤I�4�(�C�����`�`���4�(� ³7�(�^´$�X}��$� ab = −|a| · |b| }"���(���v�$� a ¤(� b �������1~>�(�`�y�.�^���Q¤(�µ�(���(�>�`�I�I�¶�R���`�1�����

��~>�^���^�$���°}*¤(�®�(�?�(��R�I�4�c�`�(��£�4�(� ³7�(��´$��$�R�a�y�y�`�^���$�R� ² �(�R�4¤I�4�(��>�I�°}����(���·�>�`�`� a �>�(�¸�^�&�>��>�I�$� b �:�>¤(�i�
¯& |a + b| = |a− b| ⇔ (b+b)2 = (a−b)2 ⇔ 2aa = −2ab ⇔ ab = 0 }.���(���`}1�$� a ¤(� b �?�I�^�.�R�I�`�(�4�I�°�¹Xº �I�.�?�I�4����`���?�I� ² �.�.�4�.���`�^�^�`�i¡m�����1 ² �(�R�4¤I�4�(�£���I�9³4�(�R�(�.�^�X}��>�`�`����� ABC �$���^�.�y�^�I�`�$}*�`�?�(�R���°�(� a =

−−→
AB

¤(� b =
−−→
BC }��(� ² �5³^~$�R�$}�¤(�©��� ABC �4�I�`� 180◦ �X�.�I}>�a�* ² �(�R�4¤I�4�(�°~>�`�.�`�>�I�I�I�(�»�¼³4�(�R�.�R¤(���4�(�����I�I}$�>�`�`�v��� ABC

�4�I�`� 0◦ �X�.�I}C¤(� |a| > |b| }©�F¯& ² �(��4¤I�4�(�¼�*�(�$�R�½���I�I}m�>�`�`�U�����I�`�U¯I�^¾$¯I�4�°�.����$�$~$�R� a ¤(� b �`�I���4�`���`�R�^�`�
�?�I�.�$���^���^�`�I�`�4�¿�������`��(�R�`�`���`�y�y�v���^�R�.�£���I�.�>�.�¿�>�.�^�4�(¾$�^���.¾$���°}°�4�(�$�����h�������`��(�R�`�`���`�y�y�y�4¤I�.��`����»�

À �AÁ�E:B.D.E W O
P5V

A1, A2, . . . , An

OIG<e$O�G:S>N W YXN
MQq�K�YXP�K¼r?E:B�b�P.YXq`zÂN5V(N`YiYaG4V(P�g^q�K�D`N
G
n Ã G4V&l^B¶M�l5V&H�S1S>N W Y TIP.nJÄ·P`YXq Ãz7N&V�V(u1M=r?E:BAP&V −−→

OA1 +
−−→
OA2 + · · · + −−→

OAn

j
E<M�YXN`z7l
G�G^V&EXB�EIYXÅ
|QE:B1N�KR].q
GI{ ¢£�I�`�`�(�F���`�I���4�`���`�Æ�.�^�4�I�I�`� v �¿Çp� 0 �`�`��´$� 2π

n
�^�I�`�`�`�(���(� ² �`�^�.��� ³^~>�d�=�^�R�`�`�I}������`�`�a��� −−→

OAi�`�I���4�`�^�`�A�I�`���y�`�®�`�`�I�`�4�®�°�I����~>�^�`�R���$�$���°}��4�(�$�������a�(� ² �`�^�.���4�`�4�^�����.�^�4�I�I�`�·�4�(��.�4¤(� v �R�(�4�`�©È¶�`�4�^¤(�4�I�p���
�(� ² �`�^�.���4�`�4�^���������I�`�>�y�`�¿~>�^�`�¶�4�.�R�`�.���4�
�=�����I�`¤(�^�����$���>}°¤(���R�`���y�����*�`�4���.�^�4�I�I�`�`�I���4�`�a������·�I�^�(�>�I�^��>�I�
���h�(� ² �`�^�.���4�`�4� ³4����(�4�`}��I�I¤I�^�µ�.�^�4�I�I�`�`¤(�1��� v �`�I���4�`� 2π

n
�^�I�`�.ÉF�(� ² �`���.���4�`�4� ³4���µ������³4~>�°��± v �`�I���4�`�a¯I�^���

�����`�`�®�I�`�`�I�(�>�I�µ�?�I�v� 2π
n

�4�I�`�.É��(� ² �`�^�.���4�`�4� ³^�(���`�i}��$� v = 0 �
Ê �ÌË°EXB.D�¨�M�[Il�KÍZ»b�N^B.DaP

C
S>N W Y

m : n
P.zÂq W D`g�P W N
G4V(Y T�PµM`HIY�z4H<G^VIz4E®P&V

AB
G4V&P
M�P�G4VIYXnpÎ�E�KRl�K T�l W O

EXB1D�Y:E(Y G4V&_�KRE:B�E�G
S>N W YXN`YXnpÏ�ExT(E�V�V(¨�M�M�wCP&V −−→

OC
j
E�M
YXN`z<Y¼P&V −→

OA
H�G −−→

OB
j�E<M�YXN`zÂN�M&Z2j
P�K�P.r�w W Y

m
H�G

n
GIE:B.s Y GIH:B�HIj�E�KRÅ

|QE:B1N�KR].q
GI{ −−→
OC =

−→
OA + m

m+n

−−→
AB =

−→
OA + m

m+n
(
−−→
OB − −→

OA) = n
m+n

−→
OA + m

m+n

−−→
OB �

Ð �AÁ�E:B.D.E W F
P&V

ABC
b>q`zÂN.r�G^V(l^B

AB
N`K�].P`K�q W P
MÆ[IEIKRE�V(_�S$N W Y TIP
Z

H
S$E^]`w�BÑP

BC
N`K�].P`K

C Ã b$E�V¶M`l&V&EIKRE5g&gIw
b�P`z<r?P.].N�KRÒ�S>N W Y T�P1na|Fw�K�D.E W P`z7q W D.g^P W N
G4V(Y T�PÆE:B.D�r?q
G<YcP

CF
H<G�P&V

AH
G4V&P
M�P
G^V>ª

|QE:B1N�KR].q
GI{ ¢��I�`�`�(� M � CF ¤(� AH �4�(���
�`�^���?�I�^�^�I¤(�4�*�.�1� ³4�>}�¤(�C³7�(��.� ³4´>� b �X�`�(����� −−→
AB } c �X�`�(���°�(�$�R�����−→

AC �`�I���4�`�^�I�¿¥C���`�`� −−→
AM =

−→
AF + λ · −−→FC ���`��`�y��R�`�(� λ �4�
�`�����^���>}�¤(���I�I���4�&�����$�Q�`����>�R�4�
�����I�¿�
����³^~>�*}

�>�`�`� −−→
AM = 1

2
b+λ · (c− 1

2
b) = ( 1

2
− λ

2
)b+λc �©Èd�`�4��¤(�4�I� −−→

AM = µ · −−→AH = µ( 1

3
b+ 2

3
c) = µ

3
b+ 2µ

3
c �

È¶�R�`�(� b ¤(� c
² ´>�`�`�I�^�R�(�>�I�°}9�I�$�*�.� 1

2
− λ

2
= µ

3
¤(� λ = 2µ

3
}��R�`� µ = 3

4
¤(� λ = 1

2
�?Ó��(�$�����A�`¤I���4�(�����`�4�

�?�I�^�4�I¤(�^�*�.�1� ³4� ² �(��I�(�£� CF �^�(���
�`�4�I�I}*¤(���>�I�`�`�(�>�(�� ¹ � H �:�>�`�·�`�`�I�(�R�I�$�*®��� AH �4�(�����`�4�I�I�
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a = (1, 2, 1)
H<G

b = (2, 1,−1)
j�E<M
YXN.zÂN
MvG4V(l�B�HIYXÅ

g7«��p]7T�u�M?ryE:B�P&V
a = (1, 1, 2)

j�E<M�YXN`zµryEIz7_�KRE:B�E�G·j
E(Yi¨�KEIY:H(YmP
b = (2,−1, 2)

j�E<M
YXN.z�z7P.Å
|QE:B1N�KR].q
GI{ �1Æ± �4�I�`�?�`�.�4�(���1~$�4�(� ab

|a| |b| =
3

6
=

1

2
}��R�`���·�`¤I�c�`�I���4�`� 60◦ �X�.���4�I�`�`�I�c�(���c�°���I�`�>�y�`�^���`�i�

�*A± �`�I�^´$�R�I�4�`�I���4�`� ab

|b|2
b = 5

9
(2,−1, 2) = ( 10

9
,− 5

9
, 10

9
) �

�°�AÄ·P`YXq`z7N&V�V(u1MAryEXBÆP&V
a

H�G
b W EIr W u�KtKRPAj
E�M
YXN`z7N
MvG^V(l^B�HIY Z2b�P�Yiu$]7T�u1M5Z©b�N�B.D

5a + 2b
ryE(zÂ_�KEXB�E<G

a − b Ã z4E<ZYXN`j
q1g&g�q
4a + b

ryEIz7_�KRE:B�E�G
b Ã z7E&Å|QE:B1N�KR].q
GI{

0 = (5a+2b)(a−b) = 5a2−2b2−3ab }`¤(� 0 = (4a+b)b = b2+4ab �\¥©�$�*�.� ab = − 1

4
b2 }

¤(� a2 = 1

4
b2 }*�4�(�$���µ�v�`¤I�p�`�I���4�`�a�4�I�`�`¤(�>�I�d�`�.�^�(��1~$�4�(� − 1

4
|b|2/ 1

2
|b||b| = − 1

2
}��R�`�Æ�y�`¤I���`�I���4�`�¿�^�I�`�`�

120◦ �
� �AÄ·P

a
ryEIz7_�KRE:B�E�G

b Ã z4E<Z2P
M5M�N`z·r�w j
EIK�EXB1D`E W KR_=P5V
((a× b) × a) × b

j
E<M�YXN`z�ª
|QE:B1N�KR].q
GI{ Çp� a �����`� b ��~$��R�`�I���4�`�(}"�����`�`� 0 ���y�I�^�(�$�?¤(�1�`��Ç����>�(��}������`�`� a ¤(� b �Æ�?�I���.�R�I�`�(�^�4¤I�
�y����4� ² ´>�`�`�I�^��(�>�I�*}C¤(���R�`�F�>� ² �(�^�(�R�4�(�>�I�½�I�`�J�^�R�`�`�I}\�`�?�(����>�I�Q�>�`���v�`�R�`�I���4�`��� a × b �Æ±®� (a × b) × a

�`�I���4�`�®�?�I�^�.�R�I�`�(� a×b �X���`}��4�(�$���®�*�(�$�>�µ���`� a ¤(� b �^�R�&³4�����`��}>¤(�c�?�I�^�.��I�`�(� a �X������I}>�I�I¤I�^�¼�������1~>�(�`�y�.�
b �X�`�(�X}��4�(�$��� ((a × b) × a) × b = 0 �

� �AÁ�E:B.D.E W r0 =
−−→
OP0 = (x0, y0, z0)

H�G
r =

−−→
OP = (x, y, z)

n	�pw�V&N W D�s Y G<u�M=g�E�ZCb�N^B1DP�«
P

P
M&M`N`zvH<GyO�GIP
MdP
M&M`N`z?j5P W zÂP4T<YXPFP
P0 Ã Y�YXP.z�YXP�K�r?P&V(Ò�ZµP&V

n = (a, b, c)
j�E<M�YXN`z�z7PfryEIz7_�KRE:B�E�G?G<s�M�N W Zb>P

(r − r0) · n = 0 ¬g7«
P

P
M5M�N`z¼H<GmOIG�P
MpP
M5M�N`z2j5P W z7P7T�YXPaP
P0 Ã N W q`YiryE W _
Z�P

v = (a, b, c)
j
E�M
YXN`z<z7P�K5S>q`z�b�u.V(P`r?N
G®EXB1D`E W E<G(E W Zb>P�j
P W N�K�D�P W t ∈ R

Z2P`ryEIK§D�z4E
r = r0 + tv

n

 ztT<u�Mc[IEIK�PvM�P�S$N`YiY�EXB.D.E W KRE(Y:E<M.EIY©M�N(N`z7]`w W q`YXq
M5M�P�K\w�G�Å
|QE:B1N�KR].q
GI{ �1 P �����`�`�����`�½���5³4�^�Æ�Æ�^��`�.��}��$� −−→

P0P = r − r0 ��������~>�(�`�?�.�h�Æ�^�R���
�`�X}����(���v�?�I�^�.��I�`�(�
�f�>�`���y�`��`�I���4�`�������>}©¤(���I�A�*�(�$�R�F�°�.�.�4�.�^�`�Ñ�����`�`�?�4�(� ³4�(�^´$�i}\�$� (r − r0)n = 0 ���p���`���$��$���^�����
�`�i¡
a(x − x0) + b(y − y0) + c(z − z0) = 0 �

�* P �����`�`�?�
�`�Ì���A�I�`�`�(�>�(�4�(��}c�$� −−→
P0P = r − r0 �������1~>�(�`�?�.� v �X�`�(�i}©���(��� r − r0 = tv ���`��`�?�(�R�

t ∈ R�X�^�`��p���`���$��$���^�������`�i¡ x = x0 + at } y = y0 + bt } z = z0 + ct �
���£�AÏ�EiTIE�V�V(¨1MÑM
wvj�E<M�YXN`z�rhL>j
EIKRE(Y:E<M5M`E�KhEXB.D

v
j
E�M
YXN`z

nr = 0
G�sM�zÂP j
N W P`Y M`N&V(Ò Yi¨�M�l`z�M`HÂS$HIY ZFw�K KRE(Yij
E E:B.D

bw zÂq W D
j�E<M�YXN`z�e�ZcN`z�w�B1Ò W q.Yir?E W _ÆEXB1D.E W E�GµM�l`z<¨�K§w
90◦ Ã N�G�E�K [�N`zxB1P.YXN`YiY T�q.YXÅ

|QE:B1N�KR].q
GI{ ± v �`�I���4�`�^�y�y��1���I�`�U�°�.�.�y�>�(�R���`�I���4�`�����y¤I�^� ³^´>�*}C¤(�?�F�`¤I�`�°�.�.�4�`���^´>�����`�I�(´>�Ì���A�`����`�.�
���^�?�(�>� rn = 0 �^�R�����>�¿± �^´>�`�`�^�`¤I�J�>�(����`�I���4�`�����a�?�I�`������³4~>�F¾>�`�`}£�>�`�`� v �X�a��I�`�I�^�R� ³4´>� n �X���`}°¤(� v �X�°�.�
�>�R�`�.�5³4~>���?�`�I�^´$��I�®�`¤I�^�4�I�I�^�(�^¤I�I¡ v − 2vn

nn
n �

Ç�� v =
−−→
OP }°¤(� P ′ ��� P �:�>�I�¶�����I�`�`�(�>�(�4�^�?�`�I�4�¿�`�I�^´$�R�I�4�`}£�����`�`� P �(� ² �`���.���4�`�4� ³4���a�?�I�`�������$��� ³^~>�

¾>�`� ��I}��>�`�`� � −−→
P ′P �`�I���4�`�^� ² �`�^�.��� ³^~>� �(� 90◦ �X�
�`�i}µ���y��`�(� −−→

P ′P �?�I�^�.�R�I�`�(� b �X�^�`}µ���½�(� ² �`�^�.���4�`�4�^���
�?�I�`�������$��� ³4~>���`�I���4�`����`����¼�4�I�`�^�(���4�^�`�i¡ 1

|b|b× −−→
P ′P ���Â�`��� v �`�I���4�`���(� ² �`�^�.���4�`�4� ³^� −−→

OP ′ + 1

|b|b× −−→
P ′P =

vb

bb
b + 1

|b|b× (v − vb

bb
b) = vb

bb
b + 1

|b|b × v

�������pw�V&N W D�s Y G<u�M=g�E�Z\b�N^B.D�EXB1D=E:B.D5GIH:B�E�KEIryE�GC[IHIK�OIG�N�S>N.z�Y:g�P WP�«Ub>P
a

H�G
b

w W j
E(z�YXq�KÍb�P`YXÒ�ZcP
M5M�N`z
ab

H�G
ba

w�Gaw W j
EIz<YXq�KÍb�P`YXÒ ¬g7«Ub>P
ab

H�G
ba

w W j
E(z�YXq`K b�P.YXÒ
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GI{ �1AÇ�� e ���v�I�`�>�4¤I�`�(�R�(��} a−1 ��� a ���.�`�I�^�I�`}\¤(� b−1 � b ��1�`�I�^�I�`}C�����`�`� (ab)(b−1a−1) =
a(bb−1)a−1 = aea−1 = aa−1 = e }µ¤(� (b−1a−1)(ab) = b−1(a−1a)b = b−1eb = b−1b = e �� �`�.�`�$�R�`� ba ���.�`�I�^�I� a−1b−1 �

�* a �:�$���F³4�`�$� ���.�`�I�^�I� b(ab)−1 ¡ ab(ab)−1 = e }®¤(�����`����1�`�I�^�I� (ba)−1b ¡ (ba)−1ba = e � Ç��U�² ¤(�¯I�4�`�°�`�^���I�`�A�(�R�(�y¤(�>�I�=���`�h³4�`�$�Æ¤(�®���`�£��.�`�I���I�·��I}������`�`�p���I�`�Æ�y�I�`�I�`�`�I�(�>�I�*}�¤(�®���.�`�I�^�I¤I���`�5³4���
���·�`�>�`�4�®�(�R�(�y�>�I�°��Â�`� a ��1�`�I�^�^�`��$���4�$}°¤(�®�$�`�4�.�$�R�.�`� b ��I�

¯&A¢��I�`�`�(� H = { 0, 1, 2, 3, . . . } �¶�`¤I�`�4�(�R�(�Ì�$�`��y���`}\¤(� a(x) = x − 1 }C�$� x ≥ 1 }\¤(� 0 }C�$� x = 0 �
¢��I�`�`�(� b(x) = x + 1 �y��$�>�(� x ∈ H �X���>�?¥C���`�`� ab(x) = x �y��$�>�(� x �X�^�`}��4�(�$��� ab � ² ¤(�¯I�^�`�*�`�^�
�I�`�>�4¤I�`�(�R�(�y�`}£�R�`�Æ��.�`�I���^�`��$���4�d��I�   ���4�I�.�.� ba(0) = ba(1) = 1 }°�4�(�$��� ba �>�(� �R�(�>�I�¿��.�`�I���^�`��$���4�$¡
���������y���R�`�(� c �R�I�`¤I�*�I�I¤(�^�^� cba(0) = cba(1) }��4�(�$��� cba �>�(�¸�R�(�>�I��������>�(�.�^���~$�p�R�I�`¤I�*�I�I¤(�(�
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PdM`N`r®S>N W E W GIE W M`H W Yiw®rhL>j
EIKRE(Y:E<M
z4E W H�VIj
E��ÂP&V(P&V&{
(a, b) · (c, d) =

(a · c, b · d)
H<G

(a, b) + (c, d) = (a + c, b + d)
«*ª���P W�Ã EhEXB1D5GIHXB�E�KEIr·Z W u�K KREIKRE(rfª

|QE:B1N�KR].q
GI{ º ��É>��É>�I}m�4�`�h�`�.�y��~>�^���^�R� �`�>É>��É>�?�`�R�`�`�I¡A� + ¤(� · �`�.�y�·~>�^���^�� ¤(�h�`�^�4�I�>¯I����^�R�°}C�4�5�
���$���
�4�(� ³4�(�^´$�£���$��4�I�4���R��~>�^����R�^�`�(}��?�I�^���`�.�?�°�.�>�(�$�4�(�>�`¤(�1�a�4�(� ³4�(�^´$��>�I���I�I�I�����·���I�.�>�.�^�����`�`�*� (0, 0) ��~$��R�(�R�(��}
(−a,−b) ��� (a, b) �(�R�(� �`�$�$�R�^�R�?��1�`�I�^�I�`}>¤(� (1, 1) �I�`���^¤I�`�(�R�(���   ��4�I�.�.�¼�>�(� �`�R�`�`�2�4�(�^�4�I�I}>�y�I�^�©�°¤(��$�`~$�
(1, 0) �:�$���f�$��$¯I����1�`�I�^�I�`�� À �AÁ£q�G�G<u�MÆg�E<Z2b�N^B1D�Y:EIY G4V&_�KEXB�E�G¿B1D
L>z<L�g�E W a · 0 = 0 · a = 0

rhw W ]�E W a
E�KEIrhz7E�Z¼YXN.j5q1g5g^q

(a(−b) = (−a)b =
−(ab)

r�w W ]1E W a, b Ã z4E(Å|QE:B1N�KR].q
GI{
a · 0 = a · (0 + 0) = a · 0 + a · 0 }�¤(���y��$�>�`¤I�®�.���$�`�R�.�d�>�`�I�(�`�`�>������� a · 0 �`�$�$�R�^��A���.�`�I�^�I¤I�

���I��������³4~>�°}*�>�`�`� 0 = a · 0 � � �`�.�`�$�R�`� 0 · a = 0 �
a(−b) = −(ab) }*�?�I�^� a(−b) + ab = a((−b) + b) = a0 = 0 }�¤(�p~>�`�.�`�$�R�`� (−a)b = −(ab) �� Ê � P�«��pwRV(N W D
s Y G<u�M�g�E�Z£b�N^B1D

Q Ã�W P
M W w W OIGcN`K§D`P W j5P�KRÒ(]`w�z7H�G4V<b>P�K§r?P&V&P
ZCP`ryE�K�D�P&V¿EIz4E^]1E(Yiw»rhL�j�E�KEIY:E�M&M`EIK$Y:E<G<Y:E(YP`K M`N`YXÅg7«��pwRV(N W D
s Y G<u�MÑg�E�Zvb�N^B1DÑP KEXB`M
w�GIE5g&g N�K§D`P W z4H<G4V(Y:E<G�Y
R Ã g�E W Z=P`ryE�K�D YXP`z<YXP�K�rhP5V�V(P P √

2
G^V(q`r?N`Y ZÆP&V

{ a + b
√

2 | a, b ∈ Q } n
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GI{ �1AÇ��F�I�`�U��¤(�4�(�$�`��y���d���d�I�^�(�>�I�^�®��É>�`�(�R�I�4�I���`�(���4�(�4�4�I� ¹ �4�(�$��� Q �X���`� ��¤(�4�I�4�(�4�4�I��?�`��`�`�I}

�����`�`�®���`�A�°�(�$�>�·�1~$���R�(�R�(� ¤(�c�I�`�>�4¤I�`�(�R�(�Æ}�¤(�������>�(� �R�(�>�I���y�`�I}��v��.��� 0 ¤(����� 1
¹ �$� a + a = a }

�����`�`� a = 0 }£¤(�a�$� a 6= 0 }�¤(� a2 = a }������`�`� a = 1 ��yÈ¶�R�`�(� 1 �°�(�$�>�v���`�½�A�^¤(�4�I�4�(�4�4�°�(��}"�`�$�$���
���������$�`�1���4�I�`���.�¿�.�^�4�I�I�`�`}°�4�(�$�����y���$�>�(� n ∈ N ��I}�¤(�®�I�I�I�Æ�>�I�.���^�R�(³^�=�� ¹ �y�`���`�$�$�R�^�R����1�`�I�^�I�·�>�(�
��(�>�I���� � �`�.�`�$�R�`���?�·~$�R�^�����R�����^�R����1�`�I�^�a�R¤I�4�I�I¤(�4¤I�°�.�£�`�5�`�I�4�`�I�(�R�°}°�>�`�`�Æ�y���$�>�(� 0 6= n ∈ Z �X�^� 1

n
��

�°�(�$�>�����`�Æ�?��¤(�4�I�4�(�4�4�°�(��}�¤(�®��`�=�y���$�>�(�����`¯I�R�.�$�`������4�(�`� ��(�
�*A±p� ��R�`�(� �`������¾ �^�(�`�?�`� �.�>��R���`� �*�(�$�>� �
�`�$�$��� ���Ñ�`�>�`�4� �^¤(�4�I�4�(�4�4�°�(� ¹ ��� �1:�X�*�(��y�`�`�.�4�`���$�`�

��~>�^��� ³^�>}Æ�>�`�`� Q �°�(�$�>� �
�`� �y��$�>�(� �^¤(�4�I�4�(�^�4�*�(��}�¤(�Ì�y�R�`�(� √
2 ��Q�`�4�Ì���`��}=�I�I¤I���U�y���$�>�(�

a + b
√

2 �4�(�`� ��(}y�`�>�.� a, b ∈ Q � ±p�I�Q�`�(��y�y¤I� �*�(�����^�$�i}v�>�`�`� ��� ���R�`�(� �4�(�`�?�`� ���`�R�`���`�
��¤(�4�I�4�(�4�4�I�y�`�R�`�`�^�$���°}2�4�(�$���v�(���^�^���U���A�.�^�^�I�(�`�$�`�4���>}¼�4�I�`�^�(�`�4���>}m�`�$�$�R�^�R�U��.�`�I�^�I����¤(�?�·~$�R�^�����R�����^�R�
���.�`�I�^�I�^�`�·±®�h�.�^�4�I�(�`�$�`�^����¤(�¿�`�$�$�R�^�R�f��.�`�I�^�I�������`�R�A�(���^�^�^���Æ�1�����R�
�`�1�
�`��A�A�4�I�`���(���4���A�
�`����(���^�^�����
��� (a + b

√
2)(c + d

√
2) = ac + 2bd + (ad + bc)

√
2 ���^�`����>�R�^�`�4�°�.�i}�����~$�R�^�R�����R�
���^��d��.�`�I���I�^�y���`�R�

�(�����^�^�����*�(�$��A��� 1

a + b
√

2
=

a − b
√

2

a2 − 2b2
=

a

a2 − 2b2
− b

a2 − 2b2

√
2 ���^�`����>�R�^�`�4�°�.�9�`�&�`�I�4�`�I�(�� ¹ �R�4�

² �(��$�`�4�(�$�`� ³4~>�����I�I}*�>�`�`� a2 − 2b2 �>�(� �R�(�>�I� 0 }��$� a + b
√

2 6= 0 }*~>�`�.�`�$�� √
2 �>�(� ���`¯I��.�$�`���I�
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CB
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r?P(B1P�G�G�q&B1q`YvH�G�G4V(l�B4[(E�KE�V(_4TIH(Y�rhw W Yhj
E�M
YXN`z7N
M�P.YhP5V
a

H�G
b

j
E�M
YXN`z7N
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