
���������
	��
�����������
	�� ���������! #"$ &%('*),+.-0/1�32,),�!"$4#'*)�5$6 7�8:9
;=<>�@?A�CBED��GFH����	I9�J:<
K �MLONGPGQ�N*QSRUTWVUXUQZY�R
V�[CN\R(]

R × R
N�T
N_^`N*a
bdc�ReRA]\f
P�P0](N0R=g:h
P

(a, b) + (c, d) = (a + c, b + d)
bSRiP0]*XUj@]*h
P�k&N0gUa�l

R�m
(a, b) ∗ (c, d) = (ac − bd, ad + bc)

b>anT!ToN*QZp
N
q m

(a, b) ∗ (c, d) = (ac + bd, ad + bc) rstN�l=X�Tog:h
P_uwv=xey{z}|:~0~0z_�*vU�&�U~@��vI�_~@�U�O�U�0�@�U�{vU�o�U�U�_�#�`�_�0�S�i�
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(0, 0)
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(a, b)
vU�&�&�o�0�o�e�
�:�U�_��z_�

(−a,−b) �y��&�
~@z_�@���o�#���0�o���o�0�U~��
~}�@�*� �C�*~0�&���
(a + a′, b + b′) ∗ (c, d) = ((a + a′)c − (b + b′)d, (a + a′)d + (b +

b′)c) = (ac − bd + a′c − b′d, ad + a′d + bc + b′c) = (ac − bd, ad + bc) + (a′c − b′d, a′d + b′c) =
(a, b) ∗ (c, d) + (a′, b′) ∗ (c, d) �y ~@z_�U�0z*�U~¡�U�:�`�����0v��0�o�O�

(a, b) ∗ (c, d) = (ac − bd, ad + bc) = (ca − db, cb + da) = (c, d) ∗ (a, b)
�

�*~IvU~�~@z_���_��v��0�o�,�
((a, b) ∗ (b, c)) ∗ (e, f) = (ac − bd)e − (ad + bc)f, (ac − bd)f + (ad + bc)e) =

(ace−bde−adf −bcf, acf−bdf +ade+bce)
���*~

(a, b)∗((c, d)∗(e, f)) = (a, b)∗(ce−df, cf +de) =
(ace − adf − bcf − bde, acf + ade + bce − bdf)

�I�_�U�_�U�U�_z*�o�¢v�z��*�o£Uz_£A�U�*� �¤¥�U��~0�_�U�*�o�*�¦v�z
(1, 0)

�
(1, 0) ∗ (a, b) = (a − 0, b + 0) = (a, b) �§¨v

(a, b) 6= (0, 0)
�&v��3�U�U�

(a/(a2 +b2),−b/(a2 +b2))
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a, b ∈ R
���0�

a2 + b2 > 0
�&«&v

(a, b) 6= (0, 0)
�
(a, b) ∗ (a/(a2 + b2),−b/(a2 + b2)) = ((a2 + b2)/(a2 + b2), (−ab +

ba)/(a2 + b2)) = (1, 0) ��,x­¬¡�*�®vU�o�U�U�¯�@�*~@�@�_�_�°�I�_�0�¯���&�o�0�o�#�
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(1, 0) ∗ (a, b) = (a, b) ∗ (1, 0) = (a, b)
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(1, 1)
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(a, b)
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(a + b, a + b) = (1, 0)
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(1, 1) ∗ (1,−1) = (0, 0) � x
���­½¡gC¾G¿3V`^`N�leR(]\RUT�h qAq aEVUXU^{k,T
N0ÀHP0]*hU^IX
V`VURUY�XUY�a
V�¿=PiÁÂR�TÃl3N q jÂR:aÄmHRUT�R
VÂ¾�h:Q�u

R�m
z = (3 − 4i)(7 + 8i) Å q m

z =
3 − 4i

2 − i
Å Æ m z = i87 Å gGm

z = (1 + i)9 Ç
stN�l=X�Tog:h
P_uÈv=x

53 − 4i É �,x (3−4i)(2+i)
(2−i)(2+i) = 10−5i

4+1 = 2 − i � �(x º �o�U�*� i4 = (−1)2 = 1
�
i87 = i3 = −i � ��x

º �o�U�*� (1 + i)2 = 2i
�
(1 + i)9 = (2i)4 · (1 + i) = 16 + 16i �

Ê � R�mÌË&]*hU^\Í!Q!PG¿3VIV
aÎR
16 − 30i

V�XU^{k,T
N0À­P@]*h:^¦Y,Ï�l:Ð*](N*Q
l:ÐUf
VUN*anQ Çq mÒÑ¡ao]*XUY�Ð
Í!Q!PG¿3V q NGbdc�X0l=ÐHRiVUXU^{k,ToN�ÀHP@](hU^IX
V`VUfUjCÏ q N*YÓ^\a!Y�g=N*Y�P0]*hU^ q�Ô T�T
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stN�l=X�Tog:h
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(x+ yi)2 = 16− 30i
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x, y ∈ R
���0� � yÕ���_�U��z_�_�@�0�}�*�I�*�
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«&vU~@z*�&�U�
�
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x2−y2 = 16
�

2xy = −30 � y{zÓ���@¼U�&�#�o�O£:�¡���oÖ!�Â�C�_z_�U� y
���i�*~Hv�z��*�
~@£U�O���O�*«��*�o�U�_�@�@�*~0�
�@�U�U�

x2 − 225
x2 = 16

��v�z*v�z
x4 − 16x2 − 225 = 0

���@�*«&���
x2 = 25

��v��U�
x2 = −9 � y¡zI���@¼U�&�#� x ∈ R

�`�
v��@�¯���*�×�o�*«��_�_�°�@�*«&���
x2 = 25

���o�U�
x = ±5

�#�*~
y = − 15

x
= ∓3 � yØ��v��,�U�@�¡�U�_�{�I�_�U�:�
�&�U~ z = ±(5 − 3i) ��,x­§¨v

a+ bi
���,£:�,�U�*�
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b = 0
����v ±√

a
���
���o�_�@�U�

a < 0
�*~0�_�@�*� ±i

√
−a

v��I�_�U�:�
�&�U~_�
���&�o|:�=�,�*�±�O�*�&�o�ev�zI�*�o£U�&�#�d�I¼����:�±v�z

(x + yi)2 = a + bi
�_�U�U�*�&�
�_�@�,£:�d��v��O�U�@�}�_�U�U�*�&�o�_�

x
���0�

x4 −
ax2 − (b2/4) = 0

�,vU�`�o�O£:�
x2 = a±

√
a2+b2

2

�_�0�@�*���I�_z_�U����vU�
a2 + b2 ≥ 0
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x = ±
√

a+
√

a2+b2

2

�&�*~
y = b

2x
�

Ú �­Û�N�l:Ð:N_Y
z = 1 + 3i

Ï�P
u = 2 − i Ç Ë�](hU^\ÍnQ!P�¿3VIV
aÎR(]\R�Toh qAq aEV�a Ü*Nµ¾*N�]AÏGP_N�V�Ï_jGQ�ÏGVUÏ*Q�uRGm

zz̄
q m

u/ū Æ m |z − u| gGm |2z − zu| NÂm |u/zū3| ÇstN�l=X�Tog:h
P_uÝv=x
zz̄ = |z|2 = 1 + 9 = 10 � �,x u/ū = u2/(uū) = (3 − 4i)/5 = 3

5 − 4
5 i � �(x |z − u| =

| − 1 + 4i| =
√

17
��x |2z − zu| = |2 − u| · |z| = |i| · |1 + 3i| =

√
10
�Ax |u/(zū3)| = |u|/(|z| · |ū|3) =

|u|/(|z||u|3) = 1/(|z||u|2) = 1/(5
√

10) �
Þ �­s±a¥RH^`Ï_jGQ�RUY#adc�N�T�Ð:N\R`P�Í
VUXUY¶R(]*X�V
Y�R
V­R}k&XUY#Q�X
V�Y�R
V(b�RU^`N�T�Ð:NGV�Y,NGV`^`N�l0Ü_N_ToN_T�ß

z
V�XU^{k,T
N0ÀHP0]*hU^IX
V�jÂR=u

R�m |z − 5 + i| = 2

g�m
z + z̄ < 4

q m |z − i| = |z + i|
NCm

2z + 5 = 2z̄

Æ m |z| = 3iz

Ü(m ∣

∣

∣

∣

z − 3 + 4i

z − i

∣

∣

∣

∣

≥ 1

stN�l=X�Tog:h
P_u v=x |z − (5 − i)| = 2
�,«&v

z
�0�*�U�:��~0���:v

5 − i
���@£:�

2
�#�@�*«&���¨�_z�v�z

5 − i
�U|U���&�
�

2
~0���:v���à¢�U|U� ��,x

z
�0�*�U�:�
~0���:v

i
���@£:�.�*~ −i

���@£:�.�`�_�U�_�U�U�_z*�o�,�¶�@�*«&���
z
v�z

i
���á�*~ −i

���â|:~0~@z_�_�U|U�@£ã~@z*v���vU~@zØÖ!�*�o�_z_£
�`�_�0£:�o�_�U�*~@�*�ª�Ov�z*v�z·v�z

x
�@�*���U�*�
�U�*����vU� � y �I�_�U�:�
�&�U~¡v�z

x
�@�*���U�*�
�U�,v�z*v�z { z | Im z = 0 } ��(x­§¨v |z| = 3iz

�,v����U�U� |z| = |3iz| = 3|z| � ¤Î�&�O£:���U|A�U�_�@�U�_z*�o�,��«��U�U� |z| = 0
���@�*«&���

z = 0 � yä�I�_���0vU�&�
«��*�
�H�_~0v��ev�z��U���o�U¼U�,¼:���U�
� ���x
z = x + yi

���0��v`Ö!�*�o�@�_�@�*�
2x < 4

�ªv�z*v�z
x < 2 � yå�I�_�0�0vU�&�E«��*�o�¢v�z

x = 2
���oz*~@z*���:�@�*~¨�_�U�U�*���*~}vU�
v��@�0�

�=�����o��Ön�*��~0�o� �
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�Ax

z = x + yi
���0�

2x + 2yi + 5 = 2x − 2yi
��vU�`�o�O£:�

y = − 5
4 i
�������_z

y ∈ R
�`��v��@���o�*«��_�@�_�0�o�*� ��� �*«&���¨v�`�_�0�0vU�&�°«��*�o�ev�z����0�*~¡«&vU�
�`v�z �Ö�x­y¡z`�_�U�U�*�&�o£U�0�
�*�&~@�_�U�_�I���0�o��«&v��!�0��� |z − 3 + 4i| ≥ |z − i| vU��v��3�#v��$�*~�v�zi���@¼U�&�#�o�\v�z_�U�¶v z

�U�:�I�#�
���
~0z*�U�I�U�1�*�
�_�:�o�0�o�Ò���Z�¥vU�`�*�o�U�_�

i
���@£:�{�&�
�&�_~@�*���_�M�0�*�U�:�
v��&�����`���:�

3 − 4i
���@£:� � ¤¥z¢v�z i

���I�*~
3 − 4i

���
|:~�~@z_�_�U|U�@£e~@z*v��
vU~0z·Ö!�*�o�_z_£­�I�_�0£:�o�_�U�*~@���U�o�0vU�Ù�U�_�@�@�_�
���U�U�@��~��o�

i
���¨�0v��0�0vU�
�iv�z_¼�z*���0�¨Ö!�*�
~0�o�(�@v������
«&v��U����v

v�z
i
�,�:�=�@�U�_�O�`�_�0���U�@�{v`«&�U�=�:vU���:~}�&�
�&�_~��_�0�@�*���I�_z_�U� �

� ���³TogC¾G¿3V`^`N�leR(]\RUT�h qAq a>N�l:Ð:N_Y#ToN*Q�NGVUN*QSRiVUXU^{k,ToN�ÀHP@](hU^IX
VIc�R�T�^IR(]*h:Y�u
R�m

z2 = −12 Åq m
z2 + 3z + 4 = 0 Å

Æ m z2 = i Åg�m
z2 + 2iz − 1 + i = 0 ÇstN�l=X�Tog:h
P_u v=x

z = ±2
√

3i �
�,x

z =
−3 ±

√
−7

2
= −3

2
±

√
7

2
i ��(x

(1 + i)2 = 2i
�i�
v��@�

z = ±( 1√
2

+ 1√
2
i) �

��x
z = −2i±

√
−4+4−4i
2 = −i±

√
−i = −i± (− 1√

2
+ 1√

2
i)
���@�*«&��� − 1√

2
+( 1√

2
−1)i

�*~ 1√
2
− (1+ 1√

2
)i �

	O���³TogC¾G¿3V¡^`N�l�R(]{R�T�h q(q a�N�l=Ð:N_Y&T
N_Q�N�VUN_Q�R¨VUXU^{k,T
N0À�P@]*h:^\X�V{V�f:jCÏ q N_Y&b$ÏGP³h q jCh(]*X�T ¾�¿=V�R}^`N�l3X�Tog:h
P�X�V�RUQ$R¨V�XU^{k,T
N0À
P@](hU^·PGÍ�V�XUY Ç
R�m

x3 − 1 = 0
q m

x4 − 1 = 0 Æ m x4 + 1 = 0
gGm

x4 − 5x3 + 6x2 − 5x + 1 = 0½¨]·g�mHN�l:Ð:N*Y&ToN*QZY,Ï�T$X
P�P0]_¿�Y�V`T
N
x2 [ÂQ�N�T bSÏGP�p
N�](N�P�P�
3V q N\RA] u = x + (1/x)

c�N_T Ð:N_QZQ�N�PGÍ!Q�ÏGP�Q Ç
stN�l=X�Tog:h
P_u
v=x

x1 = 1
�

x2,3 = − 1
2 ±

√
3

2 i ��,x
x1, 2 = ±1

�
x3,4 = ±i ��(x

x4 + 1 = x4 + 2x2 + 1 − 2x2 = (x2 + 1)2 − (
√

2x)2 = (x2 −
√

2x + 1)(x2 +
√

2x + 1)
�O�@�*«&����v

�U�U|U�U�*�
x1,2,3,4 = ± 1√

2
± 1√

2
i ���x

x2−5x+6− 5
x
+ 1

x2 = (x+ 1
x
)2−5(x+ 1

x
)+4 = 0

�=«&v
x+ 1

x
= 1

��v��U�
4 � y¡zS�*��~@£U�,£:� x2−x+1 = 0

�
�@�*«&���

x1,2 = 1
2 ±

√
3

2 i
��vI�`�U~@���&�o���,¼:�

x2 − 4x + 1 = 0
�#�@�*«&���

x3,4 = 2 ±
√

3 �
� �­s±a¯R�l�N0XU^`N_QZjGaµRUa$¾_N_ToN*Y#Q�ÏGP*N¢RUY#Y,R
V(b�c�X0l:ÐÒN�l:Ð

z
V�XU^{k,T
N0ÀÒP0]*hU^IXUQ�^`N�l�P@](XUj@]_¿�Y�V

i
[Âp
N�T r�
 hUQ�RUY#Y�R�V(b�c�R

(1 + i)
[Âp
N�TªP0]*XUj@]_¿�Y�V r�� P¯c�RHp
N�P�P0]�
3V�R z

VUXUY_¾�¿�l3h�T�Q ¾�hUY,R
VHRHjCN Æ aÄkOjCX
V�hUQ}Á z 6= 0
[ÂjÂRGm rstN�l=X�Tog:h
P_uåy{z

i
���U�*�Ù�
vU�o¼H~@z_�U�0z*�U~

90◦
���:~¨Ön�U�0�:v��0�U~¨�O�Uz*�o�0�o�¢�o���U�:���#vU� � y¡z (1 + i)

���U�*�Ù��vU�o¼H~@z_�U�0z*�U~
45◦

�
�:~�~@z_|U�:¸ª� √

2
��~@z_|U�0|:~�Ö!�U�0�:v��@�
vÓ�:��àA�@�0�U~ � y z 7→ 1/z̄

v�zH�U���o�U¼��U|U���&�
�Î�_�U��~@�_�±~0���:v���à1�U|U�0�0�i�U�:�&v��@�U�Uz_¼
�
�=�U�_�0z*�o¼ �

� � 
 X(]�]*¿=V`QZjGa l3XUY�XU^`N*QZj�a�V
¿3P�R�ToR
V�jÂR¢RA]\R�T�h q(q adV�XU^{k,T
N0ÀHP0]*hU^IX
VURUQ�uR�m
1 + i Å q m −8 Å Æ m −

√
3

2 + 1
2 i Å gGm

1 − i tg α Å NÂm
sin 12◦ − i cos 12◦ ÇstN�l=X�Tog:h
P_u v=x

1 + i =
√

2(cos 45◦ + i sin 45◦)
�
v��U�­��vU�&�
�U�=�#vU� √

2(cos π
4 + i sin π

4 ) ��,x −8 = 8(cos π + i sinπ) ��(x
cos 150◦ + i sin 150◦ ���x 1
cos α

(cos α − i sinα) = 1
cos α

(cos(−α) + i sin(−α))
�@���o�U�:���:�I�_�@���o���&~­vU�
v��O��«&v

cosα > 0 � §¡v
cos α < 0

�&v��3�U�U� − 1
cos α

(− cos α + i sinα) = − 1
cos α

(cos(π −α)+ i sin(π−α))
v·�@���o�U�:���:�I�_�@���o���&~

vU��v�� ��Ax
sin 12◦ − i cos 12◦ = cos 78◦ − i sin 78◦ = cos(−78◦) + i sin(−78◦) �

K�� �¢Ë�](hU^\ÍnQ!P�¿=VIV�a
R�m R

(−
√

3 + i)−9 VUXU^{k,ToN�ÀHP@](hU^ Ï*j�Q�Ï�VUÏ*Q!b³ÏGP¯c�X(]�]_¿3V�R(]`N*jCN�gU^`Ï_Y#Ð�Q�R�TÃl3N q jCRUa¥R�ToR
V
jCR Åq m −243i
f
P�P@](N�P·fUQ�f*gUa�V�l=Ð�f�VUÏ_Q¨Á�QZjGa�l=XUY�X:^IN*QZj�a�V
¿3P�RUT�R
V q RUYUm Å

Æ m R z6 − z3 + 1 − i = 0
N�l:Ð:N_Y&T
N_Q³f
P�P@](N�P�^`N�l=XUT�g:h�P�hUQ Åg�m R

z = zn
Á
n ∈ N

mHN�l:Ð:N*Y&ToN*Q>f
P�P@]ANGP·^`N�l3X�Tog:h
P�h:Q Ç
stN�l=X�Tog:h
P_u v=x −

√
3 + i = 2(cos 5π

6 + i sin 5π
6 )
���*~¡v −9.

«&v��@���U�:�:v 1
512 (cos(− 45π

6 ) + i sin(− 45π
6 )) =

1
512 (cos π
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