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< �>=@?BADC�E�FGA
?7F/H�I%?�J'H7K)?7FLADE M+?�N;O�E�K�P�FQPLF�R/S
?BT F/?�J'U
FVF;R'JBW�AYX[Z\A�E]M^?_N;O7E
KBP
F
M+P
FQP/`ba�cdFLef?hg8PQeLN/TiO�E�j2N;TkPLK�ThP;M�`/P/OY`l NmJBE�K l P/M�n

P�opPmJ
R

2 K�q
FfTiWdF
ObR'JmH7KB?fP'J
x = 2

?hg/C/?)M+?7K�Ob?�r
l o

ϕ : R
3 → R

2 s P�t�u�A
ϕ((x, y, z)) = (x + y, x + y)

r
v opPmJLPwA
?7F/H�I%?�J'H�K s P;ef?BADCQeGE M�`2?)M

R
2 x l ?�A�EyS
?�F
Thu;O�t�u'JfPft9u
K�K_J)N;TkOz?BM�`2?BADE�r`�opP

2 × 2 x ?7K�SmP;A�{
K�e[N;TiO7E�j2u
F;u;M|P8ef?�A A}H�F�N;T~A}{;ObP�SmP�A}{8TiWdF
ObR'J'H�K�r?bopPwF;u;e�I+A}?�j8F�u/MBa7c;gdN�A�N�KVP
C

x M�eGE M"T
R � R�A}R;TiTiE�S�?7F�Thu;O�T�H)Ob?)M9r

� o�?�g/CwP2`/u;TiT
a + bi

F�u/e�I^A}?�jQKzJ)N/eGe[P�A�SmP;A�{QK_J)u;OzJ)N
KLP
C

x M�eGE M"T
R � R�A}R;TiTiE�S�?7F�Thu;O�T�H)Ob?)M9rgBopPwK�q
F

α
KzJ'R_g/��?�A � u/O gdP;ThN
K�P�P'J[u;O7EDgd{wF�R;O7W�A�n

=@?�g2u�A}`/N
KB� �2�����)���
�
�9�)�����
�B�%�[�B�_�
0

�9�)�
0 �h� �Q�[�B�;�;�

� �>� �
�9�)�����
�)�¡�[�B�_�G�B�;�¢�f���z���}£9�z¤)�;�¦¥��;�}§ � �;�
�z¤B¨;�_¤)�;�_���;�©�}�)ª9�B�f�[�B�;¥��;�}§/�_«}�_�;�%�i¬
A





x

y

z



 =

[

x + y

x + y

] ��¤

A =

[

1 1 0
1 1 0

] �f���z����£����9�¡­¡¤:��¤
A

�f���z����£��L�z���;�%�z¤B® ¨;���f�;¯B�
§Q�z�_�;�%°%����°±�f���z����£%�9�
¯'�>���)���
���%�����
�B¬

|v + w| 6= |v| + |w|
�"²9�}¥;³B¥;�;���;�f�
²;¨;�

v
³)�

w
�B�;���
���;�/�9´%��²+�

°��>� �
�9�)�����
�)¬
f

([

a b

c d

]

+

[

e f

g h

])

= f

([

a + e b + f

c + g d + h

])

=

[

d + h b + f

c + g a + e

]

=

[

d b

c a

]

+
[

h f

g e

]

= f

([

a b

c d

])

+ f

([

e f

g h

]) �

µ �f���z���}£9�p��¤ {[

1 0
0 0

]

,

[

0 1
0 0

]

,

[

0 0
1 0

]

,

[

0 0
0 1

]} �z�_�;�%°%����° � ��¤)�
� � �;�






0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0







�
�f�B�_���¶�z���;�%�_¤B®]¨;���w�;¯B�}§V��¤��)���z·:³)�����9�B�;�;�)°%�}² � ��¤)�
�z�)�}�)�f�B��® �)�
¯B�z�B�_³)�
�h�/���f�;�z¨9°%�}²����¡³)����ª%�����f�;°%�}²����
¸ �)°%�}�wª9�)�
� � �)�¹ª%���;�'ºz�9�

�m� µ �
�
�9�)�����}�_�;�»²;¼m¥;�B�z²;�B¤)�}²@�8²;¨/�mºz½9�/�;�
�;���V¾9¥;�)�}�B�_���_½%���mºz°9¨/�%�_���/�;� � §/�i� µ �f���z����£9�8�>�z�_�;�%°%����°
{ 1, i }

� ��¤)��� � �;� [

1 0
0 −1

] �
®�� µ ²;¨/� ¸ �}��£¿�z¤)�;�[¨;²¿�V¾9¥;�)�}�B�_�À�_½%���mºz°9¨/�%�_���/�;� � §/��²;¼'¥;�B�z²;�B¤)�}²^�:ª9¨;�;�Á�Â�}�B²;³ ¸ �B¤B³)�¹�
���9�)�����
�B�ÄÃ±�}¥;�)�

f(x + yi) = (x + yi)(a + bi) = (ax− by) + (bx + ay)i
�L�}�B²;³ ¸ �B¤B³)�B�"�L�f���z���}£9�L��¤

{ 1, i } � ��¤)�
� � �;�
[

a −b

b a

] �
�d� µ �}�B²;³ ¸ �B¤B³)�

R
2 � �)�Å�f�
�2�¶�>²;¨/� ¸ �}��£��_¤)�;�f�_«}²;¨/�Å�

cos α + i sinα
�z¤)�;�w�f�;��¥
�;�
§>�_¤�¨;��¤)�;�z²;³)�/��ª%���B�

�z�)ª%���»��¤:®��¦�_³)�_¤:�z¤B�B���
�2���
�
�9�)�������B�9³)���f�f���z����£9� [

cos α − sinα

sinα cos α

] �
Æ �>Z�`ba7cdFfef?hg�PwF�R/S
?BT F/?�J'UwA�E M+?_N;O7E�K�A}?�F;HYI%?�JmH7KB?�FfeLN/TiO�E�j2N;T�P8ef?hgdP/`/u;TiT l N'JBE�K l P;M s E]A A}?)TiS
? l N'J)E
K�I9N;O l P;M+�P�opPmJ

y = x
?hg2C;?)M+?7K�Ob?GS
P�A}{>TiW2F�OYRmJ'H7K s B = {(1, 0), (0, 1) }

rl opPmJ
y = x

?hg2C;?)M+?7K�Ob?GS
P�A}{>TiW2F�OYRmJ'H7K s B = {(1, 0), (1, 1) }
r

v opPmJ
x 7→ Ax s P
t9u�A

A =

[

1 1
2 −3

] s B = {(1, 2), (1, 1) }
r

`�o
ϕ : R

3 → R
3 s P;ef?�A�C�Ob?

ϕ(1, 2, 1) = (0, 2, 1) s ϕ(1, 1, 1) = (1, 0, 0) s ϕ(1, 0, 0) = (−1, 0, 0) s PK�ThP;M�`/P/OY` l N'JBE�K l P;M9r?bo
p(x) 7→ p′(x)

PQA
?hg � R�A aB? l'l e[N
KBu)` � u
F
Ç�SmP�A}{
K©I%u�ADE M�u;e[u
F>T�?BOzHBM s PfK�ThP;M�`/P/OY`
{ 1, x, x2 }

l N'J)E
K l P;M9r
� o ϕ : R

2 → R
3 s ϕ(x, y) = (x + y, y, x) s B1 = {(1, 1), (2, 0) } s B2 = {(1, 2, 1), (−1, 1, 0),

(0, 1, 1) }
l N'J)E
K�I9N;O l P;M%r

gBo|Z»J
x − 2y + z = 0

K7q�F
ObPQS
P�A}{>e[?)OYU;A}?�gd?7KGS
?BTiq T�H7KÀK�ThP;M�`/P;Ob` l N'JBE�K l P;M�n
=@?�g2u�A}`/N
KB� �2�

(1, 0) 7→ (0, 1)
�+³)�

(0, 1) 7→ (1, 0)
�+«
�;�8�f�w���z����£%� [

0 1
1 0

]

� �
(1, 0) 7→ (0, 1) = −1 · (1, 0) + 1 · (1, 1)

�G³)�
(1, 1) 7→ (1, 1) = 0 · (1, 0) + 1 · (1, 1)

�L«}�;�È�
�w���z����£ [

−1 0
1 1

] �ÈÃ±�;�z²;³ ¸%¸ ¬|��¤����z�z³B�_³)�>�f���z����£%�
P =

[

1 1
0 1

] �
P−1 =

[

1 −1
0 1

] �©³)�Q«}�;�p�
�z���;�%�z¤B®]¨;���f�;¯B�}§[�f���z����£%����¤¶´mº � ��¤)��� � �;����¤»�2���_³)�_¤ � �)�>�[�B�;�_�;�
�;�
�¦�z�_�;�%°%����°

A
�f���z����£9¨;�¦ª%�;�_¤)�%�;�}¥
�

P−1AP =

[

−1 0
1 1

] É

¯'� µ ¤����z�z³B�_³)���f���z����£%�
P =

[

1 1
2 1

] �"�
B �h� �)�¹®]�)�
«
�_�©�f���z����£

P−1AP =

[

−7 −3
10 5

] �
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°�� µ ¤B�:��¤
A

�w���z����£9¨;�»²;�B���)�_���9²^� �;�[�)�}���_�
A





1
2
1



 =





0
2
1





�
A





1
1
1



 =





1
0
0





��³)�
A





1
0
0



 =





−1
0
0





�

¥����;�9�
�À��¤
A





1 1 1
2 1 0
1 1 0



 =





0 1 −1
2 0 0
1 0 0





�w���z����£9�B�;�;�)�%�}�B�z�B�:²;�)�
���[�B�;¨/�
°%�;�%�h� µ �f�B�;¨/�
°%�;�_�
A =





0 1 −1
2 0 0
1 0 0









1 1 1
2 1 0
1 1 0





−1

=





−1 −1 3
0 2 −2
0 1 −1





�

�m�
a+bx+cx2 7→ b+2cx

�;�B¤B³B�_�y���}�B²;³ ¸ �B¤B³)�
{ 1, x, x2 } � ��¤)�
� � �;�L® �)�
«}�_�

A
�f���z����£%�����

A





a

b

c



 =





b

2c
0





�

� �)ª%���
A =





0 1 0
0 0 2
0 0 0





�
Ã±�;�z²;³ ¸%¸ ¬

1 7→ 0 = 0 · 1+0 ·x+0 ·x2
�
x 7→ 1 · 1+0 ·x+0 ·x2

��³)�
x2 7→ 0 · 1+2 ·x+0 ·x2

���z�)ª%���
� � ��¤)���z�)�}�)�[�B² ²;³ ¸ ³)�9�B²Â²;¨�¨;�_¨9°%�
�%���_�)¥;�B²��z¨;���;�





0
0
0





�




1
0
0





³)�




0
2
0



 � �B¤B�B² ��²;�B�_�)�z�B�z�
A

�f���z����£
¨/�_¤)�}¨ ¸ �;�i�

®�� µ �}�B²;³ ¸ �B¤B³)���_�_�;�%°%����° �f���z����£%�
A =





1 1
0 1
1 0





����¤
R

2 ´mº � ��¤)�
�_����� ¥��;�}§ ���z�z³B��³)���f���z����£%�
P =

[

1 2
1 0

] ����¤
R

3 ´mº � ��¤)�
�_�����¢¥
�;�
§ ���z�z³B�_³)���w���z����£%�
Q =





1 −1 0
2 1 1
1 0 1





� µ ¤�´mº � ��¤)��� ¸ ��� � �;� �

�w���z����£
Q−1AP =





1 0
−1 −2

0 2





�
Ã±�;�z²;³ ¸%¸ ¬

(1, 1) 7→ (2, 1, 1) = 1 · (1, 2, 1) − 1 · (−1, 1, 0) + 0 · (0, 1, 1)
�3³)�

(2, 0) 7→ (2, 0, 2) =
0 · (1, 2, 1)−2 · (−1, 1, 0)+2 · (0, 1, 1)

� «}�;�[�¶²;¨�¨;��°%�
�%���_�)¥;�B²��z¨;�_¨;² � §/���f�
�/��¨/�z¤)�}¨ ¸ ¨;² � §/���;�
�
§��f���z����£




1 0
−1 −2

0 2





�
�d� µ ¤

x−2y+z = 0
��«}²:�9¨;���f�;�}¥;�B²��z¨;���

n = (1,−2, 1)
�2³)�#«}�;�¶�B�;�

v
¥;�B²��z¨;���%��²G���_«}²�����¥;�B�z���[�B�_·/�
�B�;�)�

¥;�B���%�
�B�z�
v − vn

|n|2 n
�À­�¤B���B�;�

(x, y, z)
�z�B�_�_¤B·/�}�B�;�)�¶¥;�B²��z¨;�_���8®]�)��«}�_¥��w��¤B�À²
� ¸ º_½9²^� ª9¨;�;���Q¥;�B�_«}�z³)�¶��¤

(x, y, z) ¸ ¨/�/�z¨;�L��¤
(x, y, z) − x−2y+z

6
(1,−2, 1) = ( 5

6
x + 2

6
y − 1

6
z, 2

6
x + 2

6
y 2

6
z,− 1

6
x + 2

6
y + 5

6
z)

¸ ¨/�/� � �Q¥9�
�z¤)�i� � �)ª%�����[�z���;�%�_¤B®]¨;���w�;¯B�}§w�z�_�;�%°%����°��f���z���}£9�
1

6





5 2 −1
2 2 2

−1 2 5





�

� ���9J'N;eLq]T K�c2F�F
E P'J
f : (x, y, z) 7−→ (x+y−2z, x+z, 2x+y−z,−x−z)

A
?7F/H�I%?�J'H�K�eLN/TiO�E�j2N;M+P
FLPLObP;M2g_a�N;T
	
�VN;M"CQ`/E]ef?BM�JBE~{
K

f
F;HYI^T�?BOz?[H7K�e[P)g2T�?BOz?9XwZ�`ba7cdFwef?hg>PwF;HYI^T�HBO7M+?�F8H7K�P8eLP'g/T�HBO7M+?�F>?hg2C x ?hg2C l NmJBE�K�N;T
	

=@?�g2u�A}`/N
KB� µ �
�B²;³ ¸ �B¤B³)�V�z�_�;�%°%����°@�f���z����£9�
A =







1 1 −2
1 0 1
2 1 −1

−1 0 −1







�
��¨;¤B¤)½9²��B¤B�
�À�;½%�_� � �[§9°%�z¤B�B�_���)�y�_� �
°%½9²��;�}���}³ ¸ ¯B�z·/���;����²d�����







1 1 −2
1 0 1
2 1 −1

−1 0 −1






7→







1 1 −2
0 −1 3
0 −1 3
0 1 −3






7→







1 0 1
0 1 −3
0 0 0
0 0 0







­ �%� ·/�^�}�B¨/�}¥��;�_ª%���z§%�"ª9¨;�;�Q�G�f���z����£[���;�9�'º_�
2
�9�[�B�_�k�V�
³ ¸ ¯B�z·/�¦�;�
��² � �;�8²;³B�k�9�)� �d½%�
�
�G�z¨;�3¥��;� � µ ²;³ ¸ �z³B�

�:�f���z����£V¨/�z¤)�
¨ ¸ �z�B�_�;�d³)���)�%�9�B² � ��¤)�
�_�����;°mº_����¤
A

�f���z���}£G�)�
�_·¶²;³B�¡¨/�z¤)�}¨ ¸ �9�
(1, 1, 2,−1)T

³)�
(1, 0, 1, 0)T

�
�[�B�_�:���}³ ¸ ¯B�_·/���;�
��² � �;�|��¤f�)���z·�²;³B��¨/�z¤)�
¨ ¸ � �;�|¥��;�%�%��²@��¥;�B¤B³B�_�)�}�)�f�B²+� µ �w���;�z³B� ¸ �)°%�}����¤

Ax = 0�B�;�;�)�%�}�B�z�_�)�%°%�_¤B�B�w�[�B�;¨/�
°%�;�z�z�B���;�¹­¡¤B�V�����}�B¨/�}¥��;�_ª%��� º_½9²@���}³ ¸ ¯B�z·/�V�;�
��² � §/���~�±²;¨/�%�z�_�;�%�G¨/�z¤)�}¨ ¸ ¥;³B�/�}�
0
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�f�����;°��[�z¨;�_�_�)°%½9²/¯B�}§8�z¨;���;����¬




x

y

z



 =





−t

3t
t



 = t





−1
3
1





�
t ∈ R

����³)�©�)�%�9�B² � ��¤)�
�_�����;°mº_�w�
(−1, 3, 1)T

¥;�B²��z¨;�)�
� �>Z�`ba7c9M9Ffef?hg�u;ADC;P;M�A�E]M^?_N;O7E
KGTiOYP;M%KzJ � u;O7e[N v E~{;T�P'J

R
3 S�?7F
Thu/O�T�H)Ob?)M s P;ef?�A�C�Ob?

P�o
0 6= Kerϕ ⊆ Imϕ

r
l o

Kerϕ 1
`;E ef?BMdJ)E {�K s H�K

Kerϕ ∩ Imϕ = { 0 }
r

v o Imϕ 2
`;E e[?)MdJBE~{
K s H7K

ϕ
PmJ

Imϕ
eLE M�`2?)MÅS
?7F�Thu;ObN;T©R;M"e[P)g2N l P>S'E�KzJ)E
r

`�o
ϕ3 = 0 s `2?

ϕ2 6= 0
n

=@?�g2u�A}`/N
KB� �2� µ °%�
�f�)�9¤)�}§;�z³B�z�)�k�f�
���z�
dimKerϕ + dim Imϕ = 3

�#�z�)ª%���[¯B�_��²@´9�;�|�z�)� ºb�)� �%�
ª9�B�_�9�B²¢�
�f�B�/�;°9¨;�z��® �)�}�z³B�z�)�}�B²^��ª%�

dimKerϕ = 1
�"³)�

dim Imϕ = 2
�¡­�¤B���[�B�;¥��;�}§/�_«}�_ª%��� º_½9² ¸ ³)��°%�;½%� ´9�;�;��ª%�

��¤
R

3 �z�_�;�%°%����° � ��¤)���_�����
e1 7→ 0

�
e2 7→ e1

³)�
e3 7→ e2

� µ � ��¤)���z¨/�w�B�;�;³B���z�)�
�V¾9�)�>�[�B�/�;°%ª%���z§L�B�;�
���
�9�)�����
�¶�z���;�%�z¤B®]¨;���f�;¯B�}§%�y�z�)ª%���G�B¤8�[�B�/ª%���_����¨;¤8�B�;�

ϕ
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