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K �HL9M�N�O?MQP

I /R RTSVUXW�Y PZO	[%\%]_^#`ba_Mced Y N�Ofd*gfh U Pji5M�P x ∈ I k�l M 1−x m�Y a�a U PZn@M l \!o@pqdrg�\Ds R k a_M�PutCg W g W
I m�Y a�a�`,n�o WQUvl M!N@^#pwo l�U ]�x�c�g	`�` Y	l h U P�i5M�P x ∈ I k�l M 1− x U P'n@M l \�o�pqdrg@\�s U ]ytCg W g W I

`,n�o W�Uvl M�N�^#pwo l_U ]�x Rz M!N Y pwi5o	].{}|(~.�@�=�r����~.�����*���@�������*�*~Q�
x ∈ I ��� ~ 1 − x � �@�*���w�5�?~ ���� ���Z� ��� R � ��~Q���b���@�u�@�*� �C�

x ��� ~f�w~.�@�?~.� x′ ∈ R
��� �5�@���j�*���@�

(1 − x)x′ = 1
�¡���=�?� � x′ = 1 − (−xx′)

���@�*���
−xx′ ∈ I

�j¢w�@�
x′ � �*~��£��¤¡�@�@� � �@�*�u���?�?~ ��¥ ~���� � ¤ ��¦ ¤ ¥ 1 − x

� ¥ x′
�'�@�(�w�5�?~ ��¥ ~@��¢w�@� x′

�w�5�?~ �C�� ���Z� �C� � ¦ ¤I�w�5�?~ ��¥ ~
1 − x

� � ~.� ��� 1 − x
�w¤¡�w�5�?~ ���� ���Z� ��� �

§ N�O
X l�¨ ] W h Y i�^=p©^5]£` U!ª ] U M k a�M�P«t

X << M
x�cydrg¬h U P�i5M�P Y ≤ M k�l M X + Y = M k a_	p`�®	n�M�\%`?M W�U `�c�d Y N�O Y = M R

¯ � SVUXW�Y PZO	[%\%]_^#`�a_M_cAd Y N�O1drg Y ≤ X << M ¨ ] Z ≤ M
cTg	`�` Y	lgQx

Y << M °a�x
X << M/Z Rz M!N Y pwi5o	].{±�#²´³µ�

Y + U = M
�9���=�?� � X + U ≥ Y + U = M

����� �C� X + U = M
� ¦ ¤�¢w�@�

U = M
�

��²¶³µ�
X̄ + Ū = M/Z

�e���=�?� � X + U + Z = M
�9�*~

X << M
�9~ ¥Q¦Q�C� U + Z = M

�e� ¥ � ¥
Ū = M̄

�
��� SVUXW�Y PZO	[%\%]_^#`�a_M_cAd Y N�O·h U P�i5M�P 1 k MQp�M�h�M_] R

N�O�¸ l ¸*a_MQP U N?g W g	`·g W g�pwo?a�a U g	` RgQx
J(R) / R Ra�x
J(R) << RR Rª x J(R) = {x ∈ R | 1 − rxs U PZn@M l \!o�pqd*g�\�s ∀r, s ∈ R } RiQx
J(R)

^�N�O?g�Pjg W cAdrg·h�g�¹ U h·o@p U ] m�Y a�a U i5Mo�p Y `yn�g�N@O1h·g,¹ U h·o�p U ] m�Y a,a U i5M�o@p Y `yh�M�\7] W M�\DM_` ¨ PZ\Ti#M kºAP U o@p m ^5` Rz M!N Y pwi5o	].{ �#²
J(R) =

⋂

S
~.�@�r¤ ¥ ~ ��» Ann(S)

�r¼*�@�5�@�*��¤
J(R)

��~Q�*�*~����@�½� ¥ �@�*�5¼*��� ��� � � �@�´��~ ���
¤ ¥ ~ ��¦ �j~.�¾�u¿=����~.�X�@�Z� � ¤C� �bÀ ����~.�X�@�Z� � ��¤ ¥ ~ � ��� � �Á� � ¤ �C¦ ¤ ¥Q� � ¥ �@�*�5¼*��� ��� � � �@����~ � ¤ ¥ ~ � ~¶�@� ��5¼*��� � �9���w�*�*~.� R/M

�v��� � � � ���=�*¼*�w¼*¤ � �'�@�*��� M ≤ RR

�´�	Âr��� � �w��¤.� � ~.� ��� � ¥ �@�*�#¼*�w� ��� � � �@���~ � ¤ ¥ ~ � ~��j~.�*�*~Ã���@�½���w�*�*~.�½���	Â*��� � ����¤ � �@�*�Z���*~ � � �'�@���ÅÄ��w�?~Q� � �@�*�Z���=�*¼*�w¼*¤Æ�@�*�5¼*��� ��� � � ��w�*~ � ��� J(R)
��¤¡� ¥ ���²

J(R) + U = RR

�
U < RR

~.¤C~ ��¦ �Ç�ÉÈ�� � � � �w~.���´� ¦ ¤ 1 ∈ R
�·�X� �C� �@�@�����w�5�@���´�	Âr��� � �w��¤

U0

���#�*¼*��¼*¤
RR � �j~.�����@��~Q�w� � � �C� �@����� ¥.¥ � U ��� �3���#�?� � �r�w¤ ¥ ��� � J(R) + U ≤ U0 < M~.�w��~.� � �����*� � ¤Q�Å|(~Q� ��� J(R) << RR

�
Ê ²¶Ë�~.�@�?~.� x ∈ J(R)

�����=�?� � 1 = (1−x)+x ∈ (1−x)R+J(R)
�=¢w�@�

(1−x)R+J(R) = R
�

Ì ~¶���=�?� � J(R) << RR

�·�X� �C� (1 − x)R = R
�e~ ¥.¦��C� 1 − x � �@�*�¬���?�?~ �C�� �w�Z� ��� ���w�*�*~.�

x ∈ J(R) ��� ~@�yÍ ¥HÎ �b��~.���@�Z� � ¤ ¥ ~ � ��� � ~��=�?� � 1 − x
�w�5�?~ �C�� ���Z� �C� �w¤����w�*�*~.� x ∈ J(R) ��� ~@�Ä��w�?~Q�

J(R)/R
�
rxs ∈ J(R)

��¤Å�w�?� ¥ �·���*�*~.� r, s ∈ R ��� ~@� � ~.� ��� � ¥ ~Q��Ï@�*�Z��~��1�·�X� �C� 1−rxs�w¤f���?�?~ �C�� �w�Z� ��� ��Ð6� � �*¢ � ���r���Z� x 6∈ J(R)
�e� ¥ � ¥ x 6∈ M

���@�X�@��~.� �Ç���	Â*��� � ����¤ M ≤ RR���#�*¼*��¼*¤ � �r�Z���=�?� � M + xR = R
�*¢w�@�����@�½���w�5�@�

m ∈ M ¦ ¤ r ∈ R
�Z�@��~.� � � ~ m + xr = 1

�
~ ¥Q¦Q�C� 1−xr = m ∈ M

�·�X� �C� 1−xr
�*~.�}�w�5�?~ �C�� ���Z� �C� � � ~.� ��� x

�*~.�}~.�w~.��~Æ� � �@�*�É�����Z�@����Z�@�w�´� ¥ �Z���¶¤C~.�½��j²¶Í Ê ²�¼*�@�5�@�Z� ¥�� �b�Z�@���´� ¥Q� �@� � �·�·~.�·� � �@�*� � ���@�@�¶�'�@�Ñ���*~ � �w�@�=���@���*~QÒZ�*� � � � J(R) ��� ~@�
Ó �HÔÕi m ^=P*`IÖ ¨ pwi?o�\ Y p©O?g�PgQx

R
N�O�¸ l ¸ l Mc×g@h�M�p©O l M R/J(R)

P�MQhÙØ ¨ p U N5M!N�O	] W M l ¸ °a�x
R
N�O�¸ l ¸ l Mc×g@h�M�p©O l M J(R)

P�MQhÚP U p Ö Y \�MQP*] °
ª x Y p©O?g�P MR

h Y i�^=p©^#] l g,cVg�h�M�p©O l M rad M
P�M�hÛ` U�ª ] U M k a_M�P Rz M!N Y pwi5o	].{ �#²

J(Z) = 0
�e¼*�@�5�@�*��¤f���´�	Âr��� � �w��¤bÜ � �@�*��²��w�*~ � ���@�Ç� pZ

���*~ � �w�@� p Ý*� ¢w��~Q� � ~@��=��¤ ¥ ��� � ~ ¥ ~Q�£��~ � ¤ ¥ ~ �C¦ ��~.� Ê ¤����½��� �5�@�£¤ ¥�� �Þ��~.�*~ � ���@���Ñ���w�*�*~.� Ý*� ¢w����~.�Ñ��¤ ¥�� �Z� ��� �6� ¥ � ¥
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Ê ¤C��� � 0

���µ�w¤ ¥ ��� � � ¦ ���w��~.�@�r¤ ¥ ~ ��» Z � ���#�*¼*��¼*¤ Ê ¤���� Zp � �3�*� � ~Q� ��� ¤C¤ ¥ ~.��~¶�w~.�*~ � � ¦ ¤f~��*��~.����w�*�*~.�½~Q��~.�Û� ¦ ��~.¤ � ~.�*� » �6¢��@� Z/J(Z) = Z
�*~.�Ú��~Q�*~ � � ¦ �w����~.�@�=¤ ¥ ~ �C» ���²¶Ë�~.�@�?~.�

R = R[[x]]
��� ¥ R

�
�
�
�@�C� � 0

�
�@� �*�w�e�Z� � � � �5�=¤C� � �@�£�@� »r��»�� ~@��� �C�IÝ ��� � ��¤��@�u� ¥ �@��� ¥~.�w~.��~Q� ���?�?~ �C��� ���Z� ��� �j�(�@��~Q�w�?~Q�=�*~Q�3�É�?���*¤ � �@�*¤ � �@� � �½�*~.� 0

Ü�� ¥ �w�5�?~ ��¥ ~.�@�=� �C� �Z� ��� � � ��w~.�@�r�w¤C~Q�*�´�w�*�*~�Â »r� Ï��*�?~ ¥ �r�?~¡�r�Z�w~.�*~ � ¤ ¥�� �������*�v²��¢��@�1�µ�?���*¤ � �@�*¤ � �@��� ¦ � �r�*���Z�Z� � � � �?�r¤C� � �@��@� �?� �v��� �¬� ¥ ~Q�@�?~ � ��~Q�¾�´�	Â*�w� � ���w¤��w�*~ � � � � � ~.� ��� � J(R) � ~ � ��¤.�¬� �C� ~ J(R)n = { anxn +
an+1x

n+1 + . . . | ai ∈ R } 6= 0
�

Ê ²
QZ � ��~.� �*��� Ê ¤b�´�	Âr��� � �w��¤����*~ � �7�A¼*�@�5�@�*�w¤b���=�?� � Zp

�*�������·� � ��� ¦QÝ ~É��~Q�*�*~H� ¥ ��¤ ¥�� �Z� ���
Q � �Z��� Ü7��¤ ¥�� �Z� ���	� ���w�*�*~.� ~.�w~.���*~Q�����@�

n � ~.� ��¦ ¤ ¥ ~	²�T��� � ��¥ ��~Q� Zp

�?�r��� � � �?���@� � �@�¬�*~.���¤ ¥�� �Z� ��� ��|(~.� ��� J(Q) = Q
� ¦ ¤Æ~ ¥ �?�r�w�w� � �½�*~.�Û�r� Ê ¤C� � �*�´�@� � �'�@���


 ��t��£�!x g�x�L(M!N�O5M�P
α : M → N

h Y i�^#p©^#] k d Y h Y h Y�l º W hb^5] R�SVUXW�Y P'O	[v\7]_^#`´a_M_c�d Y N@O (rad M)α ≤
rad N Ra�x SVUXW�Y P'O	[v\7]_^#`�a_Mc�d Y N�O rad( ⊕

i∈I
Mi) = ⊕

i∈I
rad Mi R

z M!N Y pwi5o	].{��²
≤ � M = ⊕

i∈I
Mi � ��~.� �´�	Â*�w� � ���w¤����¬� ¥ �@� ���*� � ~Q� �� ¤C¤ ¥ ~.��~Q���Æ�@�*���Õ~.�@�¾�?��� Ý ���*~.�*¤C�*~��~.�@�H�´�	Âr��� � �w��¤ ��¦ ¤ ¥ ���=�*¼*�w¼*¤ ��� �?~Q¤C¤ ¥ �r�j��� ��� �*�Z���*~.� �?~.� Ý ~Q�*���¶� ¥ ~Q� ¦ ¤ ¥ ���#�*¼*��¼*¤ � ��� ¥ ~����~ � ¤ ¥ ~ � ~��=��¤ ¥ ��� � ⊕

i∈I
radMi

� � ~.� ��� rad M ≤ ⊕
i∈I

rad Mi

�
≥ �

Ë�~.�@�?~.�
αi : Mi → M

� � ~ � � ¦ ¤ ¥ ~ � ~.¤��j~ � �@�5� ¥�� ¤.�¶� �C� ~´�@� �@�@�w�´� ¥ ���H� ¥ �#² ��¦ ¤ ¥�� � ¥Q���� Ý#� ¼r���Z�*���@� rad Mi ≤ rad M
���w�*�*~.�

i ��� ~@�6� ¥ � ¥ ⊕
i∈I

rad Mi ≤ radM
�

� � SVUXW�Y PZO	[%\%]_^#`1a_M�g�� U \7\ U P=N k p�M�hyh·o@\vcÅg W g W c�d Y N�Ofd*g M
h·g�¹ U hb^#h kI¨ ]Ih U P U hb^#hTØ�M�p©\ ¨ \�M�p�M�]µh Y i�^ kp©^#]�c ¨ ] ϕ ∈ End(M)

c×g	`�` Y	l n�g�P Y p©O�g�P n
cTg�h�MQp©O l M M = Ker ϕn ⊕ Im ϕn R

z M!N Y pwi5o	].{ Ä��w�?~Q�
Ker ϕ ≤ Ker ϕ2 ≤ . . . ¦ ¤ Imϕ ≥ Im ϕ2 ≥ . . .

�T�u�����*�w�y¼*� �µ¦ ¤����	Â*� ��y¼*����~.� ��¦Q� ~.�Ñ����� �C� �@�@�½���w�5�@� n
�'�*���@�

Ker ϕn = Ker ϕn+1 = . . . ¦ ¤ Imϕn = Im ϕn+1 = . . .
�

� ~.� ����� ¼r���e�*���@�Ç~Q�=�?� � R = Ker ϕn ⊕ Im ϕn
�£³µ�

u ∈ Ker ϕn ∩ Imϕn
�Á���#�?� � u = vϕn

��� ��X�@�·~.�w�
v ��� ~@� ¦ ¤ uϕn = 0

�Õ¢��@�
v ∈ Ker ϕ2n = Ker ϕn

� � ~.� ��� u = vϕn = 0
� Ä � ¤ �C¦ ¤ ¥Q�

� ~ � ¤ ¥ Ï���~Q��~.¤ r ∈ R ��� ~ rϕn ∈ Imϕn = Imϕ2n
� � ~.� ��� �@�@�¬���w�5�@� u

�A�*���@�
rϕn = uϕ2n

�A¢��@�
r − uϕn ∈ Ker ϕn

�A� ¥.¦��C� r = (r − uϕn) + uϕn ∈ Ker ϕn + Im ϕn
�

� ��� g�\�o l�Y�W_W ^5` h�M!N�g Z2S3
∼= Z2D3 ª ] Y Ö Y	l \�g�p N5M�a l g1i Uvl M�`,\rØ�M�pwa Y PZ\%d*g�\!g@\7pwg�P1Ö lYDm M_`	\7[vnÃh Y i�^=p©^#].g U \ R

z M!N Y pwi5o	].{ Ë�~.�@�?~.� f
� ¥ ~.�@�=�w���Z� � �´�@� � ~.�*� » ��� � �?� �� ¤Q� t Ý ~.�*���b� ¥ ~.�@�=�w� � �r� ����¥.¦ ¤ D3 � �'�@��� ¦ ¤��~Q�@�?~.�

A = Z2D3

�Á�Å�@� Ê ¤C� Ý � ��� �@����~Q� ��� �'�@� � ~ � ¤ ¥ Ï���~.��~Q¤ H ��¦ ¤ ¥ Ê ¤C� Ý � ��� ~.��~.�·~.���*~Q� u �
¤C¤ ¥ ~Q� ¦Q� ~

u2 = |H|u
�Å¢��@�

char K | |H|
~.¤C~ �C¦ � u

�*��� Ý � � ~.�*¤Q�Å�r�*� � �5�j~.� Ý ~Q�*��� (1/ |H|)u
�w�*~.� Ý � � ~.�*¤.����*�j~.�¾� ¥ ~.¤�~ � ��~Q� 1 + f + f2

�w�*~.� Ý � � ~.�*¤.�A¤CÏ � Ê ~.� ���� ���w¤b�w�*~.� Ý � � ~.�*¤y��¤.�A��� �?~.� � ~.� � ~.¤y�?��� �
� ¼*� � � � ��¤ ¥Q�� � �?�@� � ¤�¤ ¥ ~.��~@��|(~.� ��� �Ã�?��� Ý �w~.��~.� � ~ ��¦ �?~.��� f + f2 ��� ~Q�6~.�@�=� �C� A � �Z���1�@� »r��» �1�*� � ~�� �
�
¤C¤ ¥ ~.� ¦Q� ~����@� � ��~.� ����� �� ¤ ��� �@� � � � A = (1 + f + f2)A⊕(f + f2)A

�ÉÍ ¥ ~.�w¤CÏ£�?��� Ý ���*~Q�*¤ 2 ��*���·~.� ¥ � � ¤Q� ¦ ¤T�@�@�´�j~.�*�*~µ~.�@� 1 � �*����~.� ¥ � � ¤T�*��� Ý � � ~Q�*¤T���*~ � �7�*�@��~.� �?~ � D3

~.�w~.��~.�w�*~Q�¶� ¥�� ¤C¤ ¥ ~.��~��~.�*~ ��� ��� � ~.� ��� � � �@�*�w� � �����@�¡�?~ ��� �v��� � � � �3~Q�@�r¤ ¥ ~ ��» � ¦ ¤¶¢w�@�¾�*~.� �j��� � �Z� �C� � �,� � �*� �·�=�*¼*��¼ �¤C�@���*� � ~Q� ��� ¤C¤ ¥ ~.� ¦�� ~@�uÍÚ� � ¤C�=�*� �Ç�?��� Ý ���*~.�*¤ �r�w¤ ¥ ��� � 4 � �*�w��~.� ¥ � � ¤.�Á~Q�*��~.� Ý*��� � � �w¼*�r� � ¦ ����*~Q� Ý � � ~Q�*¤C~Q�?~ � �?~ � ~.¤��*���Ë�~.�@�?~.�
z = f + f2

�y���#�?� � zA � �Z���u���w� � �?~Q� � � �C��¦Q� �*~Q��� �@¥ ��¤C� { z, zt, zf, zft }
Ü
zf 2 =

z + zf
�
zf2t = zt + zft

²�
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Í �

�
�?~ � �?~ ¥ Ï��b¤ ¥ � ��¥.� ¤ �� �Z�X�1�b� �@¥ �w¤C~.�w~.��~Q�?~.� �

z zt zf zft

z z zt zf zft

zt zt z zt + zft z + zf

zf zf zft z + zf zt + zft

zft zft zf zt z

�A�*��Ï���~.�@�=¤ ¥ ~ �C» ~.� �=��¤ ¥�� �·¢ � �Z� ��� �(�*���@��~.�@� az + bt + czf + dzft
~.��~.� � ¦ �@� ¥ ~ � ~ (a +

b + c + d + bd)z + (bc)zt + (c)zf + (cd)zft
Ü7�Z�@¤ ¥ � � � �@�H� ¥Q� �w¤.���*���@� x2 = x

���?� ¥ Z2 � ��~.�j²��|(~.� ��� zA
~.�@��~.��~Q��~·���#�?� � ���*~.� Ý � � ~.�*¤Q�9�Z� a = a + b + c + d + bd

�
b = bc ¦ ¤ c = cd

�f³µ�
c = 0

�*���#�?� � ~Q�*��Ï�� b = d = 0
� ¦ ¤V���=�?� � �*~.� �@� Ý ¼*�r��� � ���*~Q� Ý � � ~Q�*¤ � �ÁÄu� � �@�½� ¥ �r�*���@� c = 1

¦ ¤ b + d + 1 + bd = 0
��� ¥ � ¥ (b + 1)(d + 1) = 0

���@�@�@�=��¤
b ¦ ¤ d

~Q�@�r�w�?~
1
��� ¦ �w� � ¼*� z(f + t)���*~Q� Ý � � ~Q�*¤.� ¦ ¤Å~.�*�*~Q�b�r�w~.� ¦ ¤ ¥ ¢ � Ï � ~ z +zf +zt

�AÄ����*�r�?~ �C� ÏÃ� ¦Q� �*�w��~.� ¥ � � ¤Å�@� � ~ � ~ � ��~Q�*~ �� ��� ¦ ¤Å�� ��� ��� �*~.�
0
~.�w~.�y�r�?~ � f Ê �w�=���w�=¼*¤��@� Ý ~ � �y¼ �� � � �r� t Ý ~.�*��� ~Q�@�?~ � ÒrÂr~.�´�Z�@�@�?�?�?~ �C� Ï � ��~.� Ê ¤C~ ��¦ �7����*�jÏ��j� ��� ¤ ¥ � ���=�*���@��� �C� ~Q�*¼ Ê �w�Z�w����¤ ¦ ¤×~.�@�r� � ¤�¤��@�6� ¥ ����� � �Ñ����� Ý � ��� � ¦Q� ���#�*¼*��¼*¤µÜ�� ¥ � ¥ ����� � Ò ���� ¥ �w¤ �y¼ � � �v� �r���*���@� t · z(f + t)A = z(f2t + 1)A = z(1 + f + t)A
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