
���������	��
��������������������� ����� �"!$#&%'#)(+*-,&.0/ 12�435,5!6%875*-,&9 :<;>=?;>�@����ACB<D)��FE"�
G �IHFJLKNM"OQPSR T

S4 U�V RNOWR�T�X
3 U J�YZPSR V)[ Y]\+^`_�a�bc\	^dYZeNeR�J�M&f�YhgiY$bjYk^`e�R�l5eR [ R V&m n fiY]\CK n�m$oqp ^`rsa m n et [[ M"OQPSR�T

R VuV RNOSaSeR�l5eR [ R Vum�n f�Y \ V a	O0avOwa�exa	O m R�e p�m�yz R T4t	b{J n ^-|~}��������&�?�{�>�w�����i�x���?�-�)�i���-�?�"���i���?�w�w���?�w���-�x�?���?�x�Z���
S4 � �i�v�u���-�?���{�{�>�-���x�i�x��?�-�)���x�

�>  �-�i�)���w�4�k�����¡�?���?���c�w�?�&�¢�x�-�x�x�-£ � � � �<� �?�¤�?�¥�-�?�<���i�?�?�w�w�x�?�>�?�<�
3 ¦ �)�c§S�i�)�-�c�w�'���?�c�w�����i���i�d�{�c�)�����x�c�

�x��?�)���-¨k�?��§��?�-�{� � �c�-���-�)� ��©�ª �-�?�<£ � ¨k�-�8�?�i�F�d�&�?�-�c��� � �?§v�-�{�<�)� � �-�c�i§S�-���?�«�?�x�c�w�?���w�¬�d���i�x��?�i�)�i�
�u�����w§�i�x®)�-�����&��§d¯s�������F�>� � �x�?��� �±° � �<� �?�¡�q�)�-�?�>�-�)� � �-�x®)�-�L�&�«§�¯s������F�>� � ���?�~�-�-� ��  �x�x�-�-�w�i�)� �
�-�{�c�-�>���i�x�k�x� � §v�i�x�@�?�¢�����c�?�w¯ �

0
� �-�c� � �)�w�?���{�-�?�>�-��² ©�³ �)���-�v¨k�-�c´µ�x�?��§S�c�)�)�i� � �w���x¯)�>�?�{���w���i��?�{�"���w�

�-�?�¶�x��?�)���-¨k�?��§��?�-�{�?� � � �>  �>�i� � �-�-·¢§����x���¹¸)� � ��� � ���"�x¯ �S° �º���i��§�¯s��?�-�{� � �u� � �?���»�x��?�)���-¨k�?��§��?�-�{�
¨k�-�{�-�q§S�-� � �?§S�-�µ�s� � �¼�)�-�?�½�-��®)�-�x�?�I�?�¾�?�)�?�x�S������§�¯s��?�-�c�¿�x�i�i���c�>�±���i�x§d¯s���?� ��� � �-�Q�¿�u���x�w§
�&�?�-�{���>� � �x�?�F�?���-�c��·v�u�����w§À�-�x®)�i�F�)�-�{�"�>� � �x�?��"²Á

X(1) =





1 0 0
0 1 0
0 0 1



 X((12)(34)) =





0 1 0
1 0 0

−1 −1 −1



 X((123)) =





0 1 0
0 0 1
1 0 0





X((12)) =





0 1 0
1 0 0
0 0 1



 X((1234)) =





0 1 0
0 0 1

−1 −1 −1



 .

Â �?�
χ(1) = 3 � χ((12)(34)) = −1 � χ((123)) = 0 � χ((12)) = 1 � χ((1234)) = −1
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Ã �ÅÄºY [ t V X	Æ m ^NM"O¼g�R o r)t�T�X�R T?X�Y$eNe�RJ�MufiYhgiYZbjYk^QO?a�exa�O m Rie V RNO p ^ÇR�T�X2bjY V R n e�Yk^QOwa�exa	O m R�e V RNO2a¼^ [ t�e [ a m aP�Y V J�YcTvYZe�e�R�J?Muf�Y]giYZbjYk^ yz R T4t	b{J n ^-|8È8�i�?�>�-�

χ ∈ IrrG
�-�
λ

�c�{�)�������{� ©�³��"� �?�
[λχ, λχ] = 1

|G|

∑

g∈G

λ(g)χ(g)λ(g)χ(g) =

1

|G|

∑

g∈G

|λ(g)|2|χ(g)|2
©ÊÉ �

λ(g)
�-�?�<�x�-�w�?�  ?� � ´c�?�

|λ(g)|2 = 1 � �-�Å�-�i�i�x���?�Ë¯s���?�)�u�   �x�x�-�-�

[χ, χ] = 1
©

Ì �IÍÎa m�n e�t [N[ M4O0PSR T
A4 p ^ S5

O?a�e�a	O m R�e m�n gib n K n�m�yz R T4t	b{J n ^-| A4 ¦ �)� � � � �w§S§�¯s������?�¡���-�x�i�-�x�?���?���Z���0�
4 ¦ �-�{�-§�Ï�Ð«�{�-�c� ¦ �-�x�?���?��� � ´c�?�v�u�����w§Ñ�{�c�)�����x�c�

� ���� � �������Ò���?� � �?§S�I�?�
A4/A

′
4

∼= C3

� ���� � ���i���-�{�)� � ¨k�-�c�-�I§S�-�)ÁÓ��u����§S�?�s���-�)�)ÏÀ�-�c�i§
���i�x�x�-·w�c�i�w�-���u����§S�?�)� � �-�?�<�x�-�w�?�  ?� ��� � �i�u�-·<�)�)��� � �?�Ô�c�>�>�i���-�Õ���-�)�{�Ö�-�)�)� �×� �w���x¯)�>�?�{�k�����&� ©
}q�Ø�-�?�>�i�x�c�-�Ó�)�-§ �{�c�)�����x�c� � ���� � �����x�Ù�-�-¯s���?�Ú�?�Ø�?�����w�w�w�u�?�c�µ��?�x�Ç���-�Û�?�i�c� � ���-�w´{�����-�w�i�>�-�2�{�
� �{�x���?§S´µ���u���Z�x¯ � � �)��§S�-� � ���u�u���Z�x¯ � ®)�?���{� � §S�{�4�

S4

§����v�{�x§S�i��� ° ���?�Û�?§S�i�{�s� � ²
3 ¦ �?�)¨k� � ®Ü�µ� ¦���-�)¯)�i�{�u�c�{�c�����i�)���-�i�-�4���?�-�c�+���?�u� �

A4 ¦ �������?�c�Å§v�-�w�x�-�?��´µ���?�x�Z����� © } � ���� � �x�i�x����u�c���&�?�
ε

�)�x�c§S�µ��´{�
�u����§��?�)� � �i�?�s�x�-�w�?�  ?��© }Ý�����?���)�u�������?§S�w�Û�?��� � �)�w�¢���-�w´{�����-�w£)���?�{� �x�w�±�{�x�

S4

� ���� � ���i�x����u�c�����«�c� ©

A4 1 (..)(..) (123)G (321)G

1 1 1 1

1 1 ε ε̄

1 1 ε̄ ε

3 −1 0 0
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S4 1 (..)(..) (...) (..) (....)

ϕ1 1 1 1 1 1

ϕ2 1 1 1 −1 −1

ϕ3 2 2 −1 0 0

ϕ4 3 −1 0 1 −1

ϕ5 3 −1 0 −1 1

S5 ¦ �)� � �)�i� � �w���x¯)�>�?�{���w�x����?�{�4�¢���?� © }q���?�Û���)�u�<�����u�Û�?�����x�&�?�d� � �w���x¯)�>�?�{�x�w�x�i��?�µ�>� � �u�?�4�c�)�)��¸<���-�
�0§v�i���i��£ � �{�¢¨k�-� ���?�I��£)�>���i���>� ©

S5 1 1 (..)(..) 15 (...) 20 (.....) 24 (..) 10 (....) 30 (..)(...) 20

χ1 1 1 1 1 1 1 1

χ2 1 1 1 1 −1 −1 −1

χ3 4 0 1 −1 2 0 −1

χ4 4 0 1 −1 −2 0 1

χ5 5 1 −1 0 1 −1 1

χ6 5 1 −1 0 −1 1 −1

χ7 6 −2 0 1 0 0 0

} �c�{�)�������c� � ���� � ���i��� � �������{�<�Û�?�c�{�¢�-���?� � �?§v�-�{�<� � �&�����w�F���i�x§d¯s���?�-�c� � �)�w�
1 ¦ �i� � �&��������Û�?�)� � �)�w�

−1 ¦ �i���x�-�)�)�-� ° �   �)�½�c�c�)�-�����c�S�)�i§ �c�S�{�-�)�i� � §S�i����� � �w§S§�¯s������?�d���-���-�-�x�?���?�x� � A5

� �i�x��·¼�{� ¦�)��¸sÏ © ²Ø}q�
S5

���i�x§S�-�x�-�����-�����i��§�¯s��?�i�c�?���i�)�x�-�-�-�>��?�-�{�	�������w���x������§��?�i�Ë������§�¯s��?�-�c�w� � ���� � �����
°
ϕS5

1

²¥�i�x�x� � �-�8� � �w���x¯)�>�?�{���w���i��?�{�>� � �w�
(5, 1, 2, 0, 3, 1, 0) � �-�F�-�)�)� �Å� �w§v���w�)�-�)�x�Î�

χ1 � �s�{�x�-�w�>�
χ3 = ϕS5

1
− χ1

§����«�{�x���i�)¯)�-�{�u�{�c�c� � χ4 = χ3χ2

�x�-�{�4���i�¼�{�x���i�)¯)�-�{�u�{�c�c����� © ¨k�i�Û�?�u���Î�����-�)§S�-�>�>�
�x�-�����c�>� ©�� �+�����)�u���{�)�)¯ � �?�µ� � ����� � ���i�x� �

S4 ¦ ��·w��§S�{�4���?�q�-�?�s� � �-�{�-§Ê�������u�c�c�{�������?����x�w�hÁ
χ := ϕS5

3
:

(10, 2,−2, 0, 0, 0, 0) � �-�
ϕS5

4

Á
(15,−1, 0, 0, 3,−1, 0)

© }q�v¯s���?�)�u�c�u� �2� �w§0���w�)�-�)�x�±�
χ3 � �-���

§�����?�)� �
ψ : (11,−1,−1, 1, 1,−1, 1)

© }q�±´c�?� � �����?�x�
10 ¦ �-�)¨k� � ®

χ
�i�

11 ¦ �-�)¨k� � ®
ψ

� ���� � ¦���i�x�)� � §S���
χ1, χ2, χ3, χ4

§v�c�)�)�-�?�<� � �i�>�-�
0

�Ë� � �?�Û���x�c�d�x�-�?��������� � [χ, χ] = 2 � [ψ, ψ] = 2 � �-�
[χ, ψ] = 1 � ���-�u���

χ
�-�
ψ

�c� � �i�«®��«�µ�x���-�)¯)�-�µ�u�c�{�c� � ����� � ���i�   �x���-�-�w� � �?§S�-�µ�>� �Å�>  �-£)���i�?� �>  �   �-Á
χ = χ5 + χ6 � ψ = χ5 + χ7

©
χ5

�i�
χ7

�>  �-£)�@���?�Û�?§v�-�{�<� � �)�-§
0

�W�&��������c�?�¼�-�c�i§S� �2  ���x�-�-�
� �w���x¯)�>�?�{�x�w�x�i��?�µ�4�?� � §S�i���

ψ
�)�-§

0
�{�x� � ´c�?�Å�

χ2 ¦ �x�-�i���i�x�`��·w�c� � £)�   �>�   �-·��µ�x���-�)¯)�i�{�u�c�{�c� � ���� � ¦���i� � �-�«�i��� � �?���c�-�)���
χ6

©
ψ

§S�?�x� �I� �w§v���w�)�-�)���-�)� � �
χ2 ¦ �>�-�'���?�c�±§S�-�w�x�i�?�����?�����s�{�x�-�w�>�¶�)�-§

�?��®�� � ���� � ���i�x� � ���-�u���v�?�)�u� � �¾�&������x�Û�?���-�c�-§v� �¿� �w���x¯)�>�?�{���w�x����?�{�4�?�{�
0

�?�I���x��� � � ©�³ �)��·w�
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�>  �>�i� � �-�-� � � �)�w�?�

χ6 = χ2χ5 � �-�
χ

�-�-� ��  �x�x�-�i�w� � ���i�u���±�?���-�c��·¼�)�-�?�Ü�w�x�-�{�?�u�u� � �-�i� � �i�Q�
�x�?��?�µ� � �8��¯)���x¯ � �   �µ���-�)� � �?�i��?�

ψ ¦ ��·w�¤���)�i���i�)� � �x�?�¶�i�c� �x�i���{� ©�� �?�����-�x���
χ5

�?�`¯s���w�c���Q�u���x�w§
�w�x�-�{�?���w�S§v�-� � �-�{� � �)�w�?�v�i�?�>�-�-�-�-�

ψ ¦ �>�-� � �-�@�-�)�)� � �?�c���"���?�v���º��¯)���x¯ � ¨k� �x�i�-�)� � � ���� � ���i�x����u�c�
� �µ�   �{�x�-�x�i� ©

�������W���	��T?X�l)aNl5YZe�M4^ [�m R�OwR�e�f�^�R V R T?X m n g-b n+[ a m t m�m a�b n b m a	O o a�P�Y$e�
	b��R�b mCp�m RibcR [ YkO o r)t�T?XÅR T�X±_ p T4RN^�f�^�t Ulut	e m O?a�exa�O m Rie m�n gib n K-a y�� aLK V t+^ oFV�p r n�V XIruR�bjX>R V P n e V R�P t	bj_?a	^rsa m \ÇaW^ [�n P y �@T p ^ [ Æ m ^��4O±O	Y¢a
m�n gib n+[ a m t m ��_?R T?X��"O��¤T�X4R�bcR�Pvg�R o r)tT�XÎa�^�t�e�t+O p ^¢t+^ [ bctlut+OÎR�^�R m bcR T V R�P a�P�R T	^ [ t	Owt mhm ^�t	e�e�R V J4gNR V_�a V&V a	O o¬m RNr n�m a [ 1

R�bcR�P`r)R [¥m a�e m t [ \�t	^ [ bctl V R�P���R�b mCp�m bcR V �<b&a [ R�b ^�
 o�p ^ºa m e�YZ_�Y n bjYk^�Owa�exa	O m R�e V RiP
��R�b mCp�m bcR V �<b@a [ Rib ^�
I^�t�e-gaIO>R�e��<b m ��� z RNO�Owt	e�aÇa¾fN^�tlut	e m eR V JLK�R o Owt V K�MwT n b m t+^ [�m n bjXwa�Y V a	OQP p e�R m R oP�YZbjX4R V e�R V J�� V t�eNP n bct	^ [�m \	Y¶_�a V&V a	O�� z RNO�Owt�exa¿a�f�^�tlut	e m fR Vum e�M"PSa�� Í n�V X�t	bjX>a V fN^�tlut	e m_�a V)o a�P�Y V RNO�R [ aSO?a�e�a	O m R�e m�n gib n K�a��

1 1 −1

1 1 −1

2 −1 −1 0 0

1 1 −1 −1 1

2 −2 −1 1

� �ÅÄºY [ t V X	Æ m ^NM"O«gNR o r)tT�X`R T?X V R�P m eNY$_�Y n bjYk^¢fN^�tlut	e m O?a�e�a	O m R�e m�n gib n K n�V a	OFP�Y V J"R V ^�t	e n ga VIp ^¥P�Y V J"R Vt+^ [ bctl n ga V bcR T>a�b n g�g«O p�m�V RiP V M<bkb{aS^ [�n PÀ_�a V�yz R T4t	b{J n ^-| } �x���µ�s�c�?�c�c� � ���� � ���i�d�x�?�����¾�4�<�c�µ�?�?� �c�>�?�±�-� ©! �
1G 6= χ ∈ IrrG � � �"� �?�

0 =

[χ, 1G] = 1

|G|

∑

g∈G

χ(g) = 1

|G|

k
∑

i=1

|Ki|χ(gi) � �i�
K1 = { 1 }

�i�x�i���-�
χ(g1) 6= 0 � ´c�?�Ç���?�¼§��?�x� �

� �w���x¯)�>�?�{�x�w�x�i��?�µ�±�c� � �?§S�-�µ�s�)� �
gi

���i�)���i�-�-�>��?�)�q�-�c�i§S�i���
χ(gi) 6= 0

©
}q�

1 ¦ �)� � �?���w���-�c�?�&�d� � ���� � ���i��� � ¨k� � �?�µ�¥����x��?�{§��?�-���sÁ��-�i� � �)�-§À�"¯)�{�Û� � � g 6= 1 ¦ �������-�)�c�
k
∑

i=1

χi(g)χi(1) = 0 � �-�¢�d��?�w� ���>  �i£)�
1G(g)1G(1) 6= 0 � ´c�?�����?�Å§S�i�v�-�?�Q�)�-§À�4¯)�c�Û�d��?� ©

" �ÅÄºY [ t V X	Æ m ^NM"O«gNR o r)tT�X
1G

P�Y V J�YcT¶^ [ Rie�R�luRib)R T�X�luR�e�P�M m�n f�Y \+^�O?a�exa�O m Rie¥YZeNeR�J�M&f�YhgiYZbjYZ^$#+^^ [ R�a>J>a V J4\	Y
O�# [ # m6m�y z R VuV X	Y¥a [ 1G

R�T�X�� mhm rsa m \CK�a��z R T4t	b{J n ^-| [χ, 1G] = 1

|G|

∑

g∈G

χ(g) = 1

|G|

∑

g∈G

|Fix(g)| � �-���-���&%¥¯s���)�x�{�)� ¦ �{�-§S§��Î�x�i�i���c�>�º�i�)���i�
�?�Q�?�x�u�{��� � �����?§�� ©½° }q�

{(α, g) |α ∈ Ω, g ∈ G, αg = α }
�u�?�c§��?�±�-�{�-§S�-�µ� � �i��¨k�-�{� � �i�)���i�

§S�-�w�����?§S�w�{��� � ���"�x¯ � � �)�w�?�¾�('s¸s���w�>��� � �x���?§S�?�u� �Ç  �x�x�-�-�w�v�I�������u�c�c�{�������?��� � �-�c�-§v�x���?§��?�u� �
  �x�x�i�-�w�i�>�-���-�?�>�-�)�{· � �?§v���s�{�x�-�w�>�¢�?�x�u�µ���w� � �-�>�

|G|
© ²

) �����W���(*5R T�X+�"O,��R�b o r)tT�X
H ≤ G o�p ^ χ r�"^ p T4RN^ºO?a�exa�O m Rie�R G U�V RNO y ÄºY [ t V X�Æ m ^NM4O�gNR o r)t�T�X

H
a	O�Owt	e

p ^`f�^-a	OSa	O+Owt	eFH�gNR�b U fN^�tlut	e mZo r)a
χH

P�Y V J4R V YZeNeR�J�M&f�YhgiY$bjYk^-#+^^ [ R�a>J>a V J4\CK-adbjY V R n eNYk^ y
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� ���8R�T�X>R V G �

e�twg�R V YZM"^ U fN^�tlut	e mZo N / G
a
�
etwgNR V Y$M4^ U Pva�T ��a [ a [ N = { g ∈ G | g 6∈ (Hx \

{ 1 })∀ x ∈ G }
� y ÄºY [ t V X�Æ m ^NM"OSgNR o rut�T�X0rsa

χ ∈ IrrN o a	O+Owt	e
χG ∈ IrrG yz R T4t	b{J n ^-|uÐ��-�x·?�)�W�<�c�x���������i��£)� � �� ©


