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���UTWVYX�Z�[A\	]%^%_a`#bdc�efhgAZ�i�\
Y ←−

α
X −→

β
Z j g)eX U = Y ⊕Z/ {(xα,−xβ) |x ∈ X } k γ : z 7→ (0, z)

l _
δ : y 7→ (y, 0)

gAZ	mnZ	mnZ�oqp�X�mr`s_�Z	b�b k�tAu `s_ag)Z	`1^!vw e!isZ tOxsy _-z {}|4~)~ L3S ~ NY��F�CAI�F�� J C)E4KML U ��� BD���nE1�)@)NO@)B J�� B γ, δ C)E4�nE4�nE �7� �-��@)BDEMR J FDE+����P)P�� JC)E4KML�IM��S � S-�)S�F����)��IMK � IM�nEMFnR3E4�n��@=FI�FD�O�1����S-K � BD�-��F��OR�R=� J @)KMLsI ~ ��B xαδ − xβγ = (xα, 0) −
(0, xβ) = (xα,−xβ) = 0 �n� ~ �)S ~ x ∈ X ��� SM����I U ′, γ′, δ′ � � K�S-KML�R3E4�n��@=FI�F������)�YIMK � IM�nEMFIM� J I�R1R3E � N�S-KML3S ~ ϕ : Y ⊕Z → U ′ J (y, z) 7→ yδ′ + zγ′ ���h� ~ L=�ONO��� ~ C)E4�nE4�nE �D� �-��@)B J�� B
{(xα,−xβ) |x ∈ X } ≤ Kerϕ J �nS � F (xα,−xβ)ϕ = xαδ′ − xβγ′ = 0 ���8KML ϕ � ~ �)@=RM�MN�S-KML
ε : U → U ′ C)E4�nE4��E �D� �-��@)B7F�IM� ε : (y, z)ϕ = yδ′ + zγ′ �)S � ~ ��Q-�O�+��IMN�� GD�4N��)S � ~ ���MNOF J ��S � F}S�KML�nS-NON � R3E4B7��F�MNOL#P�I ~ N�S��3¡MR�R=¢)N |4~ PAB � K � F 0 � P�I}�1��BD�-� JM� B5��£=�3S-N�S�FDFI � F�� J �nS � F ϕ �OB5IM�	¤�¥� �D� S���IMN��MP�I ~��K3IM� J C)E4KML yδε = (y, 0)ε = yδ′ J¦� B zγε = zγ′ ��§�� ε C)E4��E4�nE �D� �-��@)B�S-KML ��� FDS-N���£ J @)KMLsI ~ �OB�n� ~ �)S ~ �nS-K4¨HS�N�S-NO¡ ε′ �©� S (y, 0)ε′ = yδε′ = yδ′ = (y, 0)ε Jª� B�@)KMLsI ~ ��KML (0, z)ε′ = zγε′ = zγ′ =
(0, z)ε J IM� (y, 0) � B (0, z) IMNYI�R1«US-NOS-�nS�Rd?ªS-�)��K¬K4S ~ S � �MN G���R U � F J F�S�CA��F ε = ε′ IM�S-K � BD� U � ~ �

® �<¯¬Z�[)_a^�oa` y�t ° `1[)b u ` tHt c ks± b4e�^ Y −→
α
X←−

β
Z j g)eX�v

w e!isZ tOxsy _-z ² S-KML3S ~ V = {(y, z) | yα = zβ } ≤ Y ⊕Z J�� B γ : (y, z) → z J δ : (y, z) → y ��8KML ~ L=�ONO��� ~ R3E4���r@=F�I�F��O�³�)�YIMK � IM�nEMFR�I�?A@ ~ R�����I V ′ I γ′, δ′ C)E4�nE4�nE �D� ���r@)B7EMR1R�IMN´B7�-� ~ F � ~R3E4�n��@=FI�F������)��IMK � IM�n�d�µS�K � BD�-��F��¶R=�·IM��S � S-�)S�FD�OF J I�R1R3E � NOS-KML3S ~ ε : V ′ → V J v′ε = (v′δ′, v′γ′) ��h� ~ L=�ONO��� ~ C)E4�nE4�nE �D� ���r@)B Y ⊕Z � PªS JW� B V � PªS¸R � ?�S-� J @)KMLsI ~ �OB v′δ′α = v′γ′β �º¹'E+����P)P��
v′εγ = (v′δ′, v′γ′)γ = v′γ′ Js� B�@)KMLsI ~ �OKML v′εδ = v′δ′ �n� ~ �)S ~ v′ ∈ V ′ �©� SM��» � K4¢)N ε S-KML ��� F�S-NO�r£ J@)KMLsI ~ ��B�CAI ε′ ��B��nS�K4¨HS-N�S-N J4� B v′ε′ = (y, z) J I�R1R3E � v′γ′ = v′ε′γ = (y, z)γ = z J3� B v′δ′ = v′ε′δ =
(y, z)δ = y J F�S-CA��F v′ε′ = (v′δ′, v′γ′) = v′ε �

¼ �UTWVYX�Z�[A\	]%^%_a`#b½caef�gAZ�i�\³mdZ x ` t `s_�Z	b x Vqoeab+^�_�X+Z	o�X k ^ k¾k b k ^8e!is¿	o�V k e t m l t e�^�VÀ_X�Z	o�X k ^Á`#b�fmdZ x ` t `s_�Z	b
x Vqoeab+^WÂ+__�X+e!ise u e x V�i k b k ^�e!iMo�¿	o�V k e t m l t e�^ÁV¥b3Z+_�X�Z	oX k ^�`sb4v
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w e!isZ tOxsy _-z §�� Mi

�nE1�)@)NO@)BDEMRUR�I�F�S-K4� � �YIMS-NO� � N�S�F�� _X�Z	o�X k ^ k S�KML M �nE#�)@)N�@)B�I ϕi : M → Mi�nE �D� ���r@)B7EMR1R�IMN5� i ∈ I ¤ J CAI¬�n� ~ �)S ~ U �nE#�)@)N�@)B � I � BÀC)E4�-���rF�I � F�E4�-� ψi : U →Mi
�nE �D� ���r@ �BDEMR � I<S-KML ��� F�S-NO�r£)S ~ �MI ~ E4NOLsI ~ ε : U → M �nE �D� ���r@)B J IM�nS�NOL � S ψi = εϕi

� i ∈ I ¤�¬§�� Mi�nE#�)@)N�@)BDEMR�R�I�F�S-K4� � ��IMS-N�� � N�S�FD� b4Z+_X�Z	o�X k ^ k S-KML N ��E1�)@)N�@)BI ϕi : Mi → N �nE �7� �-��@)BDEMR1R�IMN JCAI��n� ~ �)S ~ U �nE1�)@)NO@)B � I � B�C)E4�-����FI � F�E4��� ψi : Mi → U ��E �D� �-��@)BDEMR � InS-KML ��� F�S�N���£)S ~ �MI ~E4NOLsI ~ ε : N → U �nE �7� �-��@)B J IM�nS-N�L � S ψi = ϕiε
� i ∈ I ¤��§�� ε S�KML ��� F�S-NO��£)B � K � Pª¡4N'R |4~)~ L3S ~P�S�NY��F�CAI�F�� J C)E4KML<IrBD�-E � ��I�F � B�IrR3E4BD�-E � ��I�F��O�-E4�nE �D� I�S � S©G � ��KnS�KML ��� F�S-NO��£¶�

BD�-E � �-I�F��
M Mi

U

ϕi
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ε
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»��MN�IMBDBD�-@=R IM�¸S-N�¡MP)PA�À�)S � ~ ��Q���� M � G � ~ S�R�I ∏
i∈IMi � F�I πi : M → Mi

�3S�FD�OF � B7S�R1R3S-NÀIR3E4��?ªE ~ S ~ BDS�R � SM� ��R#R3E � u ∈ U ��� I uε NOS-KML3S ~ I��)� � S�R1F�BD�-E � ��I�F ~ I�R½IM��IM��S-NOS-�nS J IM�nS�NOL ~ S�R i �S-�)��R�R3E4�¬?�E ~ S ~ BDS uψi �´�h� ~ L1��NO��� ~ ��E1�)@)N�@)B � C)E4�nE4�nE �7� �-��@)B J=� B�F�S-N GDS-BD�OFD�¦I�R3E4�n��@=FI�F����=�OF��MBD�¨HS-N�F � F�S-N�F���¹'E+����P)P���I ψi = επi
¨HS-NOF � F�S-N��n�YI�F7F ε ~ S-� ��BWN�S-C)S�F��d�MB-�

§ R3E4BD��E � ��I�Fn�)S � ~ ��Q-�O�	G���P�I ~ BD��S � S�?ANO¡ N NOS-KML3S ~ ⊕i∈IMi
I ιi : Mi → N F�S � � � BD�-S�FDS-BP�S-�MKMLsIM���MBDEMR1R�IMN�� ��I IM� x ∈ N S-NOS-� i � S-�)��R R3E4��?ªE ~ S ~ BDS xi J I�R1R3E � N�S-KML3S ~ xε =

∑
xiψi�ÁS ~)~ S�R �MI ~ ��� F�S�N��nS J ��S � F�Q-B�I�R¾� � K4S-B�BDEMR xi ~ S-� 0 ¤����FDF���B R |4~)~ L=£ S-N�NOS ~ ¡ � �O� ~ � J C)E4KML �OKML

C)E4�nE4�nE �7� �-��@)B7F�R�I�?A@ ~ R J IM��S-NOLÀF�S-N GDS�BD�OF��sI R3E4�n��@=FI�F����=�OF��MBD��¨HS-NOF � F�S-NOF-�¥¹'E��M��P)P�� ε S�KML ��� F�S-NO��£ J�nS � F�IM� N i � S-�)��R¬R3E4�¬?�E ~ S ~ B � ~ ψi � �3S�N�R3S-NONA�nS-K4S-KML3S-� ~ ��S J#� B�IR3E4�¬?�E ~ S ~ BDS�R¬R1��K4S ~ S � �MN G���R N �S�F��
� �UTWVYX�Z�[A\	]%^%_a`#b c�ef g)Z�i�\ u oZ ° eab	^Á]��³mnZ x ` t `s_�Z+b x Vqo�eab	^rÂ	__�X�e!i#e u o�Z ° eab+^�]��-f l _<V%[ ° eab+^�]���mdZ x ` t `s_�Z	b

x Vqoeab+^�_�X�Z	oX k ^ k Vq[ ° e�b+^Á]	��vw e!isZ tOxsy _-z ² S-KML3S ~ S�R Mi � R�? � E+GDS�R1FD�O�3S�R J α : X → Y BD�-¢ � GDS�R#F��O� J¦� B β : ⊕Mi → Y ����R#R3E �
Mi

? � E	GDS�R1F����=�OF��MB���P��4N�R | �3S�F7R3S-�-�OR J C)E4KMLd�MI ~ E4NOLsI ~ ψi : Mi → X J IM�nS-NOL � S ψiα = ιiβ
�n� ~ �)S ~

i ��� SM� ��R#R3E � �=�OBD�-E ~ FµIdR3E4BD�-E � �-I�F�)S � ~ ��Q-�O�	G�I��n��I�FDF��MI ~ E4NOLsI ~ ε : ⊕Mi → X J IM�nS-N�L � S ψi =
ιiε

�n� ~ �)S ~ i ��� SM� {}| �3S�FDR3S-� � B7R � ?)?ªS ~ ιiβ = ψiα = ιiεα J F�S-CA��F β = εα I ⊕Mi
�n� ~ �)S ~

R3E4��?ªE ~ S ~ B � ~ JA� BÀ��KML ⊕Mi � ~ ��B-�
Mi
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 E4B7F�N�S�KML3S ~ S�R Mi � R�� ~ GDS�R1FD�O� �nE#�)@)N�@)BDEMR J α : X → Y � ~ GDS�R#F��O� C)E4��E4�nE �D� �-��@)B J�� B
β : X →

∏
Mi

����R1R3E � IM� Mi
� ~ GDS�R#F��O�1�OF�MB�I¬�n�YI�FDFÀ�MI ~ E4N�LsI ~ ψi : Y → Mi

C)E4�nE4�nE �D� ���r@)B�n� ~ �)S ~ i �©� S J IM�nS-N�L � S αψi = βπi
� 
 E4B7F¦IWR�I�F�S-K4� � �YIMS-NO� � N�S�F��	B7�-E � ��I�F¦�)S � ~ ��Q����+G���P��4NMR | �3S�FDR3S-���OR JC)E4KML¸��I ~ E4NOLsI ~ ε : Y →

∏
Mi J IM�nS-N�L � S επi = ψi

�n� ~ �)S ~ i �©� SM� {}| �3S�FDR3S-� � B7R � ?)?ªS ~ αεπi =
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αψi = βπi
�n� ~ �)S ~ i �©� SM� �h��IM��F�GDS�N�S ~ F�� J C)E4KML�FDS�F�BD�-¡4NOS-K4S-B x ∈ X �©� S xαε � B xβ �n� ~ �)S ~

R3E4��?ªE ~ S ~ BDS��nS-K4S-KML3S-���OR J IM�-IM� αε = β �
� �UTWVYX�Z�[A\	]%^%_a`#bncaeaf´g)Z�i�\

HomR(⊕Mi, N) ∼= ΠHomR(Mi, N)
v

w e!isZ tOxsy _-z ² S�KML3S ~ ιi
IM� Mi

F�S � � � BD�-S�F�S�B�P�S��MKMLsIM�-�MB�I ⊕Mi � P�SM����R#R3E � I ιi � �3S-N���IMN��¾P�IMN �BD�-E � ���MBÀC)E4��E4�nE �D� �-��@)B HomR(⊕Mi, N) � P�¡4N HomR(Mi, N) � PªS��n� ~ �)S ~ i ��� SM�´§ �nE#�)@)N�@)BDE�R
BD�-E � ��I�F� ~ I�R �)S � ~ �OQ-���+G�I³BD�-S � � ~ F���I ~ E4N�LsI ~ Φ : HomR(⊕Mi, N) → ΠHomR(Mi, N) J C)E4KML�n� ~ �)S ~ ϕ ∈ HomR(⊕Mi, N) �©� S ϕΦ = (. . . , ιiϕ, . . .)

�ÁNO�¶� IM�½S-NOBD¡ ��P � ��F�¤� �h�½I C)E4��E ��nE �D� ���r@)BrBD�-¢ � GDS�R1F���� J @)KMLsI ~ �OB¬F�S�F�BD�-¡4NOS-K4S-B (. . . , ϕi, . . .) ∈ Π HomR(Mi, N) �©� SUI³R3E4BD�-E � ��I�F�)S � ~ �OQ-���+G�I�BD�-S � � ~ F¸�ÁNO�¶�¾I��1�½��P � ��F�¤��MI ~ E4N�LsI ~ ε : ⊕Mi → N J IM�nS-N�L � S ϕi = ιiε
�n� ~ �)S ~

i ��� S J IM��IM� (. . . , ϕi, . . .) = (. . . , ιiε, . . .) = εΦ � 
 �MB �D� BD��F Φ � ~ GDS�R1FD�O� ��B J �nS � F¬CAI½��IMNYIM�nS-N�L
ϕ ∈ HomR(⊕Mi, N) �©� S ϕΦ = 0 J I�R1R3E � ιiϕ = 0 ��� ~ �)S ~ i ��� S J ��IMKML=�OB ϕ = 0 I ⊕Mi

�n� ~ ��)S-KML1�OR R3E4��?ªE ~ S ~ B � ~ J�� B���KML IM��S-K � B7�<�)� � S�R1F | B7BD�-S-K4S ~ ��B-�¾¹'S-CA��F¬I³��S-K3IM�)EMFDF Φ NOS�R � ?�S�� � B����E4�nE �D� �-��@)B-�
∏

HomR(Mi, N) HomR(Mi, N)

HomR(⊕Mi, N)

ιi·Φ

...........................................................................................
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� �UTWVYX�Z�[A\	]%^%_a`#bncaeg)Z�i�\
End(RR) ∼= R

f´g k�k Xre�[ x Z	mnZ	o%p�X�m�`#_�Z+b k ^ c k�t o�¿ t ]qo ° `#bMvw e!isZ tOxsy _-z�� S � ~ ���MN GD@=R �n� ~ �)S ~ r ∈ R ��� S�I ϕr ∈ End(RR) S ~ �)E4�nE �D� ���r@)B FrIM� r ��� S-N���IMN��P�IMN�B7�-E � ���MB7R � ~ F����h���MIMNO�MP�I ~ GDEMP)PA�nE#�)@)N�@)B � C)E4�nE4�nE �D� ���r@)B �

ϕr(x+ y) = r(x+ y) = rx+ ry = ϕrx+ ϕry,

ϕr(xs) = r(xs) = (rx)s = (ϕrx) · s.

¹'E��M��P)P��¬IM� ε : R→ End(RR) J r 7→ ϕr
N�S�R � ?ªS-� � B�KML=£ � £)C)E4�nE4��E �D� �-��@)B J @)KMLsI ~ �OB

ϕr+sx = (r + s)x = rx+ sx = ϕrx+ ϕsx
�n��I�FDF ϕr+s = ϕr + ϕs, � B

ϕrsx = (rs)x = r(sx) = ϕr(sx) = ϕr(ϕsx)
�n�YI�F7F ϕrs = ϕrϕs.

ε � ~ GDS�R#F��O� J �nS � F ϕr = ϕs
S-BDS�F � ~ r = ϕr1 = ϕs1 = s J � B�B7�-¢ � GDS�R#F��O� J �nS � F}CAI ϕ ∈ End(RR) J

� B ϕ1 = r J I�R1R3E � ϕx = ϕ(1 · x) = (ϕ1) · x = rx = ϕrx
�n� ~ �)S ~ x ��� S J �OKML ϕ = ϕr

��¹'S-CA��F εKML=£ � £)���-E4�nE �7� �-��@)B-�
� �UTWVYX�Z�[A\	]%^%_a`#bcaef�gAZ�i�\�g k e ∈ R V x e�m u Z	^8e�[)_f k X k X e2 = e

f k b�b4Z	o eR u o�Z ° e�b+^Á]	� ° Z4c�c R j mdZ x ` t `s_-vw e!isZ tOxsy _-z ��I e ∈ R ���)S���?�EMF�S ~ B J I�R1R3E � 1−e ��B´IM� � (1−e)2 = 1−e−e+e2 = 1−e−e+e =
1− e J1� B e(1− e) = e− e2 = e− e = 0 J (1− e)e = e− e2 = 0 J �OKML RR = eR⊕(1− e)R � 
 �O�3S�N
RR

BD�-I�P�IM� J � BÀBD��I�P�IM�¸��E1�)@)N�@)B��)� � S�R1F | BDBD��S�IM�AI ~ �)�+G�I¬? � E+GDS�R1FD�O� J eR ? � E	GDS�R1F������nE1�)@)NO@)B-�
�
∗
�UTWVYX�Z�[A\	]%^%_a`#bncaeaf´g)Z�i�\ ∞

Π
i=1

Z
[�e�m u o�Z ° e�b+^Á]	��v
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� �UTWVYX�Z�[A\	]%^%_a`#bµcaeaf¦g)Z�iM\�g k A � l ise�_ x Vqmne�[=X�V©¿+_ K j7k�t ise�c-o k f l _ M ∈ mod j A f k b+b4Z	o D2(M) ∼= M

v
w e!isZ tOxsy _-z » � K4S-B´�)����S ~ �-���4B A IMN�K4S�P � I�¨ | N | F7F��=� � K4S-BDS ~ K4S ~ S � �MN�Fh��E1�)@)N�@)B5�OB´� � K4S�Bh�)����S ~ �-���4B J@)KMLsI ~ ��BUC)E4�nE4�nE � ¨�R � ?�S A � � K4S�B¸BDEMR ? � N��A� ~ LsI �)� � S�R1F | BDB7�-S-K � ~ S�Rª� ¹'S-CA��F�I ¨HS-NYIM�AI�FDP�I ~
dimKM < ∞ �º§ � � K4S-Bd�)�O�nS ~ �-�O�4B��3S�R1FDE � F�S � S�R �)@A�MN��OB�� � �4NWF�@)��GD@=R J C)E4KML IM��S � S��)S�F����3S�R �F�E � F ���D� S-N¦IM�-E ~ E4B}�)�O�nS ~ �-�O�4B J �OKML dimKM = dimK D(M) = dimK D

2(M) J F�S-CA��F�IM�����-E4�nE � �
� �-��@)BDC)E4�S-N � KrP�S-N���F ~ � J C)E4KMLd��I ~ S-KML ε : M → D2(M) � ~ GDS�R1F�����C)E4�nE4�nE �D� ���r@)B��
 � ~ �)S ~ m ∈ M �©� S�)S � ~ �Y�MN GD@=R�I Φm : D(M) → K NOS�R � ?ªS-� � B7F�«)KML J C)E4KML α ∈ D(M) =
HomK(M,K) �©� I αΦm = mα ∈ K �´§ Φm

N�S�R � ?�S-� � B��3S�R#F�E � F ��� � C)E4�nE4�nE �7� �-��@)B J �nS � F

(α+ β)Φm = m(α+ β) = mα+mβ = αΦm + βΦm, � B

λ ∈ K �©� I (λα)Φm = m(λα) = λ(mα) = λ(αΦm).
² S-KML3S ~ ε : M → D2(M) J m 7→ Φm

���´R1R3E � ε GDEMP)PA�nE1�)@)NO@)B � C)E4��E4�nE �D� �-��@)B �

αΦm+m′ = (m+m′)α = mα+m′α = αΦm + αΦm′

�n� ~ �)S ~ α ��� I J F�S-CA��F Φm+m′ = Φm + Φm′ JA� B

αΦmr = (mr)α = m(rα) = (rα)Φm = α(Φmr),

�n� ~ �)S ~ α �©� I J ��KML Φmr = Φmr
�Á��FDFIM� α ∈ Hom(M,K)′′ � B Φm ∈ Hom(D(M), K) S-N�S��nS�R

r ��� S-N���IMN���BD�-E � ���MBD� ~ �MN´CAIMB7� ~ �MNOF�@=R¾I D(M) = Hom(M,K) P�IMN R � ��E1�)@)N�@)B ��� B�I D2(M) =
Hom(D(M), K) GDEMP)P R � �nE1�)@)NO@)BDBD�-S � R3S-�-S�F � F�¤�» � K4¢)N ε � ~ GDS�R#F��O� J @)KMLsI ~ ��B CAI Φm = 0 J I�R1R3E � mα = αΦm = 0 �n� ~ �)S ~ α �©� I=� � S�CAI
m 6= 0 J I�R1R3E � IM� MK

�3S�R#F�E � F ��� ~ S�RU��I ~ KK � P�Id�nS ~ ¡n�3S�R#F�E � F ��� � C)E4�nE4�nE �7� �-��@)B�I J IM�nS-NOL1�OR
m � S�F ~ S-� ~ @)N�N���P�Ir�1��BD�-�Á�´¹'S-CA��F Φm = 0 S-BDS�F � ~ m = 0 �

� �����UTWVYX�Z�[A\	]%^%_a`#bdc�ef´g)Z�iM\Ue!i�\
P
mnZ x ` t `s_ k b+b4Z	o l _ ± _ k b k b+b4Z	o u o�Z ° eab+^�]��-f5g k � k [ Z t \ k [³_�X k c k3x FmnZ x ` t `#_�fhmde t \	oe F ∼= F ⊕P

� � ® ���hi�\
MR

mnZ x ` t `#_-c k [ {(xi, fi) | i ∈ I } x ` yMt VH_�c y X�VH_�f�g k xi ∈ M f
fi ∈ HomR(M,R)

m�Vq[ x e�[
i j o�eaf l _����� m�Vq[ x e�[ x ∈M j oe xfi = 0

^8e t ° e�_
	 t � l isea_�_�Z+brVq[ x e��¬b+V	� l ^8e t l �Me t������ m�Vq[ x e�[ x ∈M j oe x =
∑

i∈I

xi(xfi)
v

TWVYX�Z�[A\	]%^%_a`#bncaeaf´g)Z�i�\
M k b�b4Z	o l _ ± _ k b k b�b3Z	o u o�Z ° e�b+^Á]	�-f�g k � k [ x ` y�t VH_ c y X�VH_ k v

� g y X�V���e tOk3x3k ^�Z+bdcae k3x3y _aV¥g k ^ y oaV x e ° e�_�X+e u ^8e�m�cae�o ��� v


