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χ =
∑

χi∈Irr G aiχi

U
G W L�FNXIF	YNKZG�U	O>Q�T�H�O5U�Y[U	O	K�Q�YQR\U	O�O4F	Y Ker χ

U,D�F	G
χi

B]Y�Y�Q�^:M W B_P`B]abBcLdO:U:Y[U	O,KeQ�YQNOgfhU�Tji�k�G�U	OlUmflQ�KnL�D�Q�KeQR�U�fmQ�abH4Q�O,Y�Q ai 6= 0 op Q!TqF	ar^qk	L.s
∩Ker χi ≤ Ker χ t4uVvxwzy:{:t4y�|:wx}*~*�x�:um|��m{:��vr�mvz�{:tqu#���4�.wxw��`��|����Ivx�.�5t4uV�z�|:t*vZ�7�(�.�:u2�V�� �.wn~'�*�5�:u g ∈ Ker χ �7���#�4�:� χ(1) = χ(g) =

∑
aiχi(g) ~V�`���x�:u

χ(1) = |χ(g)| = |
∑

aiχi(g)| ≤
∑

ai|χi(g)| ≤
∑

aiχi(1) = χ(1).
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�.�:u4�.t*wr�5�[�.��y4�5wr��{���}5w�£��.¢*vr���4�,y4�`���4�.�.vr��~(�*�5�:u χi(1) = |χi(g)| = χi(g) ~\�I| ai 6= 0 ~\y:|:�:u2vx� g
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ϕ : G → Sn

U
G W L�FX'F	YNKZG�U	OmQ�T�H n

Q�axQ�fg·�S*U�abfhU,D�F�G
¸ U�ax¹ W L�FXIF	Y�K%SVU:K!k	L�U,R(U	O�O5F	Y G

Q�axQ�flQ�B�º\»�XIF	GIKnL�D�k�flk�G�U	O¼k�KZarU�T4U�flQ!T#Q!T�HqQD�BcO�U,D«F	Y.P.B]K�F	O�LD�k�fhk ¸ U�a op Q!TqF	ar^qk	L.s¾½ ��{:�l�5w ³[¥V�¿�l�.�=�4�`� � �.wr�`�4�`£*£��`tÀ| H = {(g, i) | ig = i } �I|:wx�m|:�µ�.wx�`�l�[��{:�m{��.�l�
�.�[�:£��:�[���.wr�.�l�`�¿�[�.����vxt4�g�.�[�:£��:�[���5�[�z�[y:|��`� ∑

g∈G |Fix(g)| ~(|:�m|:wE|�£I�I|:wr�m|:�h�.wr�.�l�.v7�[�.����vxt4�g�.�[���
£��:�����5�[�r��y:|®£��.¢*vr�g|����|��Ivrwxvx�.{����:���:�g�.wr�.�l�[��{:�l{:tI|���|:�«�5�[�[�.�`�5�:������.�:u i �.wx�`�±���|��Ivrwxvr��{����:�{:tI|��
�.wr�.�l�[��{:�l| |G|/|iG| ~7|:�*�5w iG |:� i �:�[�Ivz�]³�|V~\���.�I{��g�I| �.�.���4�`�g�l�.������y:{��*�Á�.���:£��:�[���5���r�]³[¥V�Â|:�
�:�[�Ivz���:���[�.����vxt4��~Ã|��2�4�:�®�lvrt*¢*�.t¿�:���Ivr�[�| |G| �.�:u�£��.wx¢I{:t4uq{��¼|:¢�³[¥V� �5�[�[�.��~Ã�r�:u |:�g�.wx�.�h�[��{:�Ä|:�
�:�[�Ivz���:���[��{:�m{:tI|�� |G| �!�[�`�`���.�[�����Å�4�`�Æ�`���`¢*�l�.t4u=�`�:u4�.t*wx�5�[�`�5�`���5w§���:�[�[�5t�|:¢*}2¢*vz�=|:��{:wrwx�r��{:�.�Ç �A@CBED�F�GIH	J%K%LNM#O=PNQR�S*FT�H�Q!T�H

2
¶�KnY�U�GVD�B%KnJ ¸ W L�FNXIF	YNKnSVU�K�k	L�k�abK�U�a�flQ!T4Uq^qF	KZK χ

XIQ`YNfgM2K!k W B_¹,L>O:U�Y�U	O,KeQ�YNYQ
χ − 1G

B%YNY�Q^�M W BZP`B]abBcL«O:U:Y[U	O,KeQ�Y op Q!TqF	ar^qk	L.s �¯�:uÈ�.�[�:£��:�[���I|��{:� 2 �Z�[�|:t*�.vz���ry�~��I|Á�'{��[�l�.wru4~C�4�`�É�V�*wx�5t4���5�`�À�.wr�.�����5w®{:wrwx}Â���.t2�
¢*�.�.���[���.wx�.�µ£'{��[�g�.w¯��¥*¢ÂyVvrt*t*v¯�'{����l�`wruª�l{:�[vr�Êvxwru4�`tÂ£'{����'|V�¿�7�*���5w¯�4��y4�`�[�4�.�`vr��~��*�5�:uË| �`�[���
£��:�����I|��{:�Æ���|:t*�.vr�[�ryÉvx�.~'���.�I{��«|lÌÍ¥V��t*�[vx¢*�N�!wx�`�l�m|µ�hvE|��[��|µÎV°V£��5tq�[�:��{���wx|:�4| 1 ~8|:��|:� [χ, 1G] =
1

|G|

∑
g∈G |Fix(g)| = 1 ~8�`�«�x�:u χ − 1G vx����|��|��#���`���ÍÏ®|µ£��.¢*vx��| [χ, χ] = 1

|G|

∑
g∈G |Fix(g)|2

����|:wE{���t*�`�:uV�.�`�[�`�É�[��{:�l�5w ³[¥V�¡�VvZ~C�.�²t*�.� �m{:�.~C�lvxt4�=|Á�`�[�:£��:�[�����`t*¢*�.�.�`�[�=�.wr�.�h£'{����:�4�5tÈy:|:wr}
�I|��{:��{:tI|��µÎV°V£��5tq�{��[wE|:�4|V~2�`��|:�«¥V��}:�*�IvxtI|��h�4�`�Í�:�[�Ivz�]³�|>y:|:t§Ð�|:�®|:�.�5t*�5�Í�`wx�.�����5w�{:wxwr}�£'{����:��~#�.�
|��2�*wx�5t4���5�.���.wx�.�h�`�2���5wI{:wxwx}:�����(�.�I{�� [χ, χ] = 2 ~2|:�hvr���5w [χ−1G, χ−1G] = [χ, χ]−2[χ, 1G]+
[1G, 1G] = 2 − 2 + 1 = 1 ~I�.�`�`�[� χi − 1G vz�[���.¢*¥*�.vz�Ivxwrvx���:|��|��#���`���Ñ �A@CBED�F�GIH	J%K%LNM#OmP�QR¯SIF�T�H=Q!T�H

G Ò P�Q�ab¶ W L�FNXIF	YNK¯O:U:Y[U	O,KeQ�Y�K!k4P.arkji.k4PU:GªQ!T�HAQ�axQ`f¨YQ�G�^ji�Q�flQ!T#Q!T�HqQD�BcOlU	D
F,L�D`axFX*k4PU:G�L�D�Q�YQ�X8axÓ�O4F	f«X8axQ�»AQ!T�H	L�Ô!T�T:H4Õ,O4Õ,OgY�Q�G�^ji�Ô�G�Q�OlUhfhU�»:B]fgM2fhk ¸ U�a op Q!TqF	ar^qk	L.s Ö vry4�.w®|:�²�«���`wz�!�`�[�:£��:�[�É�lvrt*¢*�.t×vr�[���`¢*¥*�.vr�Ivrwxvx����|��|��2������� wxvxt*�.{���vx�.~�|Â��|��|��#���`���`�
�.�:u2¦V�[�|:wÍ���`£*���`�.�.t4�{:�.vx}:�Øvx�.~¯�.�.�`�[�l�.�:u g n �!�.¢V�[�.t*¢*ÙÈ�.wx�.� �5�[�.wr�:£'{��'|:t¡�lvxt*¢*�`t¤�[��{:� n �!�.¢*vz�
�I|��[y�{:tquq| 1 �×�d���h�4�.wrw��.��|��Á���`wE{���t*vn~Í�*�5�:uÀy�|:t¡�5wruq|:t¤�`wx�.��~�|:�h�.wru2vr�Vt*��� n �!t*�.wÆt*�.� �Vvr�[�`�*�
|Ú���.t*¢�³[�:~É|:��|:�¤y�|:tÛ�5wruq|:t ϕ : G → C

× �*�5�l�5�l�:�[ÎI�.�g¥*�.~µ|:�l�.wzu g �Z�Ë�.�:uÜ£*�[vx�lvz���ry n �
�.¢*vz�À�`�:uV�[�.�5�:u4�:�#�����4�`£��`�.vZ�ØÌ��5t4���[¥V� � �.w G �_�h£*�[�x�l�I|��[y�{:t4u2���.t*¢*ÙÀ�.vr�2wxvz�V¥*���.�[�:£��:�����:�Â¢*vr�����2�
�[�.�:�[��|��{��|V~\�`�>�r�]³[¥V� � �.w g �Z�>�.t*t*���Ë| � �.wz���5t4�{:�[tI|��Ê�l�.� � �.wr�.wx�#�.t (g1, . . . , gt) |:wE|��#�'|:t§�m���#�4�:�
n | gi �_�À���.t*¢�³[�.t*���¡wx�.�:�2vx�[���*�¡�4�5�.�5�h���:�*�I�[�`�:���5�[�:~Í���.�I{��m|:� n = pa1

1 · · · par
r �:|:t*�5t*vz�V¥*� � �.wÝ�

���5t4�{:�[�*�5��y�|:t*tI|�� gij
�.wr�.�l�`��~�|:�l�`wru4�`�#��� o(gij

) = p
aj

j �dÞ¼��£��.�.�`�V�Ê|:� ij �_�.¢*vr���4�5�µ£��5t*�.t*�[����5�.t*�`��{����:���.wr�.�l�`�®¥*�:uq|:t*�5wzuq|:t �[�.t*¢*Ù¿�4�5�h£Iwr��°��`�:uV�[�.�5�:u4�:�#���É© j = 1, . . . , r �Z���	¬~�|����:�*�IvÃ�4�5�µ�
£��5t*�`t*���d£��.¢*vr� 1 �Z���:�C�¯�>t4uVvrwry�{:tA�Vvz���`�]³[�`�[�`���*�`�[�m�.�[�:£��:�����*�5�l�5�l�:�[ÎI�`��¥*����{V~I�.�d|h���.wx|����ry�£*���r�
���.t*¢*ÙA�.�:uV�[�`�5�:u4�:�4�:���[�.�:����|���{:tI|��A|g���.t*¢�³[�>��£*£��.t�|g���.t*¢*�`�=�[�.�:�[��|��|V~*y:|:�:u2vx� n wr�.�[�:�
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� �A@CBED�F�GIH	J%K%LNM#OÁPNQR�S*FT�HªO5Ô�K Ò PNQ�ab¶ W L�FXIF	Y�K>O:U�Y[U�O,K�Q`YNK�k4P`arkji.U�XIF	G'K�F,L�U�G�U�O�O5F	Y¿Q!T�HqQD�B]O¿flQ!T	RµSVUØU

W L�FNXIF	YNKeF,O�BcD�F	flF	Y��.U	O op Q!TqF	ar^qk	L.s�� �`�:u4�.t k = |G| | G �«���`wz�!�`�[�:£��:�[���|V~8�`�����`�2vxt4���[�V�A| ϕ : G → (C×)k wx�`�4�`£��.�.�.�j��~
|:�l�.wzu��lvrt*¢*�.t g �.wr�.�l�*�.�µ|��:|��|��#���`�[��{��IwE| g �_�*�.����|��[���5�.}=�5�[�.wx�:£'{������.t*¢*�`wxvZ� Ö vry4�.w ϕπi = χi�.�[�:£��:�[���*�5�l�5�h�:�[ÎI�.�g¥*�§�lvxt*¢*�`t i �Z���d©Z|:�*�5w πi |:� i. �4�5�µ£��5t*�.t*���[��y�|:wx}Cy4�`���z���.��¬~ ϕ vr�Ã�`�[�:£��:�[�[�*���
�l�5�l�:��ÎI�.�g¥*�.~�����y:{��*�'{ Ker ϕ = ∩Ker χi = 1 ~§���.�I{�� Imϕ ~�|:��|:�µ|:�g�5�[�.wr�:£��:� {:wz�|:w�|:wr�4�:�[�:�[�
���.���.�.�[�:£��:�[��~Vvr�.�5�l�:� � G �Zy4�.wZ�����*���5w'�4��y4�`�[�4�`�.vr��~q�*�5�:uh|:�.�5t*�5�¯��|��|��#���`�[�{��Iwx{:�*�5�Ævr�.�5�l�:� � �«���.wÝ�
�.�[�:£��:�[���:���|��[�[�5�.tI|����

� �	�ÃQ�T�H4Q`G
G = H1 × H2

^�B]YQNO,KCL�D�F	YD�U�K%R
χ1 ∈ Irr H1

ÔNL
χ2 ∈ Irr H2 o�
 Q%º�GIBZk�a iNM#O�U χ1

ÔNL
χ2O:U�Y�U	O,KeQ�Y�Q�O5Q�K

G
¶�G�5T�H,R�S*F�T�H

χ1((x, y)) = χ1(x)
ÔNL

χ2((x, y)) = χ2(y) o @CBED�F	GIH�J]KnLNM#OmPNQR�S*F�T�HQNO�O4F	Y
χ1χ2 ∈ IrrG

RCÔNL
G
fgB%G�^qQ�G B%YNY�Q^�M W BZP`B]abBcLdO5U�Y[U	O	K�Q�YQgQ�axÓ5k:aca B]abHqQ�GªU�arU�O:PU�G op Q!TqF	ar^qk	L.s�� �`�:u4�.tª| χi ��|��|��2�[�`���*�.�g�|��[���5�`}É����£*���.�.�.t4�{:�.vr} Xi : Hi → GL(Vi) i = 1, 2 �_�[�:~

�.� Xi = πiX ~�|:�*�5w πi : G → Hi |:� i. �4�5�h£��5t*�.t*�����>y�|:wx}my4�`�[�r���.�`� � �:u χi ��|��|��2������~��.�d�.�`�`�[�
χ = χ1χ2 vx�«|:���

[χ, χ] =
1

|G|

∑

g∈G

|χ(g)|2 =
1

|H1||H2|

∑

h1∈H1

h2∈H2

|χ1(h1)|
2|χ2(h2)|

2 = [χ1, χ1][χ2, χ2] = 1,

���.�I{�� χ ∈ Irr G ��Ï®| ϕ = ϕ1ϕ2 vr�\�.�:u��x�:u��:|�£��:�[��vr�����.¢*¥*�.vz�Ivxwxvr�(��|��|��2������~5|��2�4�:��|:���.wx�5�`�5�*�5�Í�I|	��[�5t*wr}4|:t [χ, ϕ] = [χ1, ϕ1][χ2, ϕ2] ~5|:�lv 0 ~:�I| χ1 6= ϕ1 y:|:�:u χ2 6= ϕ2 ���(�.�I{����I| H1 �!t*�`� k1 ~ H2 �t*�`� £��`¢*vx� k2 �4�5t�³[¥*�4{:wz���5�[�`��{:wruq|my:|:t§~Ã|��2�4�:� k1k2 �V�*wr�5tq���5�.�Avz�[���.¢*¥*�.vz�Ivxwrvx�¼��|��|��#���`�[�®��|�£I¥*tV��x�:u4� Ö vzy4�.w (h1, h2) ∈ G �4�5t�³[¥*�4{:wz���5�[�`�{:wzuq| {(h1, h2)
(x1,x2) |(x1, x2) ∈ G } = K(h1) × K(h2) ~

G �4�5t�³[¥*�4{:wr�[�5�[�`�{:wzuq|:vxtI|���|��[��{:�m|�vx� k1k2 ~*���.�I{��C�lvrt*¢*�.tAvz�[���.¢*¥*�`vr�Ivxwrvx���:|���|��2���`���Æ�h�.�:�:|�£I¥*tV�vxwzu4�.tA�h}2¢*�5t§�
� � ? �A@CBED�F�GIH	J%K%LNM#O=PNQR�S*FT�H�SVU

G ≤ Sn 3
¶�KnY�U�GVD�B%KnJ ¸ XIQ�Y�fgM2K!k W B_¹ W L�FNXIF	YNK%R�U	S*F	a n ≥ 4

RdÔNL
χ
U

G
¶�G�QNO

U,D
{ 1, 2, . . . , n } 2

¶[Q�axQ�fg·mYÔNL�DNS*U�abfhU,D�U:B]G ¸ U�ax¹�SVU�K�k	L.k	S*F,DÆK!U:YNKeF�D�¹CX'Q�YNfgM2K�k W B_¹,LCO:U�Y[U�O,K�Q`Y�R�U�O�O5F	Y
χ
SVk�Y�F�f O��2axÕ	G�PNÕ,D�ÓµB]Y�Y�Q�^�M W BZP.B]abBcLdO:U�Y�U	O,KeQ�Y�Õ	LL�D�Q!T#Q o

� � ´ � Ò D S4 W L�FXIF	Y�K7O5U�Y[U	O	K�Q�Y�K!kqP`arkji.UmU�arU�X,i.k�G

S4 1 (..)(..) (...) (..) (....)

χ1 1 1 1 1 1

χ2 1 1 1 −1 −1

χ3 2 2 −1 0 0

χ4 3 −1 0 1 −1

χ5 3 −1 0 −1 1

J]Y%iNMqO���Q�aÃUhO4Ô�K7S*U�YNfhUq^���F,O��AO:U:Y[U	O,KeQ�Y�L�D�F	YD�U�K�k�K7B]Y�Y�Q�^:M W B_P`B]abBcLdO:U:Y[U	O,KeQ�YQNOlÕ,LL�D,Q!TqQNO5Ô`GIK o


