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A �CBEDGF�H�IKJ	L%M%NPO#QCRPSTVUKH�W�JYX	FZX�[]\4R�R^D�Q5X�_`X	Q	M�S�_�M!\aR^[]X=DGF�H	bcH	_PDdXeS^_�S%f�g^DhWCi�N.X	QYS!W�JaS�Md[hS�IjiPN�HPkKH	_PMEQ:X�_�X	Q,l

MmS�_PM�\4R^[]\nf�Xo[hSPU*S�Mqp
ε = − 1

2
+

√
3

2
i r5s

1 1 1 1 1 1 1

1 1 1 ε ε̄ ε ε̄

1 1 1 ε̄ ε ε̄ ε

3 3 −1 0 0 0 0

2 −2 0 −1 −1 1 1

2 −2 0 −ε −ε̄ ε ε̄

2 −2 0 −ε̄ −ε ε̄ ε

t S!WaH	[]ua\	N.vxwzy^{`|:}�|:~`�
24 �.�h�^����� 2 �.�]�.��� y �.� �`~�� �c�>���:���2� { ��� | ��� �*�4� � ��|5{`�^�� ��� | �o�^�h�.� {���� �c�~ �.�*� ~ � 1 � 1 � 6 � 4 � 4 � 4 � 4 � w�� �.� {`�Z�K��~�| ��� | ��� �*�4� � �`|5{`�^�� ���=� � � 8 �^�h�.���C� |:~ � � � |5{`�����:� �:��� |:� �

�:�Z�.���@�*�^�����:�Z�*�.���h�h�*� ��~ � { � ~`~ �.� �*y �]�K�]�h� { �:� ~ ��� � � ~ �>�d� � �:��� �*�����:� ~ ��� � � ~ �Z� �5{`�^|:~�¡]��:{ �#¢� ¡h� ��� �
� � ���*�.�£� | �Z� �@� � ��¡ � 8 ¤��:� ~ �.�*�*� y.{`|:}¥|:~`� ��¦e�]�4�.�K���:�§���^�*�*�q�h� � �:� � �*� 6 � �^| � |5{�~ �.�*�*�c�^�h�.�Y�a�
�4� � �h� � � ���5{ � � � �5�^¨ � y^{ ���©�ª�2��� � � ~ �*� �2y^{`|:}�|:~`� �]� � � � �¬« � �j� y.{`|:}¥|:~`� �e�2��� � � ~ �*� �2y.{�|:}�|:~`� �K���
� � � 3 ¤!�.�]�.��� y �]�@�]�]� �*{Yy.{`|:}¥|:~`�`� �:�Z�� � � 3 ¤�®#�@� |�¯ ¤ ~ � {��.y.{`|:}¥|:~`�`� �:�°¢c�4� �`�e{`� �.�Z�h�*� ~ �^� ��{`�.|:~�� � � �@�
¦e�]�4�.�±� y �.� �`~�� � y.{ ���²�4� � �.�]�.������� � �*�.� �*� ~ �^� �Y{`�.|:~`� � � � � � �K��� � C3 ¤³�K���´� � Aut(Q) ¤³�'�
���:� � ��� �:� �a� ���:{ � � � ���~�|5�^� �µ�Z� � � {�� �.�Z�]�*� ~ �^� �Z{`�^|:~�� � ��|:� �²¶·� Aut(Q) ∼= S4 �V� { � ��� �Z�h�2¤�*�.� � � ~ �c�:� ~ �.�*�*�x�.�h�^�¸� | ��� �*�4� � � � � � �K��� � �o�5{`{`� � { �]� � � ��{ � � � {¹{`� �^�Z�h�*� ~ �^� ��{`�.|:~�� � � � �.| � |:~�º
� � �2� �:{`{ �:��» �CBEDGF�H�IKJ	L%M%NPO#QZRPSPT7U*H�W�J§U@X

H ≤ K ≤ G
TEgPN

ϕ
H,NF�M!\:[¼Jm½P¾4W�W�¿5g�IKJaS

H
l�I�X	Q�T�X	Q�Q4H	_

(ϕK)G = ϕG st S!WaH	[]ua\	N.v

(ϕK)G(g) =
1

|K|
∑

x∈G

(ϕK)◦(xgx−1) =
1

|K|
∑

x∈G

xgx−1∈K

(ϕK)(xgx−1) =

1

|K||H|
∑

x∈G

xgx−1∈K

∑

y∈K

ϕ◦(yxgx−1y−1) =
1

|K||H|
∑

y∈K

∑

x∈G

(yx)g(yx)−1∈K

ϕ◦(yxgx−1y−1) =

1

|K||H| · |K|
∑

z∈G

ϕ◦(zgz−1) = ϕG(g).

À � �=� �:{ �]�c�o� �5| �h� �:{ �§Á ~�| �¥�.�*� �*{ ¤ ~ � y � }*~�|2y � ��:{`{ �:�dÂ
¦e�h�*�*�.� χi ∈ IrrG ¤ ~ � [(ϕK)G, χi] = [ϕK , (χi)K ] = [ϕ, ((χi)K)H ] = [ϕ, (χi)H ] = [ϕG, χi] �� � �K��� (ϕK)G ¤³�*�^�Ã� { ϕG ¤³�*�^�Ä� � � ~`~ �.� �*y �]�K�h�]� { ��� ~ ��� � � ~ �^�Å�h�]�*� ��~ � { � | �¹�K�h� �:y � � �����4�.� � �:�:� �
�.� �4� �h� ¡���:{�� �'�:� �*� �a�:�K� �.| �=� � � � � ¨@�`��� � �`� ���*� � � � (ϕK)G = ϕG �Æ �=ÇÈS�W�J4S^I

H, K ≤ G É W:J�T�U*H�W:J HK = G
T>gPNo[hS�W�J4S^I

ϕ
H,N�F�M�\�[¼Jn½P¾4W�W�¿:g�I'JÊX

H
iPN�Hk'H	_PMmH	I s BED°lF�H	I'J	L°MNPO#QZRPST�U*H�W�J

(ϕG)K = (ϕH∩K)K s



���������	��
��������������������� �����! #"°$8&È$K),+.-'/�� » 02143535� 68�59	��;C<@��>3@?��
t S!WaH	[]ua\	N.v

u ∈ K ¤ ~ � ϕG(u) = 1

|H|
∑

x∈G

ϕ◦(xux−1) ����� � �4�.� {h1, . . . , hr } ⊆ H � K
{`� � ~ �h� � �±�'�:���Z�.�]�h�^� |5{��^�� �]� | � � � � ~ � }*~ � � �^� �� � {�~ �^�*� {`� � ~ ���>� �*| � r = |G : K| � À �#� |:~ � �
�.� � �*�K� �5{`{`� � � ���`¡]~�� � ��� Â 1

|H|
r
∑

i=1

∑

v∈K

ϕ◦(hivuv−1h−1
i ) = |G:K|

|H|
∑

v∈K

ϕ◦(vuv−1) ��� { � �Z��| � � �*�
= |G:K|

|H|
∑

v∈K

ϕ◦
H∩K(vuv−1) � �*� �a�:�*� { vuv−1 ∈ H ⇔ vuv−1 ∈ H ∩ K �¹¶·� |G : K|/|H| =

|G|/(|K| · |H|) = 1/|H ∩K| �*�Z�]�4�^� |G| = |HK| = |H| · |K|/|H ∩K| � � � �K��� �¹�:� }¥|:�`�V�5{`{`� � �
� }*} �.� (ϕH∩K)K(u) �

� ���¹H�W�J4X�I�L°_PU@X�MdO#I*QE½�S�[ÈS!W�JoM�S^M%N�F��	[hS!WaSPN kKS^_Pb�O2M!\#i�D
	,N�Q:X:_`X	Q,MmS�_�M7D°I¥u:OaQ:\:[¼M7Q:X:_`X	Q,MmS�_SPQ��,NN�F�S�WaSPQ5g�I'M�
� F�M�U@X�N�F�I¥\�[¼¿:X X4unfPO2I*Q É fªbZS�WaH	[]u4\	N�McX�� s ½�S�[]X4u4X:M%N�H�_�� s ½�S�[]Xau4X�M�\�_`X4v U@\:IKJ,NF�H	_eNF�S�_�SmkKS�[�X
Md_PD°¿�D³\�[¼D N�Q:X�_�X	Q,MmS�_¹S�W�J±kKS�_Pb�O#M�\ai�D
		N·Q:X�_�X	Q,MmS�_�D°_�_�S�u:OKi�D³R^D°[¼D N��,NNF�S�MmS�¿��	D Q��,F��	MdM�
t S!WaH	[]ua\	N.v ��� � �4�.� ϕ : G → SΩ � � � y.{`|:}¥|:~`��� � ��:{ ��� { V � � Ω � �:� � {�� �4�^� ��|:~�� � ~ ���:�o�h�¬� �
�.�*�*�^�e�o� �5º �.�h�^� �cy.{`|:}¥|:~`�`~ � }*~ � � �.� ��:y � �C� � � ���·� Ω = Ω1 ∪ . . . ∪ Ωt � � Ω

|:~ �K� �`| � ~ �o� | � ��:{ �@�
���2� |:~ � V = Ω1K ⊕ . . .⊕ΩtK � V ¤!�*�^� G ¤!�h�4��� ~ � � � { �:� � � ~ ��� ~ ��� | � ��:{ �@��� { � y.{`|:}�|:~���� � ��:{�`~ �:� � � ��¡ �Y�Z�]�*�*�.� Ωi ¤!����� ~ �:� � � ��¡ � y.{`|:}�|:~���� � ��:{ �@� {`�.| � � �^�2�2�]���:�h�.� { � � � {�� ���K�]�h� �.����|:~ ��]� � �4�.�� � Hi � � Ωi ¤!�*�.�°¢·�Z�.�]�h�^� |5{`���� �]� � �e�:�:� � � | �*� {`�.|:~`���:{¹� � ��:{�� �:�:��È��� � �@� { �C�Z� �5º �.�h�.� � ��� ~ ��� � � ~
(1Hi

)G �K� { � � � ~ �.�*� � � y^{`|:}�|:~`�`� � ��:{`�*|5�·� � ~`��|5�.� �:� ~ ��� � � ~ χ =
∑

i(1Hi
)G �w Á ~�| �¥�.�*� �*{ ¤ ~ � y � }*~�|2y � ��:{��C� � {`� � � ���:� � �^� ��� } � � �¥� �*|5� � [χ, 1G] =

∑

i[(1Hi
)G, 1G] =

∑

i[1Hi
, (1G)Hi

] =
∑

i[1Hi
, 1Hi

] = t �@�:� � �2� { � � 1G � � � � � } �h� y � ��:{ � χ ¤d���.�=�Z� � � � �4� � �]� |:~ �K� ��| �{`��� � � ���:�d�
� ���>X�M�\�_�H�FPF�OaQ§bZS!W

A5

Q5X�_`X	Q	M�S�_�M!\aR^[]\nf.\�M st S!WaH	[]ua\	N.v
G = A5 ¤³�*�^� �:� � | ��� �*�4� � ��|5{��^�� �]�a�µ���:��Â { 1 } � {(..)(..) } � {(...) } � (12345)G �E� {

(13524)G �¥� � �.�h�^� {`��� � � � ~ �.�*� ~ � 1, 15, 20, 12, 12 � w�� S5 � ~`~ �.� �*y �]�K�h�]� { ��� ~ ��� � � ~ �.�]�*�^�Y� � A5 ¤~ � �:�:� � �Z� �5{`�.|:~`¡]��:{�� ���:���Z� � ��� }K� �@� �K��~�| � � ~�~ �.� �*y ���K�h�h� { ��� ~ ��� � � ~`� �d� � S5 ��� ~ ��� � � ~`�� �K� � ���
���*� º �.�h�:�K� ��{`|:~ � � º �^�G�:�K� �� �K��� �Z� �5| �h� �:{�� �'�:�²� ����� � ��� ¢�� w¸� � � �a� �.� �4� �����5�*�5�ª� �^�@�]� ��{�¨ �
� g = (12345) �^�h�.� � � � �:� � �.�*� ~� � ���:��� � ~ �.�*�*� H

~ � {��.y.{`|:}¥|:~`� �K���¬� � �¬�*�.� ��~ �]�2� � �h� { ��� ~ ���#¤� � ~ � � Â λ(g) = ω �·� �*| � ω
}*~ �]�Z� ��¡ � �:��� �*��� � � � { � �5� � � ��� w

λG �h�*� � � � � � ��� ~ ��� � � ~ � ~`� �^�4�^�
G � | ��� �*�4� � �`|5{`�^�� ���a�:�h��Â (12, 0, 0, ω + ω4, ω2 + ω3) � À �*�*�^�©� { ���:� ��~`{`�.|:~�� � � � χ2 ¤³�4�.�V� { χ3 ¤�c�:� 1 �V� { λG − χ2 − χ3 ¤!�*�^� � { �:�:� ��~ �*� � � � � � � 1 � ¡]� � χ4 = λG − χ2 − χ3 � � � � �����*�²� ~ ¤~ �.� �*y �]�K�h�]� { �:� ~ ��� � � ~ � w�� �:��� �*���4� � �Z� � ��� }K� � � � � � |:~`�`|5�5| �K�:�h� ���:{ � ~ �^� �:y � � �2� � ���:� � �¬� � �.� �5�.�
�Z�]� �� � ��~ �§� λ2 �:� ~ ��� � � ~ �h�*� � � � � �:{�� ���:�d� w��"! � � � � { � �5� � � � � �4� � �2�È� { {`��� � ¡]��� � � � � �¥�K� { �^�*� � �
χ4((12345)) = 1 + ω + ω4 = (1 +

√
5)/2 � { χ4(g

2) = 1 + ω2 + ω3 = −ω − ω4 = (1−
√

5)/2 �� � ω ¤³�K���C� cos 2π
5

+ i sin 2π
5
¤ �:� �4� {`{`�.¨ �¥�

S5 1 1 (..)(..) 15 (...) 20 (.....) 12
1 (.....) 12

2

χ1 1 1 1 1 1

χ2 4 0 1 −1 −1

χ3 5 1 −1 0 0

χ4 3 −1 0 1+
√

5

2

1−
√

5

2

χ4 3 −1 0 1−
√

5

2

1+
√

5

2
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G
X4R^N�F�Md_`X	Q,M iPN�HkKH	_�M X	Q�Q5H	_�gPN§iPN.X	Q X	Q�Q5H�_���_�H5RPS^IKD°O#NPl`iPN�HPkKH	_PM%T�U*X

GRPS�\,W�J�F�U@X�M 	ÊS!W:J
SΩ

N�F^D°b�bZS�Md_PD°Q,OaN=iPN�HPkKH	_PM�RX É W�J�T±U*H�W�J G
X,F

Ω
l�I I�S�b _S!W�O2[]\�_PD N���_�H5RPS^IKD°O#NPl

iPN�HPkKH	_PMQ5g�I'M7U@X�NN�H	I st S!WaH	[]ua\	N.v �(� � � ¨ � º �.�� �*|5� � G Á ~�| ���.�*� �*{ ¤ º �^�h� } � ~ � �@��:y � �#y.{`|:}¥|:~`� �'� { � � � ω ∈ Ω �.�]�.� ~ � H
� � ω

{�� ���K�]�h� �.����|:~ �@� w º �.� � �^�4� { �Z�h� �`� � �*|5� � G �*�.� ~ � �5� � ��~ � { � H 6= 1 �@� { � �`~ �:� � � � ���@� ���:{ �Z�h� �`�
H 6= G � � | � � �*� � �Z�h�*�*�.� g ∈ G \ H �.�h�.� ~ � ωg 6= ω ��� {¹¡h� � H ∩ Hg = Gω ∩ Gωg = 1 �
�Z�]� ���*|5� � �*�^� ��~ �]�2� � �h� { �.�h�.�o�*�^� �*�.� �h� � � � � � � {�� � ~`~ � ω � { ωg � {����@}¥| � � ���@�

¦ |5{��q� � � � ¨ � º �.�d� �*|5� � G ��� {`�^�`~ ��� � Á ~�| ���^�*� �*{ ¤ y.{`|:}�|:~�� H � | � } �h�.�o�.� �`� �Z�c�:�d� �(�^�2�h� � ¤{`¨ � G
� � ��:{`��� �§� | �*� {`�^|:~����:{`{ �:� H � | �*� | �h�K�:�]���Z�.�]�h�^� |5{`���� �]�a�:�]��� �·� Hx

���@}¥| � � ���ª� � � g
�.�]�.�Z�*�^�¥� ���2� |:~ Hxg = Hx � � � � � Hxgx−1 = H ���:� � �2� { g ∈ Hx � �·� g ¤!�*�^� Hx 6= Hy
� {����@}¥| � � ���:�d�·���2� |:~ g ∈ Hx ∩ Hy �·� � � � gx−1 ∈ H ∩ Hyx−1

= 1 � ¡h� � g = 1 � À � � �^�
�`�.�]�.� � �d� �*|5� � { �.�o�.�]�2�]�Y�*�^� �`~ �]�2� � �]� { �.�]�.�Z�*�^�Y�*�.� �h� � � � � � �2�*�.� ��� �*� ���@}¥| � � ���@��� { � � � �@�`� �:�
� �^� � { �K� �.| �a� ¡]� ���@� �*|5� � � y.{`|:}¥|:~`��� � ��:{C� � { � � � { � º �.� � � {`� � � �]���@� �*|5� � H 6= G � � � �K��� � � �
�Z�]�*�*�.� �	��� �^� � � � � � �.�]�.�Z�*�^�e���:�Ê�4� � � ¨ � � �a� �5�.�
���2}�| � � ���#¢���:� � �2� { � G

�*| � | � |:~��K� � �*{ �
� H �Z�.�]�h�^� |5{��^�� �]�a�:�]� � � ��� {`� �h�o�Z� �`~ ��� �*{�y.{`|:}¥|:~`� �'� ��� �:� �a� ���:{ � ¦e�]�4�.� H 6= 1 �V� �:� }¥|:�`�
Á ~�| ���.�*� �*{ ¤ º �^�h� } � ~ � �@��:y � �2y.{`|:}¥|:~`� �*�.� ~ � �5� � ��~ � { �

� �CBEDGF�H�IKJ	L%M%NPO#Q RPSPTZUKH�W�J²S!W�J��_H5RPS�IKD%OaNPl�iPN�HkKH�_PM�RX�IÅXjboX,W²gPNµX Q5H	bqk¥[hS�bZS�IKMdO2b _S�[]X�MdL°¿Yk8_�L°b
_�S^I¥u��'SPQ st S!WaH	[]ua\	N.v �·� �`� � {`{`� �Ê� H � | � } �]�.�Z�.� ��� � |:� � � N � |:~ � � � |5{`�^��� � � � | ��� �*�4� � �:{`{ �:�d� À �#� |:~
� H �*�.� �`~ ���@� � �h� { �.�h�^�Z�.�h�*���Y�*�h� y^{����@}�| � � ��� N \ { 1 } ¤³�.��� �*� �a�:�*� {q� � h−1xh = x �:�:�h�:�Z�.�]�
1 6= h ∈ H � { 1 6= x ∈ N ¤ ~ �:�*���#� |:~ h ∈ H ∩Hx �*�:�Z�8�.�h�]�.� � � | �*� �:�*�K����� �*|5� � G Á ~�| ���.�*� �*{ ¤y.{`|:}¥|:~`� � À �*� � ��� � �4� � �4� � ����� �*|5� � H �Z�h�*�*�.����� � { 1 }¤ ��� �·� ¨ � � �a� �5�.� |:~ �K� � ��� N ¤!�.� |H :
CH(x)| = |H| �.�]�.� {`��� � � � � � �K��� |H| |5{`����� ��� |N | − 1 ¤!�*�^�¥�K� { ¡]� � |H| � { |N | ~ �.�G� �`¡ � }*~�¡ �Z�^������=ÇÈS�W�J4S^I

G = HN
S!W�J i�N�HkKH	_�M°T±X	U*H�[

H ≤ G
T

N / G
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H ∩ N = 1 s BED F�H	IKJ�L°MNPOaQeRPSTqU*H�W�J
G
X	Q�Q5H	_ gPNci�N.X	QYX	Q,Q5H	_���_�H4RPS�IKD°O#NPl`i�N�HkKH	_�M

H
Q5H	bqk8[hS^bZS�IKMdO#b�boX�[EgPN

N
bZX�W�W4X�[ T�U@XYb�D°I¥uaS^I

1 6= x ∈ N
l�_S

CG(x) ≤ N st S!WaH	[]ua\	N.v ⇒ Â �(� � � ¨ � º �.�d� �*|5� �¹� � � 1 6= x ∈ N ¤ ~ � CG(x) 6≤ N � À �#� |:~ �:�:� | �]�a�:� g ∈ G\N ��*|5� � [x, g] = 1 ��¦e�]�4�.� G \ N = ∪y∈G(Hy \ { 1 }) �*���:�G�:�Z�.��� y ¤ ~ � g ∈ Hy � w�� x, g �.�h�.� }'��~`�
y−1 ¤ � �4�.� �Z� � � | ��� �*�4� �]��� � �^� �:� } � � ��� �*|5� � | �]�a�:� x, g � { �]� � � � �]�����:�Z�^�]�4�^� ~ � g ∈ H � x ∈ N �
� { ��| � � �*� ~ ��� { [x, g] = 1 � À �2� |:~ �2� {`�.| � � 1 6= g ∈ Hx ∩H �*�Z��� �5� ���.� x 6∈ H �*�.�h�]�.� � � | �*�@�:���
Á ~�| ���.�*� �*{ ¤ y^{`|:}�|:~`� �*� � � ¡hy � � � � �K�����

⇐ Â �(� � � ¨ � º �.�d� �*|5� �=���:�G�:�Z�^�]� y 6∈ H ¤ ~ � 1 6= h ∈ H ∩ Hy � w G = HN
º �^� � �^�4� { �Z�G� ���

y = gx �:�G��� � �K� �*| � g ∈ H � { x ∈ N �K� { � ~�~ � Hy = Hgx = Hx � �È� �K��� h = x−1h′x ���:�G�:�o�.�]�
h′ ∈ H ¤ ~ �@�8�:�Z�]� � � [h′, x] = (h′)−1x−1h′x = (h′)−1h ∈ H ∩ N = 1 �K��� � �@� { h′ ∈ CG(x) \ N �
�.�]�h�.� � � | �*�@���o� º �.� � ���4� { �*�^�¥�

� �CBEDGF�H�IKJ	L%M%NPO#Q RPST�U*HW�J S!W�J���_�H4RPS�IKD°O#NPl`i�N�HkKH	_�MI�X	QÊb�D%I¥uaS�I´I�H	_�bo\�[hH,NF�M 	nf.Xx¿:X�W�JjRPS^IKI�S�¿�X�I X
boX�WaRX�I@T�¿:X�W�JZM!X:_PM�X�[¼boX,FF�X X,F�M st S!WaH	[]ua\	N.v À � �5{`�.�:~ ���.� ��� � � ��� �*|5� � � � M / G � { M < N � ���2� |:~ G = G/M � { Á ~`| ���.�*� �*{ ¤y.{`|:}¥|:~`�

N = N/M �c� �5� �:�7� { H = HM/M � | � } �]�.�Z�.� ��� �Z�c�:�� w�� �a�2�h��� � � � � � � � �*|5� �
G = H N � { H ∩N = 1 � w�� � º �^�G�:�K� � �:�h� } � � �c�^�h� � �.�*� � � ��� �K� �.| �4� ¡�� �:�*�d� �*|5� � 1 6= x ∈ N ¤ ~ �
C

G
(x) ≤ N � �(� � � ¨ � º �.�� �*|5� �>�*�.� ¡]� �±���:���a� � � � ���:� | �]�a�:� x ∈ N \M � { g ∈ G\N �4�:�Z�.��� ~ �

g−1xg = x �Z¦e���4�.� G \ N = ∪y∈GHy � º �^� � � � � � � ¨ ��� g ∈ H � �(� �K��� � g ¤³�4�.�����:� � � | ��� �*�4� � �:{� �.���2���^� � � � ����� � � Mx �Z�.�]�h�^� |5{��^�� �]� � � g ¤!�*�^� � � � �:�]���:�h�c� { p
}*~�¡ � ~ �.�*�*� � � � � � �4�a�@� g′ �{`� �]� � �.� } � ~ � �@��� � ��� Mx �.�h�^�Z�.� � � (|H|, |N |) = 1 �Z�G� ��� ��h���o���2� º �^�G�:�K� ��|:� ¢ p �*�^� |5{`����� ���

|M | ¤³�*�^����� {�¡]� � |Mx| ¤³�*�^� { �.�C� � � �K��� g′ ¤³�*�^���:�:� Mx ¤³�¥�.�e� � � x′ ���@}¥| � � ���@� À � � ��� �`�.�h�.� � ��
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��� � �4�.� M � � � � � ��{`�.� �]� � � { �:�:� � �*��� |:~ � � � |5{`����� G ¤d���.��� �·� N ∩ M = 1 �����#� |:~ M ≤
CG(N) ���:�Z�·� � � º �.�h�:�K� �C{�� � ~ �]� � �*�.� �]� � � ��{ � � � { � �·� } �^�*� � M ∩ N > 1 �·���2� |:~ ��� � �� � ~`� �:�h�c� �.� �·� � �@�]�¹�±� �:{ ���:� � �:�:� � ��� � �.� �5�.� �¥�^�4� � �*� {�{`� � ~ �h� � G/(M ∩N) Á ~�| �¥�.�*� �*{7y.{`|:}¥|:~`� �
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iPN�HPkKH	_PM�S!W�J�Q:X:_`X	Q,MmS�_S s�� S��7IKDd\�[ f�OaQ�X det χ : G → C

× [hSPQ5g�kKSPF�gPNPM(X
(det χ)(g) =

det X(g)
�	NN�F�S%½�¾5W�W#gPNN�S�[ TqX�U*H	[
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X	F
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	 Q:X�_�X	Q,MmS�_�S s BEDGF,H	IKJ�L°M%N�OaQYR�STEU*H�W:J det χf 		[ uaS��7IKD³\�[¼M�[¼D%I�S�\�_�D N�Q:X�_�X	Q,MmS�_ st S!WaH	[]ua\	N.v �·� X � { Y

�*� �a�:�K� �^� � χ �:� ~ ��� � � ~`� �:��� � �������2� |:~ �^�#�@���:�:�]�.� { �^�¥��� � � � Y (g) =
P−1X(g)P ���:�G�:�Z�^�]� P ¤ ~ �:� � { det P−1X(g)P = det X(g) � det X �:�:� � �'�:� ~ � }*~ � � �.� ��:y � � �
�Z� ~�� det X(gh) = det X(g)X(h) = det X(g)·detX(h) �,� { �Z�]�4�.� C× ¤³�'�V�4� } � � � det χ �h�]�*� ��~ � { �A8A �YBEDGF�H�IKJ	L%M%NPO#Q´RPSPTÊU*H�W:J S�W�J,NF�S�_ ��iPN�HkKH	_�MI¥X�Q I�S�b [hSPU*S�M�bo\�N�H�un½�H	Q É D%_P_�Su�OKi^DdR^D°[¼D NxQ5X�_`X	Q	M�S�_S sp �>X	N�F^I¥\�[ fPO#QZX,F�S^[ ��F�� ½�S�[]X4u4X�MmH	M�� rt S!WaH	[]ua\	N.v �(� � � ¨ � º �.�� �*|5� � χ ∈ Irr G �7� { χ(1) = 2 � ¦ª���4�.� χ(1) | |G| � G

}'��~�|5{¹~ �.�*�*���
� {§¡h� �¬�:�:�©� �:{`| � ~ �.�*�*� g �^�h�.�Z��� X(g) ∼

[

ε1 0
0 ε2

]

� � �*| � ε1, ε2 � �:{`| �*���¬� � � { � �5� � � � � ���� � �K��� �:� � � χ(g) = ±2 �·� { ���2� |:~ Z(χ) > 1 �·�:�o���.�h�]�.� � � | �*� G � � � {�� � ~ � { � � �.�*�^���·��� � �
{ ε1, ε2 } = { 1,−1 } � � { ���#� |:~ det χ �*�.� �`~ ���@� � �]� { �]�h�*� ��~ � { �:� ~ ��� � � ~ � ¡h� � G′ < G �q� { � �
�Z� � �]� � �.�]�h�.� � � | �*�C�:�*�K����� �*|5� � G ��*�.� w ���.�°¢�� � � {`� � ~ � y.{�|:}�|:~`� �
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