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G R�S DTHVU�W S Q�KXF5W S O#Y@Z�[�E@DTZ\H5Q	]\^_K`D�acb�D�^_b�Dd�D Sfe!g#h�ikjml W	MPW�]nDLKXF S D�HJI�Q,H:WoH i Z�D�p�p�W
|G|

K`D!E	H i Z�D�p�pq^8b�rs]nQ,Z�d e�jml�g�S_g Kutwv i d�Q S F�r e ZTx@HypTDM7O*QE�FzD�H�H5Q	b G { pTD�K R|h Z�Q^fQ	b e t} D!E@Q	Ku~ g Z.� χ ���.�u�u���f�����=�u�|�|�.�*�*�.�u�f�u�`�u����������2�������L���5�|�|�L�.�5�L�4�.�4�����:�n�L�u�4�L�2�*�L�����:�:�=�5�|�L���,��� |G| ��*�L�_���`�:���w���.�u�������.�@�n�����|���L�������u�`�*�� ��|�`�����¡�u�.�*�L���*�L�_¢ χ =
∑
λi £¥¤ � 1 = Kerχ ≥

⋂
Kerλi ≥ G′ ��`�:� G′ = 1 �'�:���:� G ¦\�_�.� £§ �¨v i d�Q S F	r e ZTx#H©pTDM¡O*Q�E:F�OªW K,H ≤ G

M
ψ ∈ IrrH

MV[�Z
(ψG)K i bTb�D~�x hLi p i K i ZM�W	H,H5Q	b G = HK

t«,¬ e ]ox e W e�g Z.�® g ZZ�x@Hnp�DM7O*Q�E:F [(ψG)K , (ψH∩K)K ] 6= 0
t°¯

} D!E@Q	Ku~ g Z.� [(ψG)K , (ψH∩K)K ] = [((ψG)K)H∩K , ψH∩K ] = [(ψG)H∩K , ψH∩K ] =
[((ψG)H)H∩K , ψH∩K ] 6= 0 �q�n�L�|� [(ψG)H , ψ] = [ψ, ψ] 6= 0 �.� ψ ∈ IrrH �n�����±� ψ �*�²���L�#��5�|�|�L���:�f�:�*�*�,��� (ψG)H �!�f���_���.�³�u�:�C� H ∩ K �´��¶µ��:�`�·�³�.�5�|�.�:���²���:�|�����:�u�2���©�u�³�`�4�:�¸�.� £º¹ �²µ4�.�
(ψG)K �²�|���.�*�*�L�u�f�`�u�`�.���L�*��»5�J�4��µ4�L�|�4�.�L�u�����*�5�:� (ψG)K �*�²���L�2�c�5�|�|�L���:�f�:�*�*�,��� (ψH∩K)K �!�f���_��.�o�`�:� |G : H|ψ(1) = ψG(1) = (ψG)K(1) ≤ (ψH∩K)K(1) = |K : (H ∩ K)|ψ(1) ���:�n�²��»5�
|G| ≤ |H||K|/|H ∩K| = |HK| �ª���.�f �� G = HK £¼ �=½D�E�F4D S G D!E:F,Z�d,D�bTY@M

χ ∈ IrrG
M
χ(1) = p

^8b�rs]³t�v i d�Q S F�r e ZTx@H¸pTDM�O*Q�E:F G p R!¾ F�K`Q	¿ l W p D�K`DL]oY*t«,¬ e ]ox e W e�g Z.�®À�W¸W p R!¾ F�K`Q	¿ S D�] { p�D�KNMqW	H,H5Q	b Z(P ) ≤ Z(χ)
t°¯

} D!E@Q	Ku~ g Z.� ¦ χ(1) = p ���.�²���Lµ4�.�³�n�����|� |G| �5�±�L���f����� p �´µ4�.�´�J���L�f �� G �k�*�L�º�*�.� �|���uµ2�� :�u�`� p �Á �ª�u�,Â(���¸µ��:�����`�.�:�4�.�¶�.� P £oÃ � χP �u�|�|�.�*�*�.�u�f�u�`�u�.�¥���#�4�:� 1 6= Z(P ) ≤ Z(χP ) ≤ Z(χ) ���*�n�:��ª���:�*�f� G �.�:�ª�±�.�L��Ä*�|�L�5�Å�n�����±�J�|���uµ2�� :�u�`�.�ª�L���.�u�`�.�4���n�5�*�f :� £Æ �L�f �� χP �*�.� �u�|���L�*�*�.�u�f�u�`�`�L�>�.�¨�u�:�Ç�n�`�*�*�.�È�u�|�|�.�*�*�.�u�f�u�`�u�=�4�5�³É_�5�*�.�*�|�.�*�L�Ê���:��� p �k�*�.��ª�u�|�L�*���\�n :�±���.�|���=�5�±�L���,��� |P |�!�*�L�_�Ë���.�f ��¸�.�|��� 1 �u�.�*�L� £ÍÌ �u�|�.�5�4� G �L�:�ª�|�.����Ä*�|�.�5�©�n�����±� χ�@Ä*�|�.�5�.�.�	���.�f ����f� χP �n�u�*�*�.�¡�4�5�³É��5�*�.�*�±�7�u�`�*�� ��|�`�.�	���2�4�:� P �!�*�L�¡¦\�_�.�²�k�.�|�:É��:�±���f���>�4�.�`�5�u�.�*�*�`� £¹ �`�*�*�L� 1 6= x ∈ P �k��� CG(x) ≥ P �n�`���|� p 6 | |K(x)| �.� Z(χ) = 1 ���u�:���zÎJ�ª���*�|�`�*�T�k���L�|�.��n�`���|� χ(x) = 0 £PÏ �.�L�±� χP = a · ρ = a ·
∑

ϕi∈Irr P ϕi µ:�:�`�:�n�.�²� a > 0 �k��ª�ª�u�:� [χP , ϕi] = a 6= 0�n�u�*�*�.� i �k���:�5���L�f �� χP (1) = a · | IrrP | ≥ | IrrP | £¥Ì �u�|�.�5�4� χP (1) = p �4�.�L�L�|� p ≥ | IrrP | = |P | ��4��µ4�L�|�4�.�.�L�±�4�LÉ*É��L� |P | = p £Ð �¨v i d�Q S F	r e ZTx#HcpTDM�O*Q�E:FoOªW G U�W:KuW�]nD�KXFzW�x e Q	]yQ	bsÑ�dL]ox@Z�W³] isS ~#D S H:W�b|W�H e DLb e O*DLKXF5pTD S OªW�E�F,M�W	H�H5Q�b] isS ~@D S H5Q S�l x4E g K e Q,Z�d e�g KXF eÒi Z¡O*D�KXF4pTD S OªW�E�F4t} D!E@Q	Ku~ g Z.�ÔÓ �L�:�4�.� K �L�:�y�4�5���|�*�4 :�u���5�|��� :�u�4�#�.�w�|�.�:�ªÕª�z���.�Ö�*�*�5�:�¸� σ �:�ª���5�n�:�|×f�L�Ø�*�J�³�`�*�*�.���������2�����|�w�*�.�u�#���.�Ù�f�:�:� £PÏ �2�4�:� g ∈ K � χ ∈ IrrG �´��� χ(g) = χσ(gσ) = χ(gσ) �ª���.�f �� K �.� Kσ

�5�|�.�u�:É'���n�.�5�L�:�4�.�.�u�³����������2�|�L�|� ��f�` ��'�:� £ ¦>�Ë�:�|���5�5�5�f�:�u�u� :�±�f�|�.�� :�.�u�:�Ø�n�����|�7�L�*�_»5�8�4��µ4�L�|�4�.�L�u����*�5�:� K = Kσ £Ú �=½D�E�F4D S G D!E�F�Û�bQ5pTD Sfi x@Z R�h Z�Q^fQ�b e M N ]³W�E�E@W�KË[TZ
H

H5Q	]>^8K`D�]nD S'e x2]o]³W�KutÇv i d�Q S F�r e ZTx@H¶pTDÙW	dW�K g p,p iÒg K�KXr e�g Z�Q	H:W e tWL¯ } isS ~@D S 1 6= x ∈ N R bD CG(x) ≤ N
tp±¯ÜB'D e Z�d,Ý	K`D!E@DTZ 1 6= h ∈ H R b�WØW h R U�W:K'U�W�K j H5Q S�l x5E g K g Z S D�]ÞO*W�E�F l W�O*DLKXF5pTD S N Z�D�]nDLKXF i H S D�]e b i U i´g K i Z¡H5Q S�l x5E g K e Q	Z�d e�g KXF g:e th ¯ÜB'D e Z�d,Ý	K`D!E@DTZ 1 6= h ∈ H R b�WØW h R U�W:K'U�W�K j H5Q S�l x5E g K g Z S D�]ÞO*W�E�F l W�O*DLKXF5pTD S N Z�D�]nDLKXF i H S D�]e b i U i´g K i Z i b�b�D�~�x h�i p i K i Z\H:W�b�W	H e D�b�[ e t~L¯ } isS ~@D S 1N 6= ϕ ∈ Irr(N) R bD ϕG ∈ IrrG

t
} D!E@Q	Ku~ g Z.� �#ß Æ �.�:�ªÕª�����.�Ö�(�*�5�:��µ��:�·�5�u�@�:� g ∈ G \ N �½�:�n�.�²�2��� [x, g] = 1 £³Ï �2�4�:� g = hy

µ��:���:�n�L�u� 1 6= h ∈ H �´��à�.� y ∈ G �k��� £Üá �:� [x, hy] = 1 �®�L�*�_»5� [xy−1

, h] = 1 �q���.�f ��
z = xy−1 �k��� hz = h ⇒ H ∩ Hz 6= 1 ⇒ z ∈ H ∩ N = 1 ⇒ x = 1 ���:�n���.�u�`�.�4���n�5�*�¶����.�²���Lµ4�.�±�*�L� £��ß Ã � xh = xy µ��:���:�n�.�²� 1 6= x ∈ N � y ∈ N � 1 6= h ∈ H �k��ª�����2�4�:� xhy−1

= x ���L�.�L�|�
hy−1 ∈ CG(x) ≤ N �f�.� y ∈ N �*���.�f �� h ∈ N ∩H = 1 �f�.�u�`�.�4���n�5�*�f :� £
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�	ßz¦º�4�5���|�*�4 :�u�|�5�|�L� :�²�4�:��É_�L���o�ª� :�� :�|�\�5�|�.�`�:Éf�oÄªµ4�.�u�L���4�\��������2�������L�4���|�:�|�ØÄªµ4�L�`�L�7� C ��������#������|� ��f�� :�·�n�`�4� k × k ���:���y ��|�����*�5�����.�Å���|��� PC = CQ ���:�u���:�`�n�:� P �.� Q É_�L���o�ª� :�.�u�5��y ��±�����2��ª���:�*�5� trQ = 1 ���n���|���:�o�.�`�|»z�4�5���|�*�4 :�u�|�5�|�L� :�²�Ù�*�.�²�2���L�¶�y�����:�����y�|�:�*�f���n�`�*��y :�J�4�5���|�*�4 :�²���5�|�L� :�²�2�'�V�4�LÉf�.»#�*�u� £ ¦>���:�|���5�5�5�f�:�`�²� :�|�_�|�.�� :�.�u�:�y�n�`���|� C �u�@µ4���|� :�`�f���|�*�ª�.�
C−1PC = Q ���u�:� trP = trQ = 1 £�¤ � P �`�\É������o�ª� :�.�`�5�Ë�y ��|�������_�L�¡�:�o ����`�,�� :�f���Ù�L�`�|»�.�u�.�n� 1 �´�o�|���uµ2�� :�u�`�J�:�������2���L�±�Ë�*�.�²�2�_�.���f�:�:�����c�c�4�5���|�*�4 :�� :��ß��8�u�:�¨�Ø���:�*�f�`�*�L� 0 �!�f���¸�4�.�u��u�.�*�*�`� £�_ß [(ϕG)N , ϕ] = [ϕG, ϕG] 6= 0 ���`�:�Ù���q�u�	���:�|�2�k���L�|�.�¥�|�.�����`�4� (ϕG)N = e ·

∑
ϕi ���:�*�5� ϕi �´���

ϕ �4�5���|�*�4 :�u�����:�´�¥�.� e = [(ϕG)N , ϕ] £=¹ �uµ4�L� H ×
�ªÉ_�5�@���³�.�@�|�.�|�.� �f���o�¨�4�5���|�*�4 :�� :�±���:� N�*�.� �|���²µª�� :�u�`�>�²�|���.�*�*�.�²�f�`�u�`����������#���L���.�u���¥�:�Ø�ª���:�*�f�����2�f���©�n�`�*�*�.� H �|�.�L���u�@�|���:�|�f�²�s�� ��'�:�
|H| ��������#���L�Jµ��:� £��  5�:�f :�|�*� N �*�.�²�2�_�.�¨�f�:�:�.���Ø�V��������2�������L�4�L���*�u�:�z� G = NH �|�.�L�|�`�4����4�5���|�*�4 :�²����Ç� H �|�L�L���`�4���\�4�5���|�*�4 :�²������®�:���:� ϕ �!�*�L� G �k�|�©�*�L�Lµ4� |H| �4�5���|�*�4 :�u�s��� µ��:� £Ï �*��»5� (ϕG)N (1) = e |H|ϕ(1) �f�y :�±���.�±�L� (ϕG)N (1) = ϕG(1) = |G : N |ϕ(1) = |H|ϕ(1) ����L�f �� e = 1 �f�:�³�u�_»5� [ϕG, ϕG] = 1 £ � A � WL¯àv i d�Q S F	r e ZTx#HnpTDM�O*Q�E�FcOªW A { p�D�K R|h Z�QT^fQ	b e [TZ χ H:W�b�W	H e D�b�D A R�S W	H�M�W�H�H5Q	b [χ, χ] ≥ χ(1)

tp±¯ ½D!E:F4D S A ≤ G
M
A { pTD�K R�h Z�Q^fQ�b e M χ ∈ IrrG

twv i d,Q S F�r e Z�x@Hnp�DM7O*Q�E:F χ(1) ≤ |G : A|
t

 � § �CB8D!E�F�G@HÅI�D�KNM¡OfQ�E�F
A ≤ G { pTD�KÒb�[TZ�d h Z�Q^fQ�b e M�[�Z |G : A|

^8bTr%]VOªW e U g�S F4t¶v i d�Q S F�r e ZTx@H©pTDM>O*QE�F
G′ < G

t
 � ¼ �CB8D!E�F�G@H�I�D�KNM>O*Q�E:F

G R�S DTH©D!E�F@D e K`D SÔS D�] K isS D g b i Z i b�b�D�~�x h�i p i K i ZVH:W�b�W	H e D�b�DnU�W S tÙv i d�Q S F	r e ZTx#H�p�DMO*Q�E:F
G′ { pTD�Kut «,¬ e ]ox e W e�g Z.� ¾ d g ]or e ZTx#HÙH i W G bD!E�x2K g b i Z³H5W�b|W	H e D�b[ S DTHÙ]nD!E�Z�d�Q	b�r e!g Z g�e G′ R b�DH5[ e I�[�K`D�H5[�^4^fD S t°¯


