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A e�f X `^L�P T ]6[^gih�jkN6L�` f h Rl L N X jEm6n	[-oqpsrutwvFxzy�{)|taxw|}w~���t
Γ : 1

α−→←−
β

2
γ−→←−
δ

3 ���-� A = KΓ/I � tw�)�zv
I = (αβ, δγ, βα− γδ) �

AA � twv��&t
socAA = 〈αγ, βα, δβ〉 = S3⊕S2⊕S1 ������� y-v Si = Pi/ radPi ���a�E�)� y � x ∈ Si � |�y

xei = x �-� xej = 0 � ��t
j 6= i �H� yQxw�>y � ϕ : A → K

twrut�v �F� y-}�| �F� vEyQ� � ��y-r �-�-� t � yQvE�
1 � y � � y � r~��zv

αγ � ��� βα � ���-� δβ � ���/�-� 0 ��� t�{&}wr �E� � � y-x �-� r-� ��� | �-� r �-��  { e1, e2, e3, α, β, γ, δ } � ���¢¡ y-vW} � �i£¤� ��)�zxw�
Kerϕ � y � � t�| � twv � twr � y �¥� £)vEvWtU�i�w{){ �F� y�}wv � �¦� yQxw�>y � £)xw�6t �)�E� 0 6= u ∈M ≤ AA �)�-� k tvFyQxw� �F� yQ{){ � r�} �§� t �a� |�y uJ(A)k 6= 0 �©¨ �@�>�w| � t � 0 6= v ∈ uJ(A)k �/�Q� yQ|i|�y

vJ(A) = 0 ��� twxw� �F�
vA ≤M ~ � v � xzy-xw� � rQyQ|�ª �©¨ {){ � v��>� � y � �>yQr � � � �)�zxw�

vA ≤ socAA � � yQ��} � v = xαγ + yβα+ zδβ� twvWt � y-v��
x, y, z ∈ K � |�t � p«��}�|i� � yQxw�¤¬ �i� ��t �� �>�zrQ¬)v®vEy-x>twvW}�{){¯twrKy-xw� � � � y � 0 ���-� ��t4twr

Si � {�y-v �F� yQ�°twr±y-xw�¤¬ �i� ��t �� ��t²twr � t��"�>�w|
0 6= vei ∈ M �´³ yKy��"�>�w|

vei αγ, βα, δβ
y-xw� � � �-� yQ�

� y � 0 � �wtwvF}�| � r-�w|i� � t � �Exw�µy-rQy � t
ϕ � | � � �>y � y � 0 � � yQ��} � M �)�F�)¶-� {�y �)� y

Kerϕ � {�y ���¦· � �)� �>y �y-vEvFy � � | � r-�)y ��� � �)�zxw�
soc AA = 〈αγ, βα, δβ〉 = S◦

1
⊕S◦

2
⊕S◦

3
�F�H� x>twrK¸�tw�)�zv

S◦
i = P ◦

i / radP ◦
i ��-� P ◦

i = Aei ¹ ���-� yQ{){ � v�� � �i� ��� �)�zxw�
Kerϕ � y � 0

{&twv �F� y-}wv � � y � � t�| � twv � twr �
º � SUTWV�X P�O	Y7Z7[^]@_a`^L^b¦c X N�Oµ» T P�m6L�P´¼�P T P�½�L�_+Z\Y7¾u`^n V�T [-hwjkN6L�` f h e�f X `^L�P T ]@[^g¿hwjkN6L�` f h Rl L N X jEm6n	[-o � y-xw�>y � AA = ⊕ eiA

twr
AA

|�y-xz£)vF}�| �F�s� � � £)vF£ � ~�yQvE{�� � � ��t � t � vWt � �>� � ��� � y �)� yQ�@|�y{�� � � } � t �¢���E� yQv A � �)�F� �iyQ� � � ��� twr
eiA � �Àt�~�y-vE{�� � � ��t � t � vWt � �)|��+�iyQ� � � � yQ� �-� y-xw�"Á �i� twv�tµ~�y-v�{�� � �� ��t � t � vWt ���F� �iy�� � � � yQ� �/�-� �Fxw�

eiA � y � y �iy �-� � twvE�&t �E� y-xw� � rQyQ|�ª �H� yQxw�>y � Si = eiA/ei(radA) �-�
Ti = soc eiA � A {&}wr �E� twvFxzy�{)|t � �Fxw�

i 6= j � |�y eiA 6∼= ejA �Â�-� � £ � �i£¤� � �)�zxw��yQ{){ � v Si 6∼= Sj ���-�� £�}wv �E� t � ¸ �a�E� y-v eiA �-� ejA
~�yQvE{�� � � ��t � t � vWt �K�F� �iyQ� � � � yQ� �E� ¹ Ti 6∼= Tj �F� �>� � y � �>y-r � � �¨ v � � r-�w|'{�y-vF} � �i£¤� � �)�zxw�
T = ⊕Ti �F� y�}wv �w�-� �)�zxw�

AA � � t�� �Q� AA � � t�� �E� T t � twvE�&t �MÃ t
S ≤

AA

y-xw� � r-yQ|�ª � t��@�>�w|
S = 1S = (

∑

ei)S ≤
∑

(eiS) ≤ T �z� yQ| � eiS ≤ eiA
twr
S � � yQ�Ä�)� � � � �w|�~� � ��y � � y-��} � 0 � twxw�Åy-xw� � rQyQ|�ª �d�-� �Fxw� ≤ Ti �§¨ r-r-y-v�twr � ��t�� � £¤� � �)�zxw�

T = socAA �À���F�)� y �
S ≤ AA

yQxw� � r-y�|�ª � � � £)vF£ � |t �-� a ∈ A � |t aS �)� � � � �w|i~6� � ��y
S � � yQ� � �Exw� ¶Q� t�� 0 � twxw��yQxw� � r-y�|�ª� � � £)vF£ � vFy-�)y � � � y-��} � aS ≤ socAA = T �µ· � � y � �>y-r �-� � � �)��y � T / A � T ≤ soc AA � £)xw�6t �)�E�

(radA)T = 0  UÃ t
u ∈ radA � |t ejuTi 6= 0 � t��"�>�w|

Ti→→ ejuTi �a� t �i� ejuTi
∼= Ti = soc eiA ��-� ejuTi ≤ ejA � �Fxw�

i = j �4³ y±t��"�>�w|�t
ψ : eiA → eiA � xψ = eiux

�)� � � � �w|iÆ�r � £ � |�t
Imψ ≤ ei(radA) � � yQ��} � ψ � y �Ç� r-¬¤|$�iyQ� � � ���Â�-� �Fxw��t �>� xzy �H�)�E� y � r �  �µ� t �i� � y �Ç�F�H�F� �iyQ� � � ���t �a� { � v Tiψ = 0

�>� � y � �>yQr � � � twr�twr
ejuTi = eiuTi = 0 � y-vFvEy � � � � �)�¤� tÈt�~�yQv � y �>�Q�i� yQ� �¦¨ rQr-y-v�twr ���t�� � £¤� � �)�zxw�

(radA)T = (
∑

ej) radA)T = 0 � � y-��} � AT
~ � v � xzy-xw� � r-yQ|�ª ���Q� �Fxw�

T ≤ soc AA �É xw�6t � y-r � twr
Aopp

twvFxzyQ{)|}�|�t§twvE��twv � twr � t±twr � �wt��@�i£¤� � �)�zxw�
soc AA ≤ socAA �E��� x>twr � � y-��} �

soc AA = socAA = T �� y-xw�>y � 0 6= bi ∈ Ti �a�F�)� y � i � |�y ���-�U� yQÆ �)� }wv �i£¤�±t
ϕ : A→ K K � v �E� y�}�| �F� vEyQ� � ��yQr �-� � Á)xw� ��)�zxw�

biϕ = 1 �a�F�)� y � i � |iy �@�Q� ϕ = 0
t { bi } ��� twr

A
yQxw�

K � {&}wr �F� } � }�� � yQx �-� r-� ��� yQvFy � y��>y ��� psr ��>y-vEv'{�y-vF} � � £ � � � �)�zxw�
Kerϕ � y � � t�| � twv � twr � y � � | ���¤� }�v �F� �i�w{){ �F� y�}wv � ¸ �-� £)xw�6t � �Fxw�§{&twv �F� y-}wv �� y � ¹ �'� y-xw�>y � 0 6= W ≤ AA �'¨ �@�>�w| � t � �zv��6t � k � �)�zxw�

W (radA)k = 0 ��� y
W (radA)k−1 6= 0 �Ê }wvWt �¿� r-£ � �4yQxw�

0 6= u ∈ W (radA)k−1
y-vFy � y � ��¨ |¿|�y

u ∈ T �'�-� u = u · 1 =
∑

uej �a� t �i�� t � �zvE�6t � j � t � y-v��"|�y
uej 6= 0 ������� y-v T = ⊕Ti

∼= ⊕Sj �)�-� ej �Ë� t �)� £)vEvW}wv ��t�t
j ����� v��¤¬)vE� � {��zr ��F�)� y^Ì)ªÍy-xw� � r-yQ|�ª � � � £)vF£ � �w��t � � uej ∈ Ti � twvFt � y-vE�

i � |�y �¦�²��� y-v Ti

y-xw� � r-yQ|�ª �@� t � �zvE�6t � a ∈ A ��)�zxw�
ueja = bi �)�Q� �Fxw�

(ueja)ϕ 6= 0 ��Î y-��} � W 6≤ Kerϕ �
Ï �KÐ�L f L^[[�Ñ6_Ò»aL N
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C3

|�y��)|�y-r-y � � } ¶-�  � GL(V ) � {�y � y � � ¶-� �w���w| �¿� �)� � � � �w|iÆ�r � £ � �w� � pÞ|�yQ�)|�yQr-y � � } ¶-� w�� y-xz��t � }�|��zr-r�tßt
C3

xzy � y�|} � �w|�y-vEy �a�-� y��àtá� � ��y   y-xw�â�zvE�6t � A � } � | � Ì � t � y-vE�@|�y
A3 = I �ps�)�)�zr � �)�zxw��t�|�yQ�)|iy-r-y � � } ¶-�  � |i|�y � £ ¶-� { � v �F� vFyQxw�>y ��� twrU�>y-vFv � �)�zxw�

V � � yQ� � y®vEy-xw�>y � A � �F�>� t�| � } �)�
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� twv  �)� twv � yQ|iy �´� yQxw�>y � m(x)

twr
A �a�F�)�E� }wvE���zv �E� � � ��t � A3 = I �µ� t �i� m(x) | x3 − 1 �4Ã t

m(1) = 0 � t��@�>�w|
1 � t���} � � | � � �>y A � � t�� � � yQ��} � A � � t�� � t �Í� t���} � � y�� � �w|t �6�-� twrsy-rH}wv � twv&xzy � yQ|}wv �twv � � | A � �F�>� t�| � } �)�-� twr�twrÍyQ�@�>�w|

dimV = 1 ���-� A � | �E�"� }wv �F� t � ��t � |t�� � t � charK = 3
y � y � �-�

x3 − 1 = (x− 1)3 � yQr � | � yQ�"�>�w| � } �¢� |¿|�y � £ ¶-� { � v �E� |�y��)|�y-r-y � � } ¶-�  �)�F�)¶Q� �F�Q�Î yQxw�¤¬¤�È~�y-v � � � � � �)�zxw�
charK 6= 3 �-� m(1) 6= 0 ��¨ �"�>�w|

m(x) | x2 +x+1 ��Ã t
x2 +x+1|�y � £ ¶Q� { � v �F� K ~��zvF� �i� � t��@�>�w|Kt°xw�>�w�>y � �¤¬)vE� � {��zr � y�� ¸7£)xw�6t �)�F� x3 − 1 � � y�� �i�E�)¶-� � �w{){ � r-�w|�� �xw�>�w�>y

3 �Ë�� v©�"¬)vF� � {��zr � �wt�|t�� � yQ| �E� r � � �wt�y � y � �-���©� yQ| � x3 − 1
|�yQvWt � � � �)|�� � t � y�| �E� }wv � ��}w�)�zr ¹ ��-�Û�µ�F�)� � � � � t���} � � | � � �¤�)y-r � t�| � �zr � �1y-xw�Åy-xw� �)�F� y � r �  � |iyQ�)|�y-r-y � � } ¶Q�  �§¨ �"�>�w|

C3 � � t��4��}�|i� �y-v � � ~��w�¤Á±|�yQ�)|�y-rQy � � } ¶-�  ��t � t ���Ã t
x2 +x+1 � |i|�y � £ ¶Q� { � v �F� K ~��zvF� �i� � t��@�>�w| � y � � r � vEy-xzy � v ∈ V � |iy�t

v �-� vA }wv � twv)xzy � yQ|}wv �twv � � | A � �F�>� t�| � } �)� ¸\£ �\� vA2 = −v − vA ¹ �)�Q� y �)� y�� � }�| �)�F�)¶-� A � �E�6� t�| � } �)� twv � yQ|�y �)� yQ| � t��"�>�w|
A � � t��ÒvFy �)� y � t+��} � � yQ� � �w|t � Î yQ��} � � v��>y � �>�w|

dimV = 2 �z�-�'� vE�>y � |�yQ�)|�y-rQy � � } ¶-�  � twv  {&t � v � � y-r � �  
A =

[

−1 1
−1 0

]

��Î �w{){ � |¿|�y � £ ¶-� { � v �E� |�y��)|�y-r-y � � } ¶-�  � y � vFy-�)y � ��� yQ| � 1 + 2 = dim CC3 �
3

��t�|t�� � y�| �F� r � � ��}��iÁ K � y � � y � y � �-� KC3 �a�E�)�F� }wv �F� | �-� r � � � £)vF£ � t ¶-� t��u�zvE�6t � x+ya+za2y-vEy � yQ�@{ � v�}wvFvE��t � ¸\tw�)�zv
C3 = 〈a〉 ¹ � t � y-v��>yQ�"|�y

(x+ya+za2)a = z+xa+ya2 = x+ya+za2 �twr�twr
x = y = z �w� yQ| � KC3

y-xw�>y � vFy �Ä� |i|�y � £ ¶Q� { � v �F� � � � £)vF£ � t�t � | ���¤� }wv �F��� � � £)vF£ �-�'Î y-��} � M1 =
{λ(1 + a + a2) |λ ∈ K } twr�y-xw�>y � vEy �1�µ�F�)�F� }wv �F� | �-� r � � � £)vF£ � KC3 � {&t ��� y-~��zvF� �i� � t	Ì �F� }wv �F�� � � £)vF£ � ��y �)� x � r �F� � �-�Û¶-� t���yQxw� � t ��� £)xw�6t �)�F��¶-� t����zvE�6t � u y-vFy � yQ�HvFyQ�)y � � yQ�H{�y �)� y � t � y-v��>yQ�"|iy
ua − u ∈ M1 � �)�zxw�

M2/M1 � | �E�"� }wv �E� yQxw� � r-y�|�ª � � � £)vE£ � vFy-xw�>y ���U�Q��� vE�>y � yQ� ¶Q� t�� twr-�w�¯twr
x+ ya+ za2

y-vFy � yQ� � t � yQvE�>yQ�@|�y
x+ y + z = 0 �

� ����m3½^]@_È»aL N
C2 × C2

T f^f L�m�]&Ó T ` T j T [ f L�Ô f L V L�P&Z n6Ó TËÕ	T Z�L�N�OaZ�L�Z\[ V�Ö jFL N6L^[
K

Z�L�[^Z&Ø�¼	jF¼	Z�Z Ù
l L N X jEm6n	[-o

C2 × C2

�)� � � � �w|iÆ�r � £ � t � � GL(V ) � {�y � y-x>t � ��t²t�� � � �>� � ��� � y �)� xzy � yQ|�} � �w| �y-vEy �a�-� yQ� �)� � � � �w|�~Û� � ��y � A �-� B � twr�twrá�zv��6t �q� } � | � Ì"�&}�| � t � y-vE�@|�y
A2 = B2 = I �-�

AB = BA � A �-� B �a�F�)�E� }wvE���zv �F� � � ��tß� � r �� ��t x2 − 1 � � y�� � � yQ��} � �a�F�)� y � � � �)��y �q� t �
K � {&t � � t���} � � | � � �"¬¤� � � y-xw�>y � V1

twr
A � � t��qy-xw� � t���} � twv � yQ|�y � AB = BA �a� t �i� y-r

B ��F�>� t�| � } �)�-  vA = λv
y � y � �-� (vB)A = v(BA) = v(AB) = (vA)B = λvB �®¨ {){�y � B � � yQ� � t �� t���} � � yQ� � �w|t �F�-�w�E�i�a� � t

B2 = I
~�yQv � � � y-v �µ� t �i� � � y-��} � � t � A � � t�� �Q� B � � yQ���>�zr-� � � t+��} � � yQ� � �w|�t �twr�twr

V � � yQ�ÀyQxw� �)�F� y � r �  � C2 × C2 � �E�6� t�| � } �)� twv � y�|�y ��� xw�§twr � |i|�y � £ ¶-� { � v �F� |�yQ�)|�yQr-y � � } ¶-�  ¶-� t��y-xw� �)�F� y � r �  � vFy-�)y � � twr-twr
C

× � {�y � y-r-y ��� �)� � � � �w|iÆ�r � £ �Q�Ä¨ r �a�F�)� � � � xzy � y�|} � �w|�y-vFy � y � 1 �{�y � twxw� −1 � {�y �¤� �)y � �\���-� y-r-yQ� � twv  {&t � �)� � � � �w|iÆ�r � £ � � t �)� t�� � � y-��} � charK = 2
y � y � �-�y-xw�>y � vFy ��� y-xw� �)�F� y � r �  �¢� |i|iy � £ ¶-� { � v �E� |�yQ�)|iy-r-y � � } ¶-�  � t �����a�E�)� y �À� } � y � y � {�y �À�)� xw� �

� � SUTWV�X P�O	Y7Z7[^]@_ `�LbKc X N�OàL N�O��H`�L�jÝgiÓ^[ X Ô X f Z�P�h	_ » T P�m@L�P
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l L N X jEm6n	[-o°p v �F� y-}�| �F� |�yQ�)|iy-r-y � � } ¶-�  � � � � v � } �>� twv  t �±� |i|�y � £ ¶Q� { � v �F� y�� �¦Ã tÈt

G
p�{�y-v � ¶-� �w���w| � � �~�y-v�{�� � � �i£¤�

n1, . . . , nk

|�y �)� ª ¶-� �¤v � �¤£ � �w� �)� |�yQ� � � r-�w|�r-t � }�|t �µ�Q� twr
i � y �)� � xzy � yQ|} � �w|�yQvFy � y �y-xw� � y � � r � vFyQxzy � ni � y �)� �q�>� � ��vFy�Ìqy-xw� �i� xzxw�>�w�@{�y´� � ��yQr-r-¬¤� � y-r � � � v � } � � � � y�|$�iy � r � �)y ��� yQxw�

C
× � {�y � y � � ¶Q� �w���w| � �)� � � � �w|iÆ�r � £ �i� } �´�-� �Fxw�

n1n2 · · ·nk = |G| �"¬)vF� � {��zr � v �F� y�}�| �F�|�yQ�)|iy-r-y � � } ¶-� w� �wt���£ � �Þ¸\y-r-y�� � � � v � } �>� twv  t � � y � �F� ��t � � � v  �°y-xw� � } � �)�zr ¹ �¯����� y-v twr � |i|�y �� £ ¶-� { � v �E� |�y��)|�y-r-y � � } ¶-�  �§~��w��t �F� t��Kt �)� xw�¤r-y � � �i� r-yQxzy |G| � y-rQy � �¤� � ¬)v
G � � yQ� � }�| � y � �E� vEy-�)y �� |¿|�y � £ ¶-� { � v �E� |iyQ�)|�y-r-y � � } ¶Q�  ��t �¨ r � } � � y � � ~��zvE� �i� � y � ~�yQv � � � vFy � ¬)v � x>twr � � � v � }w£)v

C3 � � t��
Z2

~��zvF� �i� � t �§� } � � � ~��w�¤Á � |i|�y �� £ ¶-� { � v �E� |�yQ�)|�y-rQy � � } ¶-�  ��tÀ¸7v ��� t�� � ~�y-vFt � t � � y-xz�zv � } � } �Q¹ � psvExzyQ{)|t � vFtwxur�}�| �©� y � � ~��zvE� �i� �¤�E� r-� � ��a�E�)�)� xµv �F� y�}�| �F� t��Ktwr � |i|�y � £ ¶Q� { � v �F� �wt�|t�� � yQ|�y�� � £)xw�6t �)�F� � y � � r � vFy-xzy � y-vFy �µ� yQ� � t �À� t+��} � � | � � �>y ��-� twrHy-�)�)y-r � t�| � �zr  � t���} � twv � � |Ut � y-vFys~�yQv ¶-� y�| � vF�)y ��� y-vEy � yQ�@|�y � � yQ��} � twrHy-x �Q� r ¶-� �w���w| � |t �)� r � y�F�>� t�| � } �)�-� �Fxw�Ètwr � |¿|�y � £ ¶-� { � v � � } � {  v¤�>� � y � �>y-r � � � �)�zxw�Èt � t���} � twv � � |�t � yQv �iy �d� yQ� � �w| � � | ������� y-v)y-r
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�a�E�)� y � y-vEy � |�y � x>twr � t � yQ� � �w| � � |�yQxw� � y � � r � vFy-xzy � y-xw� �)�F� y � r �  � twv � y�|�y �F� G � �F�>� t�| � } �)�-� �Fxw��t
� yQ� � �w| � � | ¶-� t�� 1 � �)�E� y � r �  � vFy-�)y � � Ê �F� r-� � � tÒv �F� y�}�| �F� ��t�|t�� � yQ|�yQ� � r�} � t�vFy-�)y � yQ�"�>�w| �E� � �E� yQ{){t
G

y-vEy �a� r-} � } � }wv � ��t�tÈ��t�|t�� � yQ| �F� r � � ��tu� � r � ��t�t ¶-� �w���w| � |iy �)� � � � �
� ����m3½^]@_±»aL N

S4

g�P�L^_ÀL�N�O
3
gim T »aL�P V�TËÕ [Ä¾�h�j Õ [ T f^f L�m�]&Ó T ` T j T [ f L�Ô f L V L�P&Z n6Ó TËÕ ½-n�Z7b Ü [Äc¤hwZ n f X�VV ]@_±»aL�NL�P�P�L^_ah f L�Ô f L V L�P�Z�n6Ó T Õ P�h	_�hµ_zh f h	_	Z�L fÜ Z Rl L N X jEm6n	[-o©p � r�t�{&}wv��>� � � y � |t �Q� yQ|±y-xw�"{�y � }wx  � }wx �s¶-� �w���w| � ��t S4 �®�-� ��tßy-xw� � v��>y � � y � |t �Q� yQ|�>�zr � �)��� � � ��} � twr��w| � x  {&t � y �i� r-¬¤� � t��"�>�w| twr©y-xw�"{�y � }wx  � }wx>t � t

3 � �)�F� y � r �  �'� twv  � � � |�y � v �F� y�}�| �F�
� |t �)� r-~��w| � } ¶-�  �ÍvFy � r � yQ� � Ê y-xw�"¬¤�Í~�y-vMtwr � tÈ{&}wr �F� � � t � y-vE� � yQ�Íy-vFy � y � twr��w| � x  {  vÂt � y � |t �Q� yQ|��}�|�� � ¶Q� Á ¶-� }�{&t � £ � t �� � yQ� � �w|��w�Í¸\y��"�>�w|¦t � y-xw�>y �)� � ¶-� Á ¶-� {&t � £ � t �� � yQ� � �w|dy-r-y��u� �i� r-y-x �Q� yQ�y-vEvFy � � y �i� �iy �@� yQ| � twr } � vFtwxz£¤�

0
�>y-vFv � �)�zxw�uvEy-xw�>y � ¹ ��¨ {){�y � ~�y-vF��| � t �a�F�)� y � �>� � �i£)x>}wv � � � r � }wvE�@{  vy-xw� � |t �)� r-~��w| � } ¶-� w� � tU�>� � y � �>y-r � � } � | � Ì)�w��t � �wt��@�i£¤�a¸�tU��yQ| � £ � } ¶-�  � � t���twr�t � |t �)� r-~��w| � } ¶-� ~�y-vEy-v � y-x � t � y-v�� � �¯t �)� xw� ¶-� Á ¶-� � � twr²t � � �i� ��y�| � £ � } ¶-�  � rQyQ| �F� � ��yQ| � £ � }wv ��t �U�-� tá��}�|i� �{&}wr �E�¿� yQ� � �w|�twr�y-v � � ��}�|�� �¥¶-� Á ¶Q� �)y-vE� � yQ� � �w|t ¹  

X(1) =





1 0 0
0 1 0
0 0 1



 X((12)(34)) =





0 1 0
1 0 0
−1 −1 −1



 X((123)) =





0 1 0
0 0 1
1 0 0





X((12)) =





0 1 0
1 0 0
0 0 1



 X((1234)) =





0 1 0
0 0 1
−1 −1 −1



 .

� xw� χ(1) = 3 � χ((12)(34)) = −1 � χ((123)) = 0 � χ((12)) = 1 � χ((1234)) = −1 ���� SUTWV�X P�O	Y7Z7[^]@_´`�LbÄc X N�O L NwO T f^f Lm�]�Ó T ` T j T [±_wh f h�_+Z�L f P�L^_ Ü [�L�N�O4j T P�L�n f T [±_zh f h	_	Z�L f P�L^_4h´[ V�X f V h�Z�h» T P�m T N T f�f L�mw]�Ó T ` T j T [
Rl L N X jEm6n	[-o � yQxw�>y � χ ∈ IrrG �-� λ v �E� y�}�| �E�-��¨ �@�>�w|

[λχ, λχ] = 1

|G|

∑

g∈G

λ(g)χ(g)λ(g)χ(g) =

1

|G|

∑

g∈G

|λ(g)|2|χ(g)|2 � ³ y
λ(g)

y-xw� �i� xzxw�>�w� � �Fxw� |λ(g)|2 = 1 �H�-� y-r � | � twrÅ£ �� {){ � � �i� r-y-x
[χ, χ] = 1 �

� �KÚÛh�Z�n f X�V^V ]6_�»aL N
A4 Ü [ S4

_wh f h	_+Z×L f Z�n>`QjEn¿½-n�Z Rl L N X jEm6n	[-o
A4 � � y��ÍtÒ�>� �a� £ � } � �w|¦| �-� r ¶-� �w���w| � ��t�t

4 � y-vEy � ª · vEy �F� � ¶-� �w���w| � � �Fxw�µ��}�|�� � v �F� y�}�| �F���t�|t�� � y�|�y � t ��� t �a� twr
A4/A

′
4
∼= C3

��t�|t�� � yQ|�y �E� yQ� ~�y-vFy-v � y-x   t ��t�| � t � |�y �)� ª¥y-vFy �
� y � � r � vFyQxzy � ��t�| � t �)� � y-xw� �i� xzxw�>�w�@{�y � � ��r � � �)y � � twr �F�>� yQ|�r-yâ��y �)� x y �)� yQ� �>� � �i£)x>}wv � ��}�{&t �psr y-xw�>y � vFy � � y � v �F� y�}�| �F� ��t�|t�� � y�| � y-r-£ � } � twr �w| � �zxz� � twv � � } �i� |�y-vW} ¶Q�  � � y-xz� � �¿� x �Q� y-v �E�� �E� r�} � � � ��t � �i£¤� �B� y � y-xw��t�����t � �i£¤�°Á)xw� �E�-�©�a�E� � S4 � }�| �E�i� yQ| � ¸ � twvWt � yQvE� � � ¹ 3 � t � ~��w�¤Á � | �|�y � £ ¶Q� { � v �F� |�yQ�)|�y-rQy � � } ¶-�  ��} � t��

A4 � |�y � twv  � y-x � r-�w|�� � � �i� ��} � � p ��t�|t�� � yQ| � }�{�vF}�{&t � ε �)| �F�a� � � ���t�| � t �)� �Íy-xw� �¿� xzxw�>�w� �
A4 1 (..)(..) (123)G (321)G

1 1 1 1

1 1 ε ε̄

1 1 ε̄ ε

3 −1 0 0
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S4 � � y���� � �>� � �i£)x>}wv � � � r � }wvE�6t � �Fxw�§� � � |i|iy � £ ¶-� { � v �E� �wt�|t�� � yQ|�y � t ���H¨ {){ � v �E�i� yQ|$�i¬¤��tµ� � �v �E� y�}�| �E� �wt�|�t�� � yQ| � � � � � }�{){&}Ät�� � ~�y-vWt � t � {&t ��� y-x>t � � �i� ��t�| � t � ~��w�¤Áµ��t�|t�� � yQ| � ��¨ r�£ �� {){ �E� t��t � y � � | ���¤� }wv �F� v �F� y-}�| �F� ��t�|t�� � yQ|i|�y-v � y �i� � r-�w|ir�t � t � y-x>t � ��t�t � y-xw�>y �)� � � |i|�y � £ ¶-� { � v �F� ��t�|t�� �� yQ| � ¸�t�� � ~�yQvWt � t � � rQyQ| �F� � y-r �F�Ò� |i|�y � £ ¶Q� { � v �F� ¹ � twrµ� � � �)� � ¸ � } � � � ~��w�¤Á ¹ ��t�|t�� � y�| � ��y �)� x � }�|�w| � �zxz� � twv � � } �¿� twv�� �E� r�} � �zvE��t � �i£¤� � � xw�KtÈ��t�|t�� � yQ| � }�{�vFt

S4 1 1 (..)(..) 3 (...) 8 (..) 6 (....) 6

1 1 1 1 1

1 1 1 −1 −1

3 −1 0 1 −1

3 −1 0 −1 1

2 2 −1 0 0
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Rl L N X jEm6n	[-o p � | ���¤� }wv �F� ��t�|t�� � yQ| � �w|}�|t � � � v � } �°� x>twrÍy-r �ßÃ t

1G 6= χ ∈ IrrG � t��@�>�w|
0 =

[χ, 1G] = 1

|G|

∑

g∈G

χ(g) = 1

|G|

k
∑

i=1

|Ki|χ(gi) �'�Q� K1 = { 1 } y � y � �-� χ(g1) 6= 0 � �Fxw� � t �´� } �i� �
�>� � �i£)x>}wv � � � r � }wv�� �F�-� t � y-v�� � yQ�

gi

|�yQ�)|�yQr-y � � } �)� y-vFy �a� |�y χ(gi) 6= 0 �psr
1 � � yQ�Ktwr�� � r-vF�w�&tÈtu��t�|t�� � yQ|�yQ�a~��w�wt � �©� t�| � twv � twr-r�t   y-rQyQ� � y �¥� £)vEvW}�� � g 6= 1 � |�y���y �)� x

k
∑

i=1

χi(g)χi(1) = 0 ���-� t � twxz�w���>�zrQ¬)v
1G(g)1G(1) 6= 0 � �Fxw� � t �§�a� xµy-xw� � y �¥� £)vFvWt � twx �
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1 1 −1 1

1 −1 1

1 −1 1

0 0 −2

2 −2 0 −i
√

2 0

2 0 0 0


