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1. Let ϕ ∈ HomR(M,N). Prove that
a) ϕ is surjective ⇔ (ϕα = ϕβ ⇒ α = β) for all α, β ∈ HomR(N,L);
a) ϕ is injective ⇔ (αϕ = βϕ ⇒ α = β) for all α, β ∈ HomR(L,M);

2. Let X, Y, Z ∈ Mod-R. Prove that Y ∼= X ⊕Z ⇔

∃ X
α
−→←−
β

Y
γ
−→←−
δ

Z such that αγ = 0, βδ = 0, αβ = idX , δγ = idZ , βα + γδ = idY .

3. Let Z2⊕Z2

α
→→Z2

β
←−Z⊕Z such that (x, y)α = x+ y and (x, y)β = x. Complete this into

a commutative diagram with Z⊕Z
γ
−→Z2⊕Z2 in two ways, so that γ is is surjective in

the first, but not surjective in the second.

4. Determine all the (finite) projective modules over Zn.

5. Prove the following two properties about injective modules, similarly to the proof of the
corresponding properties of projective modules.
a) Every direct summand of an injective module is injective.
b) Any direct product of injective modules is injective.

6. Prove that Q is not projective as a Z-module.

7
∗
. Prove that every subgroup of a free abelian group is free. (Hint: Let G = ⊕

α<κ
〈gα〉, where

κ is a cardinality, and Gα = ⊕
β<α
〈gβ〉 for every ordinal number α < κ. For a subgroup

H ≤ G, we define the subgroups Hα = H ∩ Gα. Show that Hα+1
∼= Hα⊕Z or Hα for

every α.)

HW1. Prove that for a right R-module M , the Abelian group Hom(RR,M) is also a right R-
module with the action of ϕr (ϕ ∈ Hom(RR,M) and r ∈ R): x(ϕr) := (rx)ϕ.

HW2. Determine the number of projective modules with at most 100 elements over the ring Z180

up to isomorphism. Give another ring R for which the given Abelian groups are also
projective as R-modules but there are other R-projectives with at most 100 elements.


