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. Let ¢ € Homp(M, N). Prove that
a) ¢ is surjective & (pa = B = «a =) for all a, B € Homg(N, L);
a) p is injective < (avp = B = a =) for all a, f € Homp(L, M);
Solution:  a) If ¢ is surjective, and pa = ¢S then for every n € N, there is an m € M
such that n = mp, so na = mpa = mpf = nf, proving that a = S.
If ¢ is not surjective, let U = Im ¢ < N, and take o, f: N — N/U such that « is the
map n — n+ U, while 8 = 0. Then pa = ¢ =0 but a # 5.
b) If ¢ is injective, and aqp = By then for every ¢ € L, we have fap = Lo, which implies
by the injectivity of ¢ that fa = ¢5. So a = .
If ¢ is not injective, and U = Ker ¢ # 0 then let a be the natural embedding of U
into M, while g : U — M is taken to be the zero map. Then ap = B = 0 but a # .

. Let X,Y,Z € Mod-R. Prove thatY =2 X &7 <
= X%Y%Z such that ay =0, 63 =0, af =idx, 0y =idyz, fa + v6 = idy.
Solution: 1f' Y = X & Z, then the projections m; and 7y on the first and the second
component, respectively, and the corresponding embeddings ¢; and o satisfy the properties
113 =0, tom =0, 11 = idx, tome = idy and w11 + mate = idy. If Y is only isomorphic
to X@®Z,say ¢ : Y — X @ Z is an isomorphism, then o = 11071, § = a9~ !, B = om
and vy = @y satisfy the given equalities.

Conversely, suppose that «, 3,7, satisfy the given equalities. Let U = Ima and
V = Imd. Then af = idx implies that « is injective, and 6y = idz implies that § is
injective, so X 2 U and Z = V. UNV =0, because foray €c UNV, y = za = z§ for
somex € X and z € Z,sox =zaf =20=20=0=y=0a=0. Finally, U+ V =Y,
since for any y € Y, we have y = yfa +yyd € Ima+Imé. Thus Y =UdV =2 X @ Z.

. Let T ® 7y > 7y L7207 such that (r,y)a=z+y and (z,y)B = x. Complete this into
a commutative diagram with Z® 7 — 7o ® Zy in two ways, so that v is is surjective in
the first, but not surjective in the second.

Solution: We only have to choose the image of the free generators (1,0) and (0,1) of
Z®7Z by the map ~. (1,0)5 = 1 and an inverse image of 1 by « can be (1,0) or (0, 1).
Let us choose v : (1,0) — (1,0). For the other generator, (0,1)8 = 0, and its inverse
image by S can be (0,0) or (1,1). If we choose v : (0,1) — (0,0), and extend it to a
homomorphism, then we get a -y, which is not surjective, but if we choose v : (0,1) — (1,1),
then Im~ = ((1,0), (1,1)) = Zs & Zo, so v will be surjective.

. Determine all the (finite) projective modules over Z,,.

Solution: Every finite abelian group (and by Priifer’s theorem, also every infinite abelian
group of bounded exponent) can be written as a direct sum of cyclic groups of prime-power
order. Since direct sums and direct summands of projective modules are projective, it is
enough to determine which cyclic groups of prime-power order are projective over Z,. If
P is a cyclic projective module then it is a homomorphic image of R = Z,,, and by the
projectivity, it must be a direct summand of Z,. For n = p{*---p% (where p1,...,pr
are different primes), Z, = = Z, a1 D .® Zyaer, and this decomposition is unique by the
fundamental theorem of finite abehan groups, so P must be isomorphic to one of these
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summands. This means that the projective modules are exactly those whose canonical
cyclic decomposition contains only cyclic groups of order pi*, ..., pr.

5. Prove the following two properties about injective modules, similarly to the proof of the
corresponding properties of projective modules.
a) BEvery direct summand of an injective module is injective.

b) Any direct product of injective modules is injective.

Solution:

a)

Q=UV
Let Q@ = U®V be an injective module, m the projection of ) onto U and ¢ the
embedding of U into (). Furthermore, let o : M — N be an injective homomorphism,
and g : M — U. By the injectivity of @), there is a homomorphism ¢ : N — @) such
that St = ad. Then for v = dw, we have ay = adm = fur = [id,, = £, which proves
the injectivity of U.

T3 ’

Q;
Let @Q; (i € I) be injective modules, & : M — N an injective homomorphism, 3 :
M — ][ Q;, and 7; the projection of [ Q; on the i’th component. By the injectivity
of the @); there exists a homomorphism ~; : N — @Q); for every ¢ such that ay; = B;.
We define v : N — [[,c; Q:: for any n € N, let ny = (nv;)icr € [[,c; @i This is
clearly a module homomorphism, and for any m € M, we have may = (mavy;)ic; =
(mpBm;)ier = mpB, so ay = f3.

6. Prove that Q is not projective as a Z-module.

Solution: Q is divisible, i.e. for every z € Q and 0 # n € Z there is an element y € QQ such
that yn = x. On the other hand, in a direct sum of regular Z-modules no nonzero element
is divisible: if 0 # a = (a;)ic;r € F = ®jec; Z, and n > max; |a;|, then a # nb for any b € F.
So Q cannot be a submodule of a free module, consequently, Q cannot be projective.
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Prove that every subgroup of a free abelian group is free. (Hint: Let G = @ (go), where
a<lkK
K is a cardinality, and Go, = @ (gg) for every ordinal number o < k. For a subgroup
B<a

H < G, we define the subgroups H, = H N G,. Show that Hyy1 = Ho, B 7Z or H,, for
every a.)

Prove that for a right R-module M, the Abelian group Hom(Rg, M) is also a right R-
module with the action of or (p € Hom(Rg, M) andr € R): x(pr) := (rz)ep.

Determine the number of projective modules with at most 100 elements over the ring Z1so
up to isomorphism. Give another ring R for which the given Abelian groups are also
projective as R-modules but there are other R-projectives with at most 100 elements.



