Repr. of Rings and Groups Problem Set 5 March 6, 2019

1. a) Prove that for any ring R, if U,V < Rp such that Rr/U is semisimple and V is
nilpotent then V< J(R) < U.
b) Prove that Z/J(Z) is not semisimple.
¢) Let R = {% | a,beZ,bis odd} and I = 2R. Prove that I = J(R), and I is not
nilpotent.

Solution: a) If Rp/U = @ S;, where S; are simple, then for every i there is an epimor-
il

phism @; : Rr/U — S; such that [ Ker @; = 0, and then for the natural extensions
el
;i : Rrp — S; of ¢;, we have [ Kerp; < U. Since Im ; are simple, this intersection
iel

contains J(R), thus J(R) < U.
If V is nilpotent, say, V¥ = 0, then V annihilates every simple module: if S is
simple and SV # 0, then SV = S, s0 8 = SV = SVV = ... = SVF =0, a
contradiction. Thus V < RV < M for every maximal submodule M of Rg, which
gives that V < J(R).

b) For R = Z, the maximal ideals are pZ, where p are primes, and ()| pZ =0 (there

p prime
is no nonzero integer which is divisible by all primes), so J(Z) = 0. But Z/J(Z) = Z
is not semisimple, since it cannot be written as a direct sum of simple modules, i.e.
of cyclic groups of prime order (such a direct sum would have only elements of finite
order).

c) I is an ideal of Rp, and every element of R\ I is invertible, so every proper (right)
ideal is included in I. This means that I is the unique maximal right ideal of R,
so I = J(R). On the other hand, R has no nilpotent elements, so it cannot have a
nontrivial nilpotent (right) ideal.

2. Prove that the following statements are equivalent for a ring R.
a) R is semisimple.
b) Every R-module is projective.
c) Every R-module is injective.
Solution: We know that the following statements are equivalent to a), b) and c), respec-
tively.
a’) In every R-module every submodule is a direct summand.
b’) For every epimorphism ¢ : M — N, Ker ¢ is a direct summand of M.
¢’) For every monomorphism ¢ : M — N, Im ¢ is a direct summand of N.
It is clear that a’) implies both b’) and ¢’). On the other hand, for any U < M, U is the
kernel of the natural epimorphism M — M /U, and the image of the natural embedding
U — M, so if either b’) or ¢’) holds, then a’) also holds.

3. Leteq,..., e, be a complete set of orthogonal idempotents in A, and M € Mod-A. Take the
decomposition M = My ® ... M, of M into a direct sum of subspaces M; = Me;. Show
that the elements of e;Ae; act as linear maps from M; to M;, and the action of e;Ae;
(i,j =1,...,n) determines the action of A on M.

Solution: M is indeed the direct sum of the vector spaces M;, since every element m € M
can be written as ml = mey +mes + ...+ me,, and for any element me; € M;, (me;)e; =
me; but M;e; = Meje; =0, s0 M; N Y. M; =0.

J#i
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For an element a € e;Aej, Mpa = Mepa =0 if k # ¢, and Ma < Mj, so the action of a is
determined by its restriction to M;, and it maps to M;.
A can be written as the direct sum of the subspaces e; Aej, so the action m — ma, where
a =) e;ae; is determined by the action of the components e;ae;, mapping M; to M.
i,
1 2
4. Consider the graph algebra KT /I, where T : -—O‘NQ Band I = (af?, B3). Let M =

M @ My be a vector space such that dimyg My = dimg My = 2, and fix a basis B = { b1, by }
in My and C ={c1,co} in Ms. We define the action of A as xe; = x if x € M; and 0 if

x € Mj (j # 1), the matriz of M, % My in (B,C) is {? é} , and the matriz of Mo i)Mg

. 10 1
in (C,C) is [O O}
a) Show that with the natural extension of the action of A, M becomes an A-module.
b) Determine the Loewy diagram of M, using the basis BUC.
c¢) Find the Loewy diagram of the submodule U of M generated by by — ba, and the Loewy
diagram of the factor module M/U.

Solution: a) If we define the action of the arrows (and the idempotents) so that an arrow
¢ — j is a linear map from M; to M; and the 7th idempotent acts as the identity map
on M;, while they are 0 on all the other components, and then extend this action
naturally to the paths and linear combinations of paths, then we clearly get a KT'-
module. So we only have to check that the generator elements (and consequently
all elements) of the ideal I annihilate M. Indeed, the matrix of 3% : My — M is

0 0
that M is also a KT'/I-module.
b) We can see from the given matrices that by — ca, bo —>c1, ¢ 7 c2, and ¢y 7 0
« o

2
[O 1] =0, so both a3? and 3 acts as the 0 map. This means by Problem 1/3.b)

(we write matrices on the right, so the images of the basis elements are coded in the
rows of the matrix). In a diagram:

by 1 1
2 Ve | 1
b1 C1 1 2 1 2 or 12
aN ¥p simpler: aN  ¥p even simpler: N/ 2
C2 2 2

C) b1 — b2 € Ml, (bl — bQ)Oé =Ccy —C] € MQ, (CQ — Cl)ﬁ = —C2 € MQ, —625 = O, and
1

b1 — bs, co — 1 and —co are linearly independent, so the Loewy diagram of U is g . On

the other hand, M /U is generated by by + U € M; such that by € U (and naturally,
b1 = 0), so M/U is the simple module with Loewy diagram 1. (Actually, the basis
{=by, by —ba, c3 — 1, —co} gives the same Loewy diagram for M as the original,
and then we can see the submodule and the factor as part of the diagram for M.)

5. Give a basis and the Loewy diagram of the indecomposable direct summands of A if
1 2
A= KT/I, whereT: u—B—'O 7 and
a) I = (ay,7% 78, aba, BaB); b) I =(ay?9* - Ba,ap).
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Solution: a) Ajx = %GB

. Is there a graph algebra KT'/I such that the Loewy diagram of the regular module is the

one shown below? If yes, give the graph I' and a generator system of the ideal I.
1

1
a) 5® 3 b)122@122 c) 3D2D 3
2
Solution:  a) There is no such algebra, since the graph of that algebra could only be

1 2

"

but it can be seen from the second component that 3% = 0, while in the first component

aB? # 0, giving a contradiction.

b) The graph of the algebra is . 5

ﬁ.

" O
a 1)
and I = (a?, By, af — Bd, ya, v, 62, 07).
c¢) The graph of the algebra is 1 —~ 2 2, 3, and I = (af).
. Let A= KT/I be a graph algebra with the Loewy diagram Ay = é S5 g from problem 4.
2 2

12
Determine all the submodules and their factors for the module g .

Solution: The graph of the algebra is I :
1 2

«
)

12
and A = KT'/(af?,3%). Let the basis elements of 2 be b, ¢1, ¢, c3, where M := Me, =
(b) i, Mo := Meg = (c1, C2, c3) i such that the module is

b C1
o\ /B
C2
|8
C3

Let U S M, U1 = U€1 S M1 and U2 = U€2 S MQ. If U1 7& O, then U1 = M1 = <b>K7 SO
1
bA = (b,ca,c3) ) < U, thus either U = M or U is 3-dimensional with Loewy diagram 2.
Now suppose that Uy =0, s0 U < My = ¢; A. If U contains an element u = Acy + pco +ves,
where \ # 0, then uB = Acp + pucz € U and uB? = Acs, and these generate the whole



Hf1.

Hf2.
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My =
U={co,c3) g =35.IfA=p=0foralluecUbut U+#0, then U = (¢3) = 1. Finally, U

may be the zero module. So M has only 6 submodules, with Loewy diagrams:

NN N

. If A =0 for all uw € U, but u # 0 for some, then uf = ucg € U gives that

12

and their factor modules are

What is the dimension of the vector spaces Hom( %, , 1,%), and Hom(',?, |2,) for modules

over the algebra of problem 5.a).

Solution: Let M = 122 and N = 122. The generator element of M is in Mes, so it can
only be mapped into the two-dimensional space Nes, and there exist two such independent
homomorphisms: if we factor M with the simple submodule 1, then the factor module

3 can be embedded into N, or we can embed M/rad M = 2 into the socle of N. So

dimy Hom( ,%,, 1,?) = 2.

There is no monomorphism of N to M (since both modules are 3-dimensional, this
would be an isomorphism), and every nonzero submodule of N contains the socle 2, so the
homomorphisms from N to M go through 1 & 2 — 122. But 1 @ 2 can only go into the
socle of M. So Hom(N, M) = End(1 @ 2), and the latter is generated by the independent

morphisms 7111 and mate. So dimyx Hom( 122, 122) = 2.

Determine the Jacobson radical of the ring R of 3 X 3 upper triangular matrices over Zs,
and the radical of the R-module M of all 3 x 3 matrices over Zs.

What is the Loewy diagram of the regular module of A = KT'/I if

P:17=22723, 1= (ay,Ba—A6,88)?
8 5



