
Probability I{ Chap. 1: Combinatorial Analysis 1� Probability, also theory of probability, branh of mathematis that deals with mea-suring or determining quantitatively the likelihood that an event or experiment willhave a partiular outome.� Probability is based on the study of permutations and ombinations and is the ne-essary foundation for statistis.� The foundation of probability is usually asribed to the 17th-entury Frenh mathe-matiians Blaise Pasal and Pierre de Fermat.� It is applied in suh diverse areas as genetis, quantum mehanis, and insurane."Probability." Mirosoft Enarta Enylopedia 2001. 1993-2000 Mirosoft Corporation.All rights reserved.Prefae� This book is intended as an elementary introdution to the mathematial theory ofprobability for students in mathematis, engineering, soial siene, and managementsiene.� It attempts to present not only the mathematis of probability theory, but also,through numerous examples, the many diverse possible appliations of this subjet.1.1 IntrodutionA typial problem of interest involving probability:� A ommuniation system is to onsist of n seemingly idential antennas that are tobe lined up in a linear order.� The resulting system will then be able to reeive all inoming signals (funtional) aslong as no two onseutive antennas are defetive.� If it turns out that exatly m of the n antennas are defetive, what is the probabilitythat the resulting system will be funtional?� For instane: n = 4 and m = 2 0 1 1 0 o0 1 0 1 o1 0 1 0 o0 0 1 1 x1 0 0 1 x1 1 0 0 x1: funtion; 0: defet



Probability I{ Chap. 1: Combinatorial Analysis 2� The probability of funtion is 3=6 = 1=2.Many problems in probability theory an be solved simply by ounting the number ofdi�erent ways that a ertain event an our.The mathematial theory of ounting is formally known as ombinatorial analysis.� Permutations and Combinations, in mathematis, ertain arrangements of ob-jets or elements.� In the ase of ombinations, no attention is paid to the order of arrangement.� In permutations, however, di�erent orderings are ounted as distint, and repetitionsof the elements seleted may or may not be allowed.1.2 The basi priniple of ountingThe basi priniple of ounting Suppose that two experiments are to be performed.Then if experiment 1 an result in any one if m possible outomes and if for eah outomeof experiment 1 there are n possible outomes of experiment 2, then together there aremn possible outomes of the two experiments.Example 1.2a. A small ommunity onsists of 10 women, eah of whom has 3 hildren.If one women and one of her hildren are to be hosen as mother and hild of the year,how many di�erent hoies are possible?� There are 10� 3 = 30 possible hoies.The generalized basi priniple of ounting If r experiments that are to be per-formed are suh that the �rst one many result in any of n1 possible outomes, and if foreah of these n1 possible outomes there are n2 possible outomes of the seond experi-ment, and if for eah of the possible outomes of the �rst two experiments there are n3possible outomes of the third experiment, and so on, then there is a total of n1; n2; : : : ; nrpossible outomes of the r experiments.Example 1.2b. A ollege planning ommittee onsists of 3 freshmen, 4 sophomores, 5juniors, and 2 seniors. A subommittee of 4, onsisting of 1 person from eah lass, is tobe hosen. How many di�erent subommittees are possible?� 3� 4� 5� 2 = 120 possible hoies.



Probability I{ Chap. 1: Combinatorial Analysis 3Example 1.2. How many di�erent 7-plae liense plates are possible if the �rst 3 plaesare to be oupied by letters and the �nal 4 by numbers?� 26 � 26 � 26 � 10 � 10 � 10 � 10 = 175; 760; 000Example 1.2d. How many funtions de�ned on n points are possible if eah funtionalvalue is either 0 or 1?� f(i) = 0; 1 i = 1; 2 : : : ; n� There are 2n possible funtions.Example 1.2e. In Example 2, how many liense plates would be possible if repetitionamong letters or numbers were prohibited?� 26 � 25 � 24 � 10 � 9 � 8 � 7 = 78; 624; 000 possible liense plates.1.3 PermutationsThere are n(n� 1)(n� 2) � � �3 � 2 � 1 = n! di�erent permutations of the n objets.Example 1.3a. How many di�erent batting orders are possible for a baseball team on-sisting of 9 players?� 9! = 362; 880 possible batting orders.Example 1.3b. A lass in probability theory onsists of 6 men and 4 women. An exam-ination is given, and the students are ranked aording to their performane. Assume thatno two students obtain the same sore.(a) How many di�erent rankings are possible?(b) If the men are ranked just among themselves and the women among themselves, howmany di�erent rankings are possible?(a) 10! = 3; 628; 800(b) (6!)(4!) = (720)(24) = 17; 280 possible rankings.Example 1.3. Mr. Jones has 10 books that he is going to put on his bookshelf. Ofthese, 4 are mathematis books, 3 are hemistry books, 2 are history books, and 1 is alanguage book. Jones wants to arrange his books so that all the books dealing with thesame subjet are together on the shelf. How many di�erent arrangements are possible?



Probability I{ Chap. 1: Combinatorial Analysis 4� 4!4!3!2! = 6912Certain of objets are indistinguishable from eah other:Example 1.3d. How many di�erent letter arrangements an be formed using the lettersPEPPER?� Consider P1E1P2P3E2R.� There are 6!=3!2! = 60 possible letter arrangements of the letters PEPPER.There are n!n1!n2! � � �nr!di�erent permutations of n objets, of whih n1 are alike, n2 are alike, . . . , nr are alike.Example 1.3e. A hess tournament has 10 ompetitors of whih 4 are Russian, 3 arefrom the United States, 2 from Great Britain, and 1 from Brazil. If the tournament resultlists just the nationalities of the players in the order in whih they plaed, how manyoutomes are possible?� 10!4!3!2!1! = 12; 600 di�erent outomes.Example 1.3f. How many di�erent signals, eah onsisting of 9 ags hung in a line, anbe made from a set of 4 white ags, 3 red ags, and 2 blue ags if all ags of the sameolor are idential?� 9!4!3!2! = 1260 di�erent signals.1.4 CombinationsNotation and terminology We de�ne �nr�, for r � n, by nr! = n!(n� r)!r! = n(n� 1) � � � (n� r + 1)r!and say that �nr� represents the number of possible ombinations of n objets taken r ata time.Example 1.4a. A ommittee of 3 is to be formed from a group of 20 people. How manydi�erent ommittees are possible?



Probability I{ Chap. 1: Combinatorial Analysis 5� �203 � = 20�19�183�2�1 = 1140 possible ommittees.Example 1.4b. From a group of 5 women and 7 men, how many di�erent ommitteesonsisting of 2 women and 3 men an be formed? What if 2 of the men are feuding andrefuse to serve on the ommittee together?� �52��73� = (5�42�1)7�6�53�2�1 = 350 possible ommittees.� If 2 of the men refuse to serve on the ommittee together, then there are(�20��53�+ �21��52�)�52� = 30�52� = 300 possible ommittees.Example 1.4. Consider a set of n antennas of whih m are defetive and n � m arefuntional and assume that all of the defetive and all of the funtionals are onsideredindistinguishable. How many linear orderings are there in whih no two defetive areonseutive?� There are �n�m+1m � possible orderings in whih there is at least one funtional antennabetween any two defetive ones.A useful ombinatorial identity is nr! =  n� 1r � 1!+  n� 1r ! 1 � r � n (4:1)The binomial theorem (x + y)n = nXk=0 nk!xkyn�k (4:2)Proof of the Binomial Theorem by Indution:� When n = 1, x + y = �10�x0y1 + �11�x1y0 = y + x� Assume Eq. (4.2) for n� 1.(x + y)n = (x + y)(x + y)n�1= (x + y) n�1Xk=0 0BBB�n� 1k 1CCCAxkyn�1�k



Probability I{ Chap. 1: Combinatorial Analysis 6= n�1Xk=0 0BBB�n� 1k 1CCCAxk+1yn�1�k + n�1Xk=0 0BBB�n� 1k 1CCCAxkyn�k� Letting i = k + 1 in the �rst sum and i = k in the seond sum,(x + y)n = nXi=1 0BBB�n� 1i� 11CCCAxiyn�i + n�1Xi=0 0BBB�n� 1i 1CCCAxiyn�i
= xn + n�1Xi=1 266640BBB�n� 1i� 1 1CCCA + 0BBB�n� 1i 1CCCA37775 xiyn�i + yn
= xn + n�1Xi=1 0BBB�ni1CCCAxiyn�i + yn
= nXi=0 0BBB�ni1CCCAxiyn�i

Combinatorial Proof of the Binomial Theorem:� Consider (x1 + y1)(x2 + y2) � � � (xn + yn).� How many of the 2n terms in the sum will have as fators k of the xi's and (n � k)of the yi's? Answer: �nk�� Set xi = x; yi = y; i = 1; : : : ; n(x+ y)n = nXk=0 nk!xkyn�kExample 1.4d. Expand (x + y)3.� (x + y)3 =  30!x0y3 +  31!x1y2 +  32!x2y +  33!x3y3= y3 + 3xy2 + 3x2y + x3



Probability I{ Chap. 1: Combinatorial Analysis 7Example 1.4e. How many subsets are there of a set onsisting of n elements?� nXk=0 nk! = (1 + 1)n = 2n� Hene the number of subsets that ontain at least one element is 2n � 1.1.5 Multinomial oeÆientsA set of n distint items is to be divided into r distint groups of respetive sizesn1; n2; : : : ; nr, where rXi=1 ni = n. There are� nn1��n�n1n2 � � � ��n�n1�n2�����nr�1nr � =n!(n�n1)!n1! (n�n1)!(n�n1�n2)!n2! � � � (n�n1�n2�����nr�1)!0!nr!= n!n1!n2!���nr! di�erent divisions.Notation If n1 + n2 + � � �+ nr = n; we de�ned � nn1;n2;:::;nr� by nn1; n2; : : : ; nr! = n!n1!n2! � � �nr!Thus � nn1;n2;:::;nr� represents the number of possible divisions of n distint objets into rdistint groups of respetive sizes n1; n2; : : : ; nr.Example 1.5a. A polie department in a small ity onsists of 10 oÆers. If the de-partment poliy is to have 5 of the oÆers patrolling the streets, 2 of the oÆers workingfull time at the station, and 3 of the oÆers on reserve at the station, how many di�erentdivisions of the 10 oÆers into the 3 groups are possible?� 10!5!2!3! = 2520 possible divisions.Example 1.5b. Ten hildren are to be divided into an A team and a B team of 5 eah.The A team will play in one league and the B team in another. How many di�erentdivisions are possible?� 10!5!5! = 252 possible divisions.Example 1.5. In order to play a game of basketball, 10 hildren at a playground dividethemselves into two teams of 5 eah. How many di�erent divisions are possible?� The desired answer is 10!=5!5!2! = 126.



Probability I{ Chap. 1: Combinatorial Analysis 8The multinomial theorem(x1 + x2 + � � � + xr)n =X(n1;:::;nr):n1+n2+���+nr=n 0BBB� nn1; n2; : : : ; nr1CCCAxn11 xn22 � � � xnrrThat is, the sum is over all nonnegativeinteger-valued vetors (n1; n2; : : : ; nr) suhthat n1 + n2 + � � � + nr = n.Multinomial oeÆients  nn1; n2; : : : ; nr!xn11 xn22 � � �xnrrExample 1.5d.(x1 + x2 + x3)2 = 0BBB� 22; 0; 01CCCAx21x02x03 + 0BBB� 20; 2; 01CCCAx01x22x03+ 0BBB� 20; 0; 21CCCAx01x02x23 + 0BBB� 21; 1; 01CCCAx11x12x03+ 0BBB� 21; 0; 11CCCAx11x02x13 + 0BBB� 20; 1; 11CCCAx01x12x13= x21 + x22 + x23 + 2x1x2 + 2x1x3 + 2x2x31.6 On the distribution of balls in urns� There are rn possible outomes when n distinguishable balls are to be distributedinto r distinguishable urns.� Suppose that the n balls are indistinguishable from eah other. In this ase, howmany di�erent outomes are possible?



Probability I{ Chap. 1: Combinatorial Analysis 9� We an selet r � 1 of the n � 1 spaes between adjaent objets as our dividingpoints.� For example, n = 8 and r = 3: ooojooojooProposition 6.1 There are �n�1r�1� distint positive integer-valued vetor (x1; x2; : : : ; xr)satisfying x1 + x2 + � � �+ xr = n xi > 0; i = 1; : : : ; r
Proposition 6.2 There are �n+r�1r�1 � distint nonnegative integer-valued vetor(x1; x2; : : : ; xr) satisfying x1 + x2 + � � �+ xr = nExample 1.6a. How many distint nonnegative integer-valued solutions of x1 + x2 = 3are possible?� �3+2�12�1 � = 4 solutions: (0,3),(1,2), (2,1),(3,0).Example 1.6b. An investor has 20 thousand dollars to invest among 4 possible invest-ments. Eah investment must be in units of a thousand dollars. If the total 20 thousandis to be invested, how many di�erent investment strategies are possible? What if not allthe money need be invested?� xi: The number of thousands invested in investment number i.� x1 + x2 + x3 + x4 = 20 xi � 0.� There are �233 � = 1771 possible investment strategies.� If not all of the money need be invested, then if let x5 denote the amount kept inreserve.� x1 + x2 + x3 + x4 + x5 = 20 xi � 0.� There are �244 � = 10; 626 possible strategies.Example 1.6. How many terms are there in the multinomial expansion of (x1 + x2 +� � �+ xr)n?



Probability I{ Chap. 1: Combinatorial Analysis 10� n1 + � � �+ nr = n ni � 0� There are �n+r�1r�1 � suh terms.Example 1.6d. Let us reonsider Example 4,� We have a set of n items, of whih m are defetive and the remaining n � m arefuntional.� x1: Number of funtional items to the left of the �rst defetive.� x2: Number of funtional items between the �rst two defetives.� xm+1: Number of funtional items to the right of the mth defetive.� x1 + � � �+ xm+1 = n�m x1 � 0; xm+1 � 0; xi > 0; i = 2; : : : ; m� Let y1 = x1 + 1; yi = xi; i = 2; : : : ; m; ym+1 = xm+1 + 1,y1 + y2 + � � �+ ym+1 = n�m+ 2 yi > 0� There are �n�m+1m � suh outomes.� Suppose that we are interested in the number of outomes in whih eah pair ofdefetive items is separated by at least 2 funtional ones.� x1 + � � �+ xm+1 = n�m x1 � 0; xm+1 � 0; xi � 2; i = 2; : : : ; m� Let y1 = x1 + 1; yi = xi; i = 2; : : : ; m; ym+1 = xm+1 � 1,y1 + y2 + � � �+ ym+1 = n� 2m+ 3 yi > 0� There are �n�2m+2m � suh outomes.Summary� �ni� = n!(n�i)!i!� (x+ y)n = nXi=1  ni!xiyn�i� � nn1;n2;:::;nr� = n!n1!n2!���nr!


