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Chapter 1

Introduction

In this chapter we introduce the problem of regression function estimation and describe
important properties of regression estimates. Furthermore, provide an overview of vari-
ous approaches to nonparametric regression estimates.

1.1 Why to Estimate a Regression Function?

In regression analysis one considers a random vector (X,Y'), where X is R-valued and
Y is R-valued, and one is interested how the value of the so-called response variable Y
depends on the value of the observation vector X. This means that one wants to find a
(measurable) function f : R? — R, such that f(X) is a “good approximation of Y,” that
is, f(X) should be close to Y in some sense, which is equivalent to making |f(X) — Y|
“small.” Since X and Y are random vectors, |f(X) — Y| is random as well, therefore it
is not clear what “small | f(X) — Y|” means. We can resolve this problem by introducing
the so-called Ly risk or mean squared error of f,

Ef(X) =Y,

and requiring it to be as small as possible.

There are two reasons for considering the Lo risk. First, as we will see in the sequel,
this simplifies the mathematical treatment of the whole problem. For example, as is
shown below, the function which minimizes the L, risk can be derived explicitly. Second,
and more important, trying to minimize the L, risk leads naturally to estimates which
can be computed rapidly.

So we are interested in a (measurable) function m* : RY — R such that

Elm*(X) - Y|*? = min E|f(X) - Y.
[m*(X) = Y| nin [f(X) = Y]
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Such a function can be obtained explicitly as follows. Let
m(x) = E{Y|X = x}

be the regression function. We will show that the regression function minimizes the Lo
risk. Indeed, for an arbitrary f :R? — R, one has
Ef(X)-Y]" = E[f(X)-m(X)+m(X)-Y]’
= E|f(X) - mX)]* + Ejm(X) - Y],

where we have used

m

E{((X) — m(X))(m(X) ~ Y)}

= E{E{(/(X) - m(X))(m(X) - ¥)|X}}
—E{(f(X JE{m(X) - V|X}}
—E{(f(X )(m(X) —m(X))}

= 0.

) —m(X)
) —m(X)

Hence,
E|f(X) — Y] = /\f X)Pju(dx) + Ejm(X) - YP, (L.1)

where p denotes the distribution of X. The first term is called the Ly error of f. It
is always nonnegative and is zero if f(x) = m(x). Therefore, m*(x) = m(x), i.e., the
optimal approximation (with respect to the Ls risk) of Y by a function of X is given by
m(X).

In applications the distribution of (X,Y’) (and hence also the regression function) is
usually unknown. Therefore it is impossible to predict Y using m(X). But it is often
possible to observe data according to the distribution of (X,Y) and to estimate the
regression function from these data.

To be more precise, denote by (X,Y), (X4,Y1), (Xg,Y2),... independent and iden-
tically distributed (i.i.d.) random variables with EY? < oo. Let D,, be the set of data
defined by

D, = {(X17 Y1)7 R (Xm Yn>} :

In the regression function estimation problem one wants to use the data D, in order
to construct an estimate m,, : RY — R of the regression function m. Here m,(x) =
my,(x, D,,) is a measurable function of x and the data. For simplicity, we will suppress
D,, in the notation and write m,,(x) instead of m,(x, D,).
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In general, estimates will not be equal to the regression function. To compare dif-
ferent estimates, we need an error criterion which measures the difference between the
regression function and an arbitrary estimate m,. Omne of the key points we would
like to make is that the motivation for introducing the regression function leads natu-
rally to an Ls error criterion for measuring the performance of the regression function
estimate. Recall that the main goal was to find a function f such that the L, risk
E|f(X) — Y]? is small. The minimal value of this L, risk is E|m(X) — Y|?, and it is
achieved by the regression function m. Similarly to (1.1), one can show that the Lo risk
E{|m,(X) — Y|?|D,} of an estimate m,, satisfies

Eﬂmmm—yﬂaJ:Aymawﬂmwmww+Mmmwdv. (1.2)

Thus the Lo risk of an estimate m,, is close to the optimal value if and only if the L,
error

Jma =l = [ () = m() () (1.3

is close to zero. Therefore we will use the Ls error (1.3) in order to measure the quality
of an estimate and we will study estimates for which this L, error is small.

The classical approach for estimating a regression function is the so-called parametric
regression estimation. Here one assumes that the structure of the regression function is
known and depends only on finitely many parameters, and one uses the data to estimate
the (unknown) values of these parameters.

The linear regression estimate is an example of such an estimate. In linear regression

one assumes that the regression function is a linear combination of the components of
x = (zM, ... 2T e,

d
m(:r(l), . ,x(d)) =ag+ Z a;z® ((93(1), . ,a:(d))T € R%
i=1

for some unknown aqg,...,a; € R. Then one uses the data to estimate these parame-
ters, e.g., by applying the principle of least squares, where one chooses the coefficients
ao, - . . , ag of the linear function such that it best fits the given data:
1 n d ' 2
ag,...,0q) = ar min — Y. —ay — a; X
( 0 d) gao,...,adGRd n z:: J 0 ; R




-1 -05 0.5 1
Figure 1.1: Simulated data points.

Here X J@ denotes the ith component of X; and z = arg min, ., f(x) is the abbreviation
for z € D and f(z) = mingep f(x). Finally one defines the estimate by

d
=1

Parametric estimates usually depend only on a few parameters, therefore they are suit-
able even for small sample sizes n, if the parametric model is appropriately chosen.
Furthermore, they are often easy to interpret. For instance in a linear model (when
m(x) is a linear function) the absolute value of the coefficient @; indicates how much
influence the ith component of X has on the value of Y, and the sign of a; describes the
nature of this influence (increasing or decreasing the value of V).

However, parametric estimates have a big drawback. Regardless of the data, a para-
metric estimate cannot approximate the regression function better than the best function
which has the assumed parametric structure. For example, a linear regression estimate
will produce a large error for every sample size if the true underlying regression function
is not linear and cannot be well approximated by linear functions.

For univariate X = X one can often use a plot of the data to choose a proper
parametric estimate. But this is not always possible, as we now illustrate using simulated
data. These data will be used throughout the book. They consist of n = 200 points such
that X is standard normal restricted to [—1, 1], i.e., the density of X is proportional to
the standard normal density on [—1, 1] and is zero elsewhere. The regression function is
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-1 —05 0.5 1
Figure 1.2: Data points and regression function.

piecewise polynomial:

(z +2)%/2 if —1<xz<-0.5,

2/2 + 0.875 if —05<z<0,
m@) =3 5@ 02)2+1.075 if 0<ax<05,

z +0.125 if 05<z<]l.

Given X, the conditional distribution of Y —m(X) is normal with mean zero and standard
deviation
o(X)=0.2—0.1cos(2rX).

Figure 1.1 shows the data points. In this example the human eye is not able to see from
the data points what the regression function looks like. In Figure 1.2 the data points are
shown together with the regression function.

In Figure 1.3 a linear estimate is constructed for these simulated data. Obviously, a
linear function does not approximate the regression function well.

Furthermore, for multivariate X, there is no easy way to visualize the data. Thus,
especially for multivariate X, it is not clear how to choose a proper form of a parametric
estimate, and a wrong form will lead to a bad estimate. This inflexibility concerning
the structure of the regression function is avoided by so-called nonparametric regression
estimates.

We will now define the modes of convergence of the regression estimates that we will
study in this book.
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Figure 1.3: Linear regression estimate.

The first and weakest property an estimate should have is that, as the sample size
grows, it should converge to the estimated quantity, i.e., the error of the estimate should
converge to zero for a sample size tending to infinity. Estimates which have this property
are called consistent.

To measure the error of a regression estimate, we use the Lo error

/ 170 (%) — () ().

The estimate m,, depends on the data D,,, therefore the Ly error is a random variable.
We are interested in the convergence of the expectation of this random variable to zero
as well as in the almost sure (a.s.) convergence of this random variable to zero.

Definition 1.1. A sequence of regression function estimates {m,} is called weakly
consistent for a certain distribution of (X,Y), if

i 5 [ a0 = () () } .

n—0o0

Definition 1.2. A sequence of regression function estimates {m,} is called strongly
consistent for a certain distribution of (X,Y), if

lim | (m,(x) —m(x))*u(dx) =0 with probability one.

n—oo



It may be that a regression function estimate is consistent for a certain class of
distributions of (X,Y’), but not consistent for others. It is clearly desirable to have
estimates that are consistent for a large class of distributions. In the next chapters we
are interested in properties of m,, that are valid for all distributions of (X,Y"), that
is, in distribution-free or universal properties. The concept of universal consistency is
important in nonparametric regression because the mere use of a nonparametric estimate
is normally a consequence of the partial or total lack of information about the distribution
of (X,Y). Since in many situations we do not have any prior information about the
distribution, it is essential to have estimates that perform well for all distributions. This
very strong requirement of universal goodness is formulated as follows:

Definition 1.3. A sequence of regression function estimates {m,} is called weakly

universally consistent if it is weakly consistent for all distributions of (X,Y) with
E{Y?} < cc.

Definition 1.4. A sequence of regression function estimates {m,} is called strongly

universally consistent if it is strongly consistent for all distributions of (X,Y) with
E{Y?} < oo.

We will later give many examples of estimates that are weakly and strongly universally
consistent.

If an estimate is universally consistent, then, regardless of the true underlying distri-
bution of (X,Y’), the Ly error of the estimate converges to zero for a sample size tending
to infinity. But this says nothing about how fast this happens. Clearly, it is desirable to
have estimates for which the Ly error converges to zero as fast as possible.

To decide about the rate of convergence of an estimate m,, we will look at the
expectation of the Ly error,

E [ I ) = m(x) () (1.4)

A natural question to ask is whether there exist estimates for which (1.4) converges
to zero at some fixed, nontrivial rate for all distributions of (X,Y"). Unfortunately, such
estimates do not exist, i.e., for any estimate the rate of convergence may be arbitrarily
slow. In order to get nontrivial rates of convergence, one has to restrict the class of
distributions, e.g., by imposing some smoothness assumptions on the regression function.



1.2 How to Estimate a Regression Function?

In this section we describe two principles of nonparametric regression: local averaging
and empirical error minimization.
Recall that the regression function is defined by a conditional expectation

m(x) = E{Y | X = x}.

If x is an atom of X, i.e., P{X = x} > 0 then the conditional expectation is defined
by the conventional way:

B(Y | X =x) = gt

where [ 4 denotes the indicator function of set A. In this definition one can estimate the

numerator by
1 E Y, 1 —
n - ¢ H{X;=x}>

while the denominator’s estimate is

n
L
- X,
n L 1K=
=1
so the obvious regression estimate can be

_ Z?:l Y; ]I{Xi:x}
Z?:l H{Xz:X}

In the general case of P{X = x} = 0 we can refer to the measure theoretic definition of
conditional expectation (cf. Appendix of Devroye, Gyorfi, and Lugosi [1996]). However,
this definition is useless from the point of view of statistics. One can derive an estimate
from the property

mn(X)

Coon e B{Y Tyxx<ny }
Y =) = 0 B — x| < A

so the following estimate can be introduced:

_ 2 Yilgxixisny
> e X —x)<ny

My ()

This estimate is called naive kernel estimate.



We can generalize this idea by local averaging, i.e., estimation of m(x) is the average
of those Y;, where X is “close” to x. Such an estimate can be written as

mn(x) = Z Wn,i(x) ’ Y;7

where the weights W, ;(x) = W,,;(x,Xy,...,X,,) € R depend on Xy,...,X,. Usually
the weights are nonnegative and W, ;(x) is “small” if X, is “far” from x.

Examples of such an estimates are the partitioning estimate, the kernel estimate and
the k-nearest neighbor estimate.

For nonparametric regression estimation, the other principle is the empirical error
mainimization estimates, where there is a class F,, of functions, and the estimate is defined

by.
R
M (+) :ar};gegm{gizzyf()(i) —Y;|2} . (1.5)

Hence it minimizes the empirical Lo risk
1< )
S - (16)
i=1

over F,. Observe that it doesn’t make sense to minimize (1.6) over all (measurable)
functions f, because this may lead to a function which interpolates the data and hence
is not a reasonable estimate. Thus one has to restrict the set of functions over which
one minimizes the empirical Ly risk. Examples of possible choices of the set F,, are sets
of piecewise polynomials or sets of smooth piecewise polynomials (splines). The use of
spline spaces ensures that the estimate is a smooth function. An important member of
least squares estimates is the generalized linear estimates. Let {¢;}52, be real-valued
functions defined on R¢ and let F,, be defined by

In
Fo= {f; /= Zcm}'
j=1

Then the generalized linear estimate is defined by

my(-) = argmin {l Z(f(Xl) — Y;)Q}

FeFn

n 2% 2
= argmin %Z (Z cj0;(X;) — YE)

C1,--5Clp i=1 j=1



N /\\/

Figure 1.4: The estimate on the right seems to be more reasonable than the estimate on
the left, which interpolates the data.

For least squares estimates, other example can be the neural networks or radial basis
functions or orthogonal series estimates.

Let m,, be an arbitrary estimate. For any x € R? we can write the expected squared
error of m,, at x as

E{|ma(x) —m(x)[*}
= E{|mn(x) — E{mn(x)}*} + [E{ma(x)} — m(x)[*
= Var(m,(x)) + |bias(m,(x))|*.
Here Var(m,(x)) is the variance of the random variable m,(x) and bias(m,(x)) is the

difference between the expectation of m,(x) and m(x). This also leads to a similar
decomposition of the expected Lo error:

B{ | lmao) — ) i) |

- / E{ m, (x) — m(x)|*}pu(dx)
— [ Vartm(x)utax) + [ bias(ma(0) Putax).

The importance of these decompositions is that the integrated variance and the integrated
squared bias depend in opposite ways on the wiggliness of an estimate. If one increases
the wiggliness of an estimate, then usually the integrated bias will decrease, but the
integrated variance will increase (so-called bias—variance tradeoff).

In Figure 1.5 this is illustrated for the kernel estimate, where one has, under some
regularity conditions on the underlying distribution and for the naive kernel,

[ artma i) =i o ()

10



\ Error

Figure 1.5: Bias—variance tradeoft.

and
|bias(my, (x))|*u(dx) = ch® + o (B?) .
Rd
Here h denotes the bandwidth of the kernel estimate which controls the wiggliness of
the estimate, ¢; is some constant depending on the conditional variance Var{Y|X = x},
the regression function is assumed to be Lipschitz continuous, and ¢, is some constant
depending on the Lipschitz constant.

The value h* of the bandwidth for which the sum of the integrated variance and the
squared bias is minimal depends on ¢; and c¢y. Since the underlying distribution, and
hence also ¢; and ¢y, are unknown in an application, it is important to have methods
which choose the bandwidth automatically using only the data D,,.

11
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Chapter 2

Partitioning Estimates

2.1 Introduction

In the next chapters we briefly review the most important local averaging regression
estimates. Concerning further details see Gyorfi et al. [2002].

Let P, = {A,1,Anz2,...} be a partition of R? and for each x € R? let A, (x) denote
the cell of P, containing x. The partitioning estimate (histogram) of the regression
function is defined as

_ i Yilixiean oo

> i1 IixieAn )

mp(X)

with 0/0 = 0 by definition. This means that the partitioning estimate is a local averaging
estimate such for a given x we take the average of those Y;’s for which X; belongs to the
same cell into which x falls.

The simplest version of this estimate is obtained for d = 1 and when the cells A4, ;
are intervals of size h = h,,. Figures 2.1 — 2.3 show the estimates for various choices
of h for our simulated data introduced in Chapter 1. In the first figure h is too small
(undersmoothing, large variance), in the second choice it is about right, while in the
third it is too large (oversmoothing, large bias).

For d > 1 one can use, e.g., a cubic partition, where the cells A, ; are cubes of
volume h¢, or a rectangle partition which consists of rectangles A, ; with side lengths
hnts ..., hng. For the sake of illustration we generated two-dimensional data when the
actual distribution is a correlated normal distribution. The partition in Figure 2.4 is
cubic, and the partition in Figure 2.5 is made of rectangles.

Cubic and rectangle partitions are particularly attractive from the computational
point of view, because the set A, (x) can be determined for each x in constant time,

13
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Figure 2.1: Undersmoothing: h = 0.03, Ly error = 0.062433.

provided that we use an appropriate data structure. In most cases, partitioning estimates
are computationally superior to the other nonparametric estimates, particularly if the
search for A,(x) is organized using binary decision trees (cf. Friedman [1977]).

The partitions may depend on the data. Figure 2.6 shows such a partition, where each
cell contains an equal number of points. This partition consists of so-called statistically
equivalent blocks.

P

10.5

-1 —05 0.5 1
Figure 2.2: Good choice: h = 0.1, Ly error = 0.003642.

14
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10.5

1 —05 0.5 1

Figure 2.3: Oversmoothing: h = 0.5, Ly error = 0.013208.

Another advantage of the partitioning estimate is that it can be represented or com-
pressed very efficiently. Instead of storing all data D,,, one should only know the estimate
for each nonempty cell, i.e., for cells A, ; for which p,(A, ;) > 0, where p,, denotes the
empirical distribution. The number of nonempty cells is much smaller than n.

Figure 2.4: Cubic partition.

15



Figure 2.5: Rectangle partition.

2.2 Stone’s Theorem

In the next section we will prove the weak universal consistency of partitioning estimates.
In the proof we will use Stone’s theorem (Theorem 2.1 below) which is a powerful tool
for proving weak consistency for local averaging regression function estimates. It will
also be applied to prove the weak universal consistency of kernel and nearest neighbor
estimates in Chapters 3 and 4.

Figure 2.6: Statistically equivalent blocks.

16



Local averaging regression function estimates take the form
mn(x) = Z Wnl(x) : Yvia
i=1

where the weights W, ;(x) = W,;(x,X4,...,X,) € R are depending on X;,...,X,.

Usually the weights are nonnegative and W, ;(x) is “small” if X; is “far” from x.
The next theorem states conditions on the weights which guarantee the weak universal
consistency of the local averaging estimates.

Theorem 2.1. (STONE’S THEOREM). Assume that the following conditions are satisfied
for any distribution of X:

(i) There is a constant ¢ such that for every nonnegative measurable function f sat-
isfying Ef(X) < oo and any n,

E {Z IWn,z-(X>|f(Xz-)} < cEf(X).

(11) There is a D > 1 such that

P {i W, (X)| < D} —1,

i=1

for all n.
(111) For all a > 0,

A K {Z \Wn,i(X)!H{nxixw}} =0

i=1

(iv)

in probability.



Then the corresponding regression function estimate m,, is weakly universally consistent,
1.€.,

i 5 [ a0 =m0 =0

n—oo

for all distributions of (X,Y) with EY? < oo.

For nonnegative weights and noiseless data (i.e., Y = m(X) > 0) condition (i) says
that the mean value of the estimate is bounded above by some constant times the mean
value of the regression function. Conditions (ii) and (iv) state that the sum of the weights
is bounded and is asymptotically 1. Condition (iii) ensures that the estimate at a point
x is asymptotically influenced only by the data close to x. Condition (v) states that
asymptotically all weights become small.

One can verify that under conditions (ii), (iii), (iv), and (v) alone weak consistency
holds if the regression function is uniformly continuous and the conditional variance
function o%(x) is bounded. Condition (i) makes the extension possible. For nonnegative
weights conditions (i), (iii), and (v) are necessary.

Definition 2.1. The weights {W,,;} are called normal if Y | W, (x) = 1. The weights
{W,.;} are called subprobability weights if they are nonnegative and sum up to < 1. They
are called probability weights if they are nonnegative and sum up to 1.

Obviously for subprobability weights condition (ii) is satisfied, and for probability
weights conditions (ii) and (iv) are satisfied.

2.3 Consistency

The purpose of this section is to prove the weak universal consistency of the partitioning
estimates. This is the first such result that we mention. Later we will prove the same
property for other estimates, too. The next theorem provides sufficient conditions for
the weak universal consistency of the partitioning estimate. The first condition ensures
that the cells of the underlying partition shrink to zero inside a bounded set, so the
estimate is local in this sense. The second condition means that the number of cells
inside a bounded set is small with respect to n, which implies that with large probability
each cell contains many data points.

Theorem 2.2. [If for each sphere S centered at the origin
lim max diam(A, ;) =0 (2.1)

n—00 j:A, ;NS#D

18



and - S0
n—o0 n

then the partitioning regression function estimate is weakly universally consistent.

0 (2.2)

For cubic partitions,

lim h, =0 and lim nh¢ = oo
n—oo n—o0

imply (2.1) and (2.2).

In order to prove Theorem 2.2 we will verify the conditions of Stone’s theorem. For
this we need the following technical lemma. An integer-valued random variable B(n, p)
is said to be binomially distributed with parameters n and 0 < p <1 if

P{B(n,p) = k} = (Z)pk(l )k k=0,1,...,n.

Lemma 2.1. Let the random variable B(n,p) be binomially distributed with parameters
n and p. Then:

(i)

E{HBl(mp)} S
(i)

PROOF. Part (i) follows from the following simple calculation:

{rmmm) - Sl

e

k=0
1 < n+1\ n—k+1
< —(n+1)p;( N )p (1—p)" "
1 n+1
B 1
 (n+1)p

19



For (ii) we have

1 2 2
Ed——Tp <E <
B} < T p7) < ey

by (i). i

PROOF OF THEOREM 2.2. The proof proceeds by checking the conditions of Stone’s
theorem (Theorem 2.1). Note that if 0/0 = 0 by definition, then

Wn,i(x) = H{XzEAn(x)}/ ZH{XZGA”(X)}'

To verify (i), it suffices to show that there is a constant ¢ > 0, such that for any
nonnegative function f with Ef(X) < oo,

{Zf [ix;ea,x) } < cEf(X).

Zl 1H{XZEA( )}

Observe that

{Zf Lix,en,x)} }

Zl 1 ]I{XlEAn(X)}

B ZE{f [ix;e,(x)} }

1430 xeanx)y

= nlkE {f(X1>H{X16An( 1 }

X
)} 1+ Zl;ﬁl H{XlGAn(X)}

1
. oI X, X
n { ix,ea, WP Yoo Iixpea,xy | 1}}

1
= n]E { f Xl H{XleAn(X)}E { n X’ Xl}}

L+ Ixea,x)y

1
= nk fX1HX1A XE{ " X}}
Xiedn X} 171 > o Lxie, (x))

20



by the independence of the random variables X, X;,...,X,. Using Lemma 2.1, the
expected value above can be bounded by

nk {f(Xl)]I{XleAn( }
= ZP{XeAm}/ flu (1 .

= L. f(uw)p(du) = Ef(X).

Therefore, the condition is satisfied with ¢ = 1. The weights are sub-probability weights,
so (ii) is satisfied. To see that condition (iii) is satisfied first choose a ball S centered
at the origin, and then by condition (2.1) a large n such that for A, ; NS # 0 we have
diam(A4,, ;) < a. Thus X € § and ||X; — X|| > @ imply X; ¢ A,(X), therefore

[ixesy Z Wn,i(X>H{IIXz'—X\|>a}
=1
D i1 X e a, (X)X X, [ >a)
n,un(An(X))
. D it [iXie4n (%) Xi g An (X)X - Xi[|>a}
{Xes} nﬂn(An( ))
— 0.

= Iixesy

Thus

lim SUPEZWn,i(X>H{||Xi—X\\>a} < ,u(Sc).

n i=1
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Concerning (iv) note that

— Z]P{X € AnJ,Mn(An,j) = O}

= Zu(An,j)(l—u(An,j))"
< Y p(An)+ Y (A (L= p(Ag )"

j:An,jﬁS:w j:An’jﬂS7ﬁ®
Elementary inequalities
1
r(l—x)" <ze ™ < — 0<z<1)
en
yield

P{XHMAXHH}Su@ﬂ+£ﬂﬁi&mﬂ5%mh

The first term on the right-hand side can be made arbitrarily small by the choice of S,
while the second term goes to zero by (2.2). To prove that condition (v) holds, observe

that 1
> Wi(x)? = ST Toennmy L Ha(Aa(x)) >0,
= 0 i 1 (An(x)) = 0.

Then we have

E {zn: Wm-(X)Q}

1
< P{Xest+ Y E {H{XEAn,j}—A]I{unmn,j»m}
oy i (An,;)
7 An,j #0
9
< u(SY+ Y A
i Ap jNSAD ni(An )

(by Lemma 2.1)

= WS+ 2N AN S £ 0)].
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A similar argument to the previous one concludes the proof. 0

2.4 Rate of Convergence

In this section we bound the rate of convergence of E||m,, — m/||* for cubic partitions and
regression functions which are Lipschitz continuous.

Theorem 2.3. For a cubic partition with side length h,, assume that
Var(Y|X =x) < ¢% x € R?,
m(x) = m(z)| < Cllx — 2|, x,2 € R (2.3
and that X has a compact support S. Then

0%+ sup,cg [m(2)|

2
E||lm, —m|?* < d-C?- h?
I —m? < 7R :

where ¢ depends only on d and on the diameter of S, thus for

1/(d+2
m:aC““%@W@@” g

2
we get
2/(d+2)
E||m, —m|* < <02 + sup |m(z)|2) C2/(d+2) ) =2/(d+2)
z€S

PROOF. Set

) > i MK ix e a,x))

my(x) = E{m,(x)|X4,...,X,} = == — 7,

00 = Bl bORG - X} = 28 (A0
Then
E{(ma () — m(x))2Xu. ... X, }
= E{(mn(x) — mn(x))?|X1, ..., X} + (1,(x) — m(x))>. (2.4)
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We have

E{(mn(x) — mn(x))2|X1a N

B S (Y = m(X)) [xencor )
"“§{< P (A () > WX“‘“’X“}
S Var (Vi X)Ix,ea,x))
(g1 (An(x)))?

0.2

IA

—1 npn (An(x .
n,un(An(X)) {npn (An(x))>0}

By Jensen’s inequality

; 2__(2mexo—m@mmﬁMm)3{(A“)m
Npn(An(X))>
i (A (X)) '

+ (%) Ly, (A (x))=0}

> (m(X;) — m(X))QH{XieAAx)}H{ o)
Nn(An(X))>
nﬂn(An(X)) g

+ m<X)2]I{nMn (An(x))=0}

IN

IN

d - C? R Ly (An ()0} + 1U(X) L (A0 (x))=0}
(by (2.3) and max |[x —z|* <d-h2)
z€EAn(X)

< d- C?h% 4 m(x)* Ly, (A, () =0} -

Without loss of generality assume that S is a cube and the union of A,,;,...,A4,, is S.
Then
¢
ln S m



for some constant ¢ proportional to the volume of S and, by Lemma 2.1 and (2.4),

IN

IN

IN

IA

IN

{ | ma30) — m) (e
B { [ im0 = a0t + B { [ ) = ) Pt}

Jj=1 7
In
+ZE{/ (171, (%) — m(x)) (dx)}
i=1 An;
In ,
o’ 1(An ;) .
g i) g |
; {"ﬂn(An,j) {nn(An )>0} ¢ +dCThy,
ln
+ZE{ /A m(x)* p(dx) Ty, Aw_)_o}}
j=1 nj
l
—+dC h + dX]P) P
i) Z JP{jin(An ) = 0}

2 n
L i +dC?hy + sup {m(2)*} Y p(An ) (1 — p(Any))"

zeS

20 2 2
127 4 e 41,2 U (A, e )
J

l 2_2 +d02h2 —|—l SuszSm(Z)2€_1

n
(since sup, ze™* = e 1)

(202 + sup,cgm(z)*e!)c
nhd

+dC?h2.
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Chapter 3

Kernel Estimates

3.1 Introduction

The kernel estimate of a regression function takes the form

YL vk ()
Y K (5)

My, (X)

)

if the denominator is nonzero, and 0 otherwise. Here the bandwidth h, > 0 depends
only on the sample size n, and the function K : RY — [0,00) is called a kernel. (See
Figure 3.1 for some examples.) Usually K(x) is “large” if ||x|| is “small,” therefore the
kernel estimate again is a local averaging estimate.

Figures 3.2-3.5 show the kernel estimate for the naive kernel (K (x) = Ifjx|<1}) and
for the Epanechnikov kernel (K (x) = (1 — ||x||?).) using various choices for h,, for our
simulated data introduced in Chapter 1.

Figure 3.6 shows the L, error as a function of h.

K (2) = Iag<y 4K (z) =

Figure 3.1: Examples for univariate kernels.
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-1 -05 0.5 1
Figure 3.2: Kernel estimate for the naive kernel: h = 0.1, Ly error = 0.004066.

3.2 Consistency

In this section we use Stone’s theorem (Theorem 2.1) in order to prove the weak universal
consistency of kernel estimates under general conditions on h and K.

Theorem 3.1. Assume that there are balls Sy, of radius v and balls So g of radius R

—gl —6.5 ()55 1
Figure 3.3: Undersmoothing for the Epanechnikov kernel: A = 0.03, Ls error = 0.031560.

28



o

“1 05 0.5 1
Figure 3.4: Kernel estimate for the Epanechnikov kernel: h = 0.1, Ly error = 0.003608.

centered at the origin (0 <r < R), and constant b > 0 such that

[ixesory = K(x) > blixes,, )

(bozed kernel), and consider the kernel estimate my,. If h, — 0 and nhd — oo, then the
kernel estimate is weakly universally consistent.

As one can see in Figure 3.7, the weak consistency holds for a bounded kernel with
compact support such that it is bounded away from zero at the origin. The bandwidth
must converge to zero but not too fast.

PROOF. Put
Kyn(x) = K(x/h).

We check the conditions of Theorem 2.1 for the weights

. Kh(X—X1>
Y Ka(x=Xp)

Wnﬂ; (X)

Condition (i) means that

S KX~ Xi) f(Xy)
E{ S XX, } < E{f(X)}
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with ¢ > 0. Because of

5 { S KX — X»f(xz-)}
> i Kn(X = X;

)
E { Kp(X = X,) f(Xy) }
> Kn(X = Xj)

_ nE{ (X~ X)) [ (X)) }
Kp(X = Xq) + D5 Kn(X = Xj)

~ 0 [ 1w {/ e v X)u(dX)Hu(dU)

it suffices to show that, for all u and n,

KhX—U) C
{ Kn(x—u —l-zj 2Kh(x—X) (dx)} Sﬁ'

The compact support of K can be covered by finitely many balls, with translates of
So,r/2, where 7 > 0 is the constant appearing in the condition on the kernel K, and with

-1 —05 0.5 1
Figure 3.5: Oversmoothing for the Epanechnikov kernel: h = 0.5, Ly error = 0.012551.
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 Brror

Figure 3.6: The Ly error for the Epanechnikov kernel as a function of h.

centers x;, © = 1,2,..., M. Then, for all x and u,

M
Kp(x—u) < Z H{x€u+th-&-So,rh/2}'
k=1

Furthermore, x € u + hxy, + So4/2 implies that

u+ hxk‘ + SO,rh/Q Cx+ SO,’I‘h

+ K(x)
1

Figure 3.7: Boxed kernel.

31



N3

Figure 3.8: If x € S,,/2, then S, ;o C S,

(cf. Figure 3.8). Now, by these two inequalities,

IN

NE

IA
NE
=

—

IA

IN

IA

S| =
Ms

[\
JE

=

Kp(x —u)
{ Kp(x—ua)+ 37, Kh(x—Xj)’u(dx)}

R —w pi(dx)
U""hxk-f-so rh/2 Kh(x - 11) + Z?:Q Kh<x - Xj)

1

i

1 (@)
0 p(dx
u+hxk+SO ,rh/2 1 + Z]:Z Kh(X - X])
E

B
Il
—

S| =
M=

1
o pi(dx)
/u+hxk+SO,rh/2 1 + Z]:Q H{X] EX+SO,T‘}1} }

i

1

1
0 p(dx)
/u-i—hxk—&-So,m/g 1+ ijz H{Xj €u+thx,+So,rn/2} }

p(u+ hxy + Sorn/2)
1+ Z?:Q H{Xj €uthxg+So rn/2}

>
Il
—

S
()=
&=
— —

S| =
M=
=

e
Il
—

w(a+ hxg + 5 Th/g)
(11 + hxy + SO,rh/Q)

Lemma 2.1)

i
I

b

~~

<
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The condition (ii) holds since the weights are subprobability weights.
Concerning (iii) notice that, for h, R < a,

2 it K (X = X%, X)j>a) _
E?:l K, (X - Xz’)

Z Wi (X)|Tgx, x| >a) = 0.
=1

In order to show (iv), mention that

1— Z W,i(X) = H{z;;l K, (X—X;)=0}’
=1

therefore,

P{l 4 Zn:Wm(X)} = P{zn:Khn(X—Xi) = 0}

1=1

< P {ZH{Xi€Sx,rhn} - O}
= P{pn(Sx;rn,) = 0}
= [0l )l

Choose a sphere S centered at the origin, then

P {1 4 Zn:Wn,i(X)}

- / e~ Sk 1 (dx) + p(S°)
S

1

S )u(dX) +p(59)

B /n:u(sxwhn)e_nu(sx’rh")
S

1
= maxue * | ————u(dx) + u(S°).
: /S ) ()

By the choice of S, the second term can be small. For the first term we can find
Z1, ..., 2, such that the union of Sy, 1, /2, ..., Sz, rh,/2 covers S, and

C

Mngh—g.
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Then

]I{xes o /2}
~——p(dx)

x rhn

/ ]I{XGS rhn/2}

Z
Z

< p(dx)
z] rhn/2
< _”
n
c
< — = 0.
— nhd

Concerning (v), since K(x) < 1 we get that, for any 6 > 0,

. o Z?:l Khn(X - Xi)2
i (L, K, (X = X)))?
Z?:l Khn(X - Xz)
(S, K, (X = X)))?

IN

IN

1
min < 0, =
{ Zi:l Khn (X - XZ) }

{0 st
min < 0, —
Zizl b]I{XiESX,'rhn}
1

I
n n )
Zi:l bH{XiGSX’Thn} {Zi:lﬂ{xiesx,rhn}>0}

IN

IN

o+

therefore it is enough to show that

1
E I — 0.
{ Z?:l H{XiGSx,rhn} {Zi:1 H{xiesx,rhn}>0} }

34
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Let S be as above, then

1
BN <= T,
{ ZZ‘:1 H{X’iESX,rhn} {Zi:l H{Xiesx,rhn}>0} }

1

< C

< E { Z?Zl H{Xiesxymn}]l{i?zl H{xiesx,rhn}>0}ﬂ{xes}} + M(S )
1

< 2E I + u(S°¢

LGy e } 4
(by Lemma 2.1)
- u(S)
as above. O

3.3 Rate of Convergence

In this section we bound the rate of convergence of E||m,, — m/||* for a naive kernel and
a Lipschitz continuous regression function.

Theorem 3.2. For a kernel estimate with a naitve kernel assume that
Var(Y|X =x) < 0%, x € R?,

and
m(x) — m(z)| < Cllx — 2|, x,2 € RY,

and X has a compact support S*. Then

2 2
EHmn o m||2 S éO' + SuszS*d m(z)\ + Cth,
n-he

where ¢ depends only on the diameter of S* and on d, thus for

1
n d+2

2
[ 07 +Sup,eg«
h, =c ( 2

we have

2/(d+2)
E||m, —m]|?* < <02 + sup |m(z)|2> 23/ (d+2) , =2/(d+2)
zeS*
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PrROOF. We proceed similarly to Theorem 2.3. Put

m (X) — Z?Zl m(Xi)]I{XiESx,hn}
" nun(sx,hn)

Y

then we have the decomposition (2.4). If B, (x) = {n,(Sx,) > 0}, then

E{(mn,(x) — m,(x))*1X1, ..., X5}
. { (zz;lm - m<Xi>>H{xiesx,hn}) X, ’Xn}

nﬂn(Sx,hn)
Z:’L:l Var<Y;|Xi)]I{X'L€Sx,hn}
(nftn (SX,hn ))?
0.2

nlu”n (Sx:hn )

IN

]IBn(x) .

By Jensen’s inequality and the Lipschitz property of m,

(1 (x) — m(x))?
<Z?:1(m(Xz~) — m(x))Lx,e8n,
n:un(SX,hn)
Doy (m(Xy) = m(x))?Iix es, .,
nlun<Sx7hn)
C2hi]13n(x) + m(X)Z]IBn(x)c
CZhi + m(X)Q]IBn(x)c.

2
}> ]IBn(x) —+ m(X)QI[Bn(X)c

) ]IBn(x) + m(x)2]IBn(x)c

IAINA
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Using this, together with Lemma 2.1,
{ [ a0~ m) ()
= B a0~ s 2tax) | + 2 { [ a0 - ()

o2

= Bo—rcl d 27,2
> /* {n“n(Sxﬁn) {Hn(Sx,hn)>O}} ,u( X) +C s

+/* K {m<x)2l{ﬂn(5x,hn):0}} M(dX)

/ 27" i) + 72 +/ (L — (S ) 1)

- : m(x — 1 Seen, )" puldx
s+ N(Sx,h, ) . .

< / Lﬂ(dx) + CQhQ —+ sup m(z)Q/ e_n“(s"”"”)p(dx)
s n#(Sx’h") " s *

1
< 202/ . u(dx) + CR2
5. m(Gny )

1
+ sup m(z 2maxu6_“/ —pu(dx).
( ) S* n/‘L(Sx7hn) ( )

zES* u

Now we refer to (3.1) such that there the set S is a sphere containing S*. Combining
these inequalities the proof is complete. 0
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Chapter 4

k-NN Estimates

4.1 Introduction

We fix x € R? and reorder the data (X;,Y}),. .., (X,,Y,) according to increasing values
of || X; — x||. The reordered data sequence is denoted by

(X(l,n) (X), Yv(l,n) (X))a sy (X(n,n) (X)7 Yv(n,n) (X))
or by
(X(l,n)a Yv(l,n))a ceey (X(n,n)y Yv(n,n))

if no confusion is possible. X )(x) is called the kth nearest neighbor (k-NN) of x.
The k,-NN regression function estimate is defined by

kn

1
() = 2 D Vi ().
=1
If X; and X; are equidistant from x, i.e., || X; — x|| = [|X; — x|, then we have a tie.

There are several rules for tie breaking. For example, X; might be declared “closer” if
1 < j, i.e., the tie breaking is done by indices. For the sake of simplicity we assume that
ties occur with probability 0. In principle, this is an assumption on p, so the statements
are formally not universal, but adding a component to the observation vector X we can
automatically satisfy this condition as follows: Let (X, Z) be a random vector, where Z
is independent of (X,Y") and uniformly distributed on [0,1]. We also artificially enlarge
the data set by introducing Zy, Zs, . .., Z,, where the Z;’s are i.i.d. uniform [0, 1] as well.
Thus, each (X, Z;) is distributed as (X, Z). Then ties occur with probability 0. In
the sequel we shall assume that X has such a component and, therefore, for each x the
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X(5,6)(x)

X(4,6)(x)
X(1,6)(x)
X
X(2,6)(x)
X(3,6)(x)
X(6,6)(x)

Figure 4.1: Ilustration of nearest neighbors.

random variable || X — x]|? is absolutely continuous, since it is a sum of two independent
random variables such that one of the two is absolutely continuous.

Figures 4.2 — 4.4 show k,-NN estimates for various choices of k, for our simulated
data introduced in Chapter 1. Figure 4.5 shows the L, error as a function of k,.

-1 —05 0.5 1
Figure 4.2: Undersmoothing: k, = 3, Ly error =0.011703.
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-1 —05 0.5 1
Figure 4.3: Good choice: k, = 12, Ly error =0.004247.

4.2 Consistency

In this section we use Stone’s theorem (Theorem 2.1) in order to prove weak universal
consistency of the k-NN estimate. The main result is the following theorem:

Theorem 4.1. If k, — oo, k,/n — 0, then the k,-NN regression function estimate is

_=1 —6.5 Oj5 1
Figure 4.4: Oversmoothing: k, = 50, Ly error =0.009931.
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+ BError

Figure 4.5: Ly error of the k-NN estimate as a function of k.

weakly consistent for all distributions of (X,Y’) where ties occur with probability zero and
EY? < oo.

According to Theorem 4.1 the number of nearest neighbors (k,), over which one
averages in order to estimate the regression function, should on the one hand converge
to infinity but should, on the other hand, be small with respect to the sample size n. To
verify the conditions of Stone’s theorem we need several lemmas.

We will use Lemma 4.1 to verify condition (iii) of Stone’s theorem. Denote the
probability measure for X by p, and let Sx . be the closed ball centered at x of radius
€ > 0. The collection of all x with u(Sx.) > 0 for all € > 0 is called the support of X or
. This set plays a key role because of the following property:

Lemma 4.1. If x € support(p) and lim,,_, k,/n =0, then
X ) (%) = x[| =0
with probability one.

PROOF. Take ¢ > 0. By definition, x € support(x) implies that u(Sxe) > 0. Observe
that
n

I k
(1% (30) = x| > €} = {EZH{xiesx,e} < }
=1

By the strong law of large numbers,

1 n
n ZH{Xz-esx,e} — 1(Sx,e) >0

i=1
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with probability one, while, by assumption,

kn
— — 0.

n

Therefore, || X, n)(x) — x|| = 0 with probability one. O

The next two lemmas will enable us to establish condition (i) of Stone’s theorem.

Lemma 4.2. Let
Bu(x') = {x: Sy ) < @}
Then, for all X' € RY,
H(Ba() < a0,

where 4 depends on the dimension d only.

PROOF. Let C; C R? be a cone of angle /3 and centered at 0. It is a property of cones
that if u,u’ € C; and ||u|| < ||u'[], then ||lu—v’|| < ||u’|| (cf. Figure 4.6). Let C4,...,C,,
be a collection of such cones with different central directions such that their union covers
R

Yd
U Cj = Rd.
7j=1

@)

Figure 4.6: The cone property.
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Then .y
u(Ba(x)) <> p({x + Ci} N By(x).
Let x* € {x' + C;} N B,(x'). Then, b}zf_tlhe property of cones mentioned above, we have
p({x" + Ci} N S pw—xer N Ba(X')) < p(Soer wr—x) < @,
where we use the fact that x* € B,(x’). Since x* is arbitrary,
u({X + G} BX)) <.

which completes the proof of the lemma. 0
An immediate consequence of the lemma is that the number of points among X, ..., X,,,
such that X is one of their k£ nearest neighbors, is not more than a constant times k.

Corollary 4.1. Assume that ties occur with probability zero. Then

n

g I4X is among the k NNs of X in {X1,o X1, X, X1, Xn}} < KV
i—1
a.s.

PROOF. Apply Lemma 4.2 with a = k/n and let p be the empirical measure p,, of
Xi,..., Xy, Le., for ecach Borel set A C R%, p,(A) = (1/n) > Lx,eay. Then
Bre/n(X) = {x ¢ pta(Sxx—x|) < k/n}
and
X; € Bi/n(X)

& (Sx,xi-x)) < k/n

< X is among the k NNs of X; in {X1, ..., X; 1, X, X0, ..., X, }
a.s., where for the second < we applied the condition that ties occur with probability

zero. This, together with Lemma 4.2, yields

n

E H{X is among the £ NNs of X; in {X1,....X;—1,X,X;i41,...Xn}}

i=1

Z [ix;eBy,,(x)}

i=1
= N+ fin(Br/n(X))
k~a

IN
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a.s. U

Lemma 4.3. Assume that ties occur with probability zero. Then for any integrable func-
tion f, any n, and any k < n,

D EA{f K XDI} < kraE{lF(X]}.

where 4 depends upon the dimension only.

PrROOF. If f is a nonnegative function,

k
Z E{f(X4n (X))}

= E {Z H{Xz is among the k NNs of Xin {Xj,..., Xn}}f(Xz)}

=1
n
= E f(X) E H{X is among the k NNs of X;in {Xi,....X;—1,X,X;4+1,..,Xn}}

=1

(by exchanging X and X;)
< E{f(X)kva},
by Corollary 4.1. This concludes the proof of the lemma. U

PROOF OF THEOREM 4.1. We proceed by checking the conditions of Stone’s weak
convergence theorem (Theorem 2.1) under the condition that ties occur with probability
zero. The weight W, ;(X) in Theorem 2.1 equals 1/k,, if X; is among the k, nearest
neighbors of X, and equals 0 otherwise, thus the weights are probability weights, and
(ii) and (iv) are automatically satisfied. Condition (v) is obvious since k, — oo. For
condition (iii) observe that, for each € > 0,

E {Z Wn7z‘(X)H{XiX||>e}}
=1
= /E {Z Wn,i(x)ﬂ{||xi—x||>5}} ,u(dx)
=1
1 &
= / E {k— > H{nx(@n)(x)—xnx}} pldx) = 0
" oi=1
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holds whenever

/P {1X oy (x) — x| > €} p(dx) — 0, (4.1)

where X, »)(x) denotes the k,th nearest neighbor of x among Xj,...,X,. For x €
support(p), k,/n — 0, together with Lemma 4.1, implies

IP’{HX(kmn)(x) — x| > e} =0 (n— o00).

This together with the dominated convergence theorem implies (4.1). Finally, we consider

condition (i). It suffices to show that for any nonnegative measurable function f with
E{f(X)} < o0, and any n,

1
I {Z k_n]l{xz is among the kn NNs of X}f(Xl)} <c-E {f(X)}
=1

for some constant ¢. But we have shown in Lemma 4.3 that this inequality always holds
with ¢ = 74. Thus, condition (i) is verified. O

4.3 Rate of Convergence

In this section we bound the rate of convergence of E||m,, —m/||? for a k,-nearest neighbor
estimate.

Theorem 4.2. Assume that X is bounded,
o*(x) = Var(Y|X =x) <0* (x€RY)
and
Im(x) —m(z)| < Cllx —2]| (x,z€R?).
Assume that d > 3. Let m,, be the k,-NN estimate. Then
2 kn 2/d
Ellm, — ml|* < - +¢; - €2 <_) ’
k, n

2

thus for k, = ¢ (¢2/C?)" 0+ nass

E||lm, —m|?* < oTE O ran e
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For the proof of Theorem 4.2 we need the rate of convergence of nearest neighbor
distances.

Lemma 4.4. Assume that X is bounded. If d > 3, then

C
n2/d

E{[1X 1,m(X) = X"} <

Proor. For fixed € > 0,
P{IXm(X) = X[ > €} = E{(1 — u(5x,))"}-

Let Ay, ..., An( be a cubic partition of the bounded support of 4 such that the A;’s
have diameter ¢ and

c
If x € A;, then A; C Sk, therefore
N(e)
B{1—u(5x )"} = 3 [ (1= u(Se)) (e
j=1 74
N(e)
< > [ - uta)rutx)
j=174j
N(e)
= > (A1 = p(A))"
j=1
Obviously,
N(e) N(e)
S AN - a4 < S max(l - =)
j=1 -
N(e)
< Zmaxze nz
-1
e 'N(e)
N n
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If L stands for the diameter of the support of y, then

E{X1n(X) = X[} = /OOOIP’{HX(Ln)(X)—XH2 > e} de

for d > 3.

= /0L2 P{|[X 1,0y (X) = X > e} de
< /LZmin{l,m—<\/E)}de

n

L? c
/ min{l,—e_d/2} de
0 en

(c/(en))?/ e B
= / lde + — e de
0 €N J(c/(en))2/4

IN

C
n2/d

IN

PROOF OF THEOREM 4.2. We have the decomposition

E{(ma(x) —m(x))"} = E{(ma(x) = E{m,(x)|X1, ..., X,})"}

The first term is easier:

Ii(x)

IN

+E{(E{m,(x)|X4,..., X, } —m(x))*}
= L(x)+ L(x).
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For the second term

hix) = E k—nz<m<X<i,n><x>>—m<x>>>

IN
=

1 & ’
o Z (X i,y (X)) = m(X)|>

2
1
< &3 (3o euo =)
" =1

Put N =k, Lﬁj Split the data Xy,...,X, into &k, + 1 segments such that the first k,
segments have length L%J, and let 5(;‘ be the first nearest neighbor of x from the jth
segment. Then X’l‘, ceey X;C‘n are k, different elements of {Xy,...,X,}, which implies

kn kn
> XK () = xl| < 3 1% = x|,
i=1 =

therefore, by Jensen’s inequality,

k 2
1 &,
2 § X

IN

- anE{uX;—xn?}
o
= CE{|IXx x|}

— C2E ‘|X(1,Lﬁj)(x)_x||2}'

—

Thus, by Lemma 4.4,

= {%Jz/d / L(x)(dx) 200~ X}

N
—
=
|
N
~
ISH
&=
—
e
—
i
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Chapter 5

Prediction of time series

5.1 The prediction problem

We study the problem of sequential prediction of a real valued sequence. At each time

instant t = 1,2,..., the predictor is asked to guess the value of the next outcome y; of
a sequence of real numbers ¥y, v, ... with knowledge of the pasts ¥!™' = (y1,...,vi—1)
(where 3? denotes the empty string) and the side information vectors x} = (x1,...,%;),

where x;, € R? . Thus, the predictor’s estimate, at time ¢, is based on the value of x|
and ¢!, A prediction strategy is a sequence g = {g,}3°, of functions

g (R) xR 5 R

so that the prediction formed at time t is g,(xt,yi ™).
In this study we assume that (x1, 1), (X2, 2), . . . are realizations of the random vari-
ables (X1,Y)), (Xs,Y2),... such that {(X,,Y,,)}>, is a stationary and ergodic process.
After n time instants, the normalized cumulative prediction error is

La() =~ S (@(X0, Vi)~ Yo

t=1

Our aim to achieve small L,(g) when n is large.

For this prediction problem, an example can be the forecasting daily relative prices
of an asset, while the side information vector x; may contain some information on other
assets in the past days or the trading volume in the previous day or some news related
to the actual assets, etc. This is a widely investigated research problem. However, in the
vast majority of the corresponding literature the side information is not included in the
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model, moreover, a parametric model (AR, MA; ARMA, ARIMA, ARCH, GARCH, etc.)
is fitted to the stochastic process {Y;}, its parameters are estimated, and a prediction
is derived from the parameter estimates. Formally, this approach means that there is a
parameter 6 such that the best predictor has the form

E{Y;f ‘ Yltil} = gtw?Yltil)?

for a function g,. The parameter 6 is estimated from the past data Y ', and the estimate
is denoted by 6. Then the data-driven predictor is

gt(éﬂ }/lt_l)'

Here we don’t assume any parametric model, so our results are fully nonparametric.
This modelling is important for financial data when the process is only approximately
governed by stochastic differential equations, so the parametric modelling can be weak,
moreover the error criterion of the parameter estimate (usually the maximum likelihood
estimate) has no relation to the mean square error of the prediction derived. The main
aim of this research is to construct predictors, called universally consistent predictors,
which are consistent for all stationary time series. Such universal feature can be proven
using the recent principles of nonparametric statistics and machine learning algorithms.
The results below are given in an autoregressive framework, that is, the value Y; is
predicted based on X% and Y{™'. The fundamental limit for the predictability of the
sequence can be determined based on a result of Algoet [1994], who showed that for any

prediction strategy g and stationary ergodic process {(X,, Y,)}>,
liminf L, (g) > L* almost surely, (5.1)

n—oo

where ,
L*=E(Y, - EYy|X° ., Y})
is the minimal mean squared error of any prediction for the value of Y, based on the
infinite past X°_, YL
This lower bound gives sense to the following definition:

Definition 5.1. A prediction strategy g is called universally consistent with respect to a
class C of stationary and ergodic processes {(X,,, Y;,)}>°,, if for each process in the class,

—0oQ?

lim L,(g) =L* almost surely.
n—oo

Next we introduce several simple prediction strategies which build on a methodology
worked out in recent years for prediction of individual sequences, see Cesa-Bianchi and
Lugosi [2006] for a survey.
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5.2 Universally consistent predictions: bounded Y

5.2.1 Partition-based prediction strategies

In this section we introduce our first prediction strategy for bounded ergodic processes.
We assume throughout the section that |Yy| is bounded by a constant B > 0, with
probability one, and the bound B is known.

The prediction strategy is defined, at each time instant, as a convex combination of
elementary predictors, where the weighting coefficients depend on the past performance
of each elementary predictor.

We define an infinite array of elementary predictors h*9, k. ¢ = 1,2,... as fol-
lows. Let P, = {As;,7 = 1,2,...,my} be a sequence of finite partitions of R, and let
Q) = {Bu;,j = 1,2,...,m}} be a sequence of finite partitions of R?. Introduce the
corresponding quantizers:

Fi(y) =J, ity € Ay,
and
GZ(X) =74, ifx € B&j .

With some abuse of notation, for any n and y7 € R™, we write Fy(y}) for the se-
quence Fy(y1), .. ., Fy(yn), and similarly, for x7 € (R%)", we write Gy(x}) for the sequence
Gg(Xl), ey Gg(Xn).

Fix positive integers k, ¢, and for each k + 1-long string z of positive integers, and
for each k-long string s of positive integers, define the partitioning regression function
estimate

-~ Z k n:Go(xt )=z, Fp(yt~ =5} Yt
EFO(xi,yi 2 8) = e Wl
!{k <t<n:Gxt )=z Fi(y_.) = s}‘

for all n > k + 1 where 0/0 is defined to be 0.
Define the elementary predictor A% by

WOy ™) = B0y, Ge(xy) Felyn =),

forn=1,2,.... Thatis, Ak quantizes the sequence x7, y7~! according to the partitions
Q, and P, and looks for all appearances of the last seen quantized strings G(x'_,) of
length k + 1 and Fy(y"~}) of length k in the past. Then it predicts according to the
average of the y,’s following the string.

In contrast to the nonparametric regression estimation problem from i.i.d. data, for
ergodic observations, it is impossible to choose k = k,, and ¢ = /,, such that the corre-
sponding predictor is universally consistent for the class of bounded ergodic processes.
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The very important new principle is the combination or aggregation of elementary predic-
tors (cf. Cesa-Bianchi and Lugosi [2006]). The proposed prediction algorithm proceeds
as follows: let {gx} be a probability distribution on the set of all pairs (k, ¢) of positive
integers such that for all k, ¢, gx, > 0. Put ¢ = 8B?, and define the weights

(p— k0 /e
Wi g = Qo (t—1)Li—1 (h(F:9)/ (5‘2>
and their normalized values
Pris = ot (53)
t k0 W, )

where

Wt = Z Wy 5 - (54)

1,j=1

The prediction strategy g is defined by

gi(x5,y" Zptuhu x4yt t=12,... (5.5)
ke 0=1

i.e., the prediction g; is the convex linear combination of the elementary predictors such
that an elementary predictor has non-negligible weight in the combination if it has good
performance until time ¢t — 1.

Theorem 5.1. (GYORFI AND LucGosI [2002]) Assume that
(a) the sequences of partition P, is nested, that is, any cell of Pyi1 is a subset of a cell
Ofpg, (= 1,2, ceey
(b) the sequences of partition Qy is nested;
(c) the sequences of partition Py is asymptotically fine, that is, for each sphere S centered
at the origin

lim max diam(A) = 0;

(—00 AEPy, ANS#D
(d) the sequences of partition Q, is asymptotically fine;
Then the prediction scheme g defined above is universal with respect to the class of all
stationary and ergodic processes {(X,,, Yn)}°, such that |Yo| < B.

One of the main ingredients of the proof is the following lemma, whose proof is a
straightforward extension of standard arguments in the prediction theory of individual
sequences, see, for example, Kivinen and Warmuth [1999].
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Lemma 5.1. Let hy, ho, ... be a sequence of prediction strategies (experts), and let {qy}
be a probability distribution on the set of positive integers. Assume that hy(x7,y7 ') €
|[—B, B] and yi € [-B, B]". Define

Wiy = que DL (/e

with ¢ > 8B2, and
Utk = S0

If the prediction strategy g is defined by

[e.9]

G ) =) ekt t=1,2,
k=1

then for everyn > 1,

Here —1n0 s treated as oo.

Proor. Introduce
W, =1
and

00
Wt: E Wy k
k=1

for t > 1. Note that

[o.¢] o
(.3 t o t—13)2 (T b t—11)2
Wit = E Wy k€ (vehaGeiwi™) /e = Wi E Ut k€ (et 037) /e,
k=1 k=1

so that

W, S (el i)
—cln Mt;l = —cln (Z Ut,ke_(yt_hk(x’ivyi R /C> .

t k=1

Introduce the function
Ft(z) — ei(ytfz)2/c
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Because of ¢ > 8B?, the function F; is concave on [—B, B], therefore Jensen’s inequality

implies that

Thus,

and therefore

k=1

nLn(g) =

nLn(g)

which concludes the proof.
Another main ingredient of the proof of Theorem 5.1 is known as Breiman’s general-
ized ergodic theorem, see also Algoet [1994] and Gyorfi et al. [2002].

2
= " W,
[Z Ut k (yt — hi(x1, yi_l))] < —cln V;/:l (5.6)

S (0 — i)
[f: Vg k; (?Jt - iLk(tha yi_1)>]

k=1

\E

t=1

. Wi
—c Z In W
t=1

—cln W, 1

IN

—cln (Z wn-i—lJc)
k=1
= —cln (Z le‘”Ln(fzk)/c)

k=1

< —cln (sup qke_"L"(i”“)/C)
k

— irk}f (—cln qr + nLn(iLk)> ,

0

Lemma 5.2. (BREIMAN [1957]). Let Z = {Z;}>° be a stationary and ergodic process.
Let T denote the left shift operator. Let f; be a sequence of real-valued functions such that
for some function f, fi(Z) — f(Z) almost surely. Assume that E{sup; |fi(Z)|} < oc.

Then

lim
t—oo N

1

Z f(T'Z) =E{f(2)} almost surely.
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PROOF OF THEOREM 5.1. Because of (5.1), it is enough to show that

limsup L,(g) < L*

n—oo

a.s.

By a double application of the ergodic theorem, as n — oo, almost surely,

E’I(’Lk7Z) (X,'ll’ }/vln_]-? Z? S

and therefore

lim Sup sup ’ESC’E) (X?a len_l> Zs 5) - E{YE]’GE(
n—oo , 4

_>

1
n Z{k<i<n:G’g(X’é_k):z, Fg(Y;t:kl):s} Y;

l|{k<i<n'Gg(X§ L) =

E{YO]{G Xok) 2, Fyp(Y.

D=t}

E{YolGe(X(lk) =2 FE(Y—k)

)—8}

almost surely. Thus, by Lemma 5.2, as n — oo, almost surely,

L, (h*9)

def

n

i=1

—Z

X’LDYZ ! GZ(

1 . .
S RO, V) - V)

E{(Yo — E{Yo|Ge(X2y), Fe(Y5)})}

€k -

Since the partitions P, and Q, are nested, E {Y;|G,(X",), Fy(Y_,
indexed by the pair (k, /). Thus, the martingale convergence theorem (see, e.g., Stout
[1974]) and assumption (c) and (d) for the sequence of partitions implies that

= 5}7

X%) =z, F(YS) = s} =

o) FlYE)

Zs Ff(y;t:kl) = 3}‘

_ }/;)2

} is a martingale

inf e, = kll}an €y = E{(Yb — E{Yo|X? ., :olo})Q} =L

Now by Lemma 5.1,

cln qk.¢

n

)



and therefore, almost surely,

limsup L,(g)

n—oo

n—oo k7 n

1
lim sup inf (Ln(h(k,E)) _ M)

1
inf lim sup ( L (50 — %)

k.t n—oo
inf lim sup L, (h*:9)
k7‘€ n—oo
inf €ky
7£ ’

lim €Ly
kf—oco

L*

and the proof of the theorem is finished.

5.2.2 Kernel-based prediction strategies

We introduce in this section a class of kernel-based prediction strategies for stationary
and ergodic sequences. The main advantage of this approach in contrast to the partition-
based strategy is that it replaces the rigid discretization of the past appearances by more

flexible rules. This also often leads to faster algorithms in practical applications.

To simplify the notation, we start with the simple “moving-window” scheme, corre-
sponding to a naiv kernel function. Just like before, we define an array of experts h*:4),
where k and ¢ are positive integers. We associate to each pair (k,¢) two radii ry, > 0
and ry , > 0 such that, for any fixed k

and

lim Tkg:(),
l—oo

: /
lim ry , = 0.
L—r00

Finally, let the location of the matches be

JEO =dk <t <n:|x_, =Xl < rwe, Wizh — visill < vk}

Then the elementary expert A9 at time n is defined by

Z (k,0)y Yt
WO gyt = U

|J,(Lk’€) , n>k+1,

o8

(5.8)

(5.9)

(5.10)



where 0/0 is defined to be 0. The pool of experts is mixed the same way as in the case
of the partition-based strategy (cf. (5.2), (5.3), (5.4) and (5.5)).

Theorem 5.2. Suppose that (5.8) and (5.9) are verified. Then the kernel-based strategy
defined above is universally consistent with respect to the class of all stationary and
ergodic processes {(X,, Y,) > such that |Yo| < B.

5.2.3 Nearest neighbor-based prediction strategy

This strategy is yet more robust with respect to the kernel strategy and thus also with
respect to the partition strategy. Since it does not suffer from scaling problem as partition
and kernel-based strategies where the quantizer and the radius has to be carefully chosen
to obtain “good” performance. As well as this, in practical applications it runs extremely
fast compared with the kernel and partition schemes as it is much less likely to get bogged
down in calculations for certain experts.

To introduce the strategy, we start again by defining an infinite array of experts A9,
where k and ¢ are positive integers. Just like before, k is the length of the past observation
vectors being scanned by the elementary expert and, for each ¢, choose p, € (0, 1) such
that

lim p, =0, (5.11)
{—00
and set
l= U?WJ

(where [.] is the floor function). At time n, for fixed k and ¢ (n > k+{+ 1), the expert
searches for the ¢ nearest neighbors (NN) of the last seen observation x"_, and y"~; in
the past and predicts accordingly. More precisely, let

JEO— {k<t<n:(x{_,,yi_}) is among the £ NN of (x]_,,y'"}) in
(Xllg+17 yf)? sty (XZ:IE;—D y::]z_l)}
and introduce the elementary predictor

D e 0y Yt
, n ,n—1\ __ {teJn™}
RO (xp, yr ) = W

if the sum is nonvoid, and 0 otherwise. Finally, the experts are mixed as before (cf.
(5.2), (5.3), (5.4) and (5.5)).
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Theorem 5.3. Suppose that (5.11) is verified and that for each vector s the random
variable
(XY —s|

has a continuous distribution function. Then the nearest neighbor strategy defined above
15 universally consistent with respect to the class of all stationary and ergodic processes

{(X,, Yo) }, such that |Yy| < B.

5.2.4 Generalized linear estimates

This section is devoted to an alternative way of defining a universal predictor for sta-
tionary and ergodic processes. It is in effect an extension of the approach presented in
Gyorfi and Lugosi [2002]. Once again, we apply the method described in the previous
sections to combine elementary predictors, but now we use elementary predictors which
are generahzed linear predictors. More precisely, We define an infinite array of elementary
experts h#0 k. ¢ =1,2, ... as follows. Let {gb 0 1 be real-valued functions defined on

(Rd)(kﬂ) x R¥. The elementary predictor A generates a prediction of form

k —
h(M) (x1, 91 ZCW¢ ) Xn— k7y"4i)’

where the coefficients ¢, ; are calculated according to the past observations x7, y;™*
More precisely, the coefficients ¢, ; are defined as the real numbers which minimize the

criterion
n—1 ¢ 2
k _
. (Z ¢;05" (X Y k) — yt> (5.12)

t=k+1 \j=1

if n > k+1, and the all-zero vector otherwise. It can be shown using a recursive technique
(see e.g., Tsypkin [1971|, Gyorfi [1984] and Gyorfi and Lugosi [2002]) that the ¢, ; can
be calculated with small computational complexity.

The experts are mixed via an exponential weighting, which is defined the same way
as earlier (cf. (5.2), (5.3), (5.4) and (5.5)).

Theorem 5.4. (GYORFI AND Lucost [2002]) Suppose that |¢§~k)| < 1 and, for any
fized k, suppose that the set

L
{ZCJQS;’C), (Cl,...,CD, 621,2,}
j=1
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is dense in the set of continuous functions of d(k + 1) + k variables. Then the general-
ized linear strategy defined above is universally consistent with respect to the class of all
stationary and ergodic processes {(X,,, Yn) > such that |Yy| < B.

5.3 Universally consistent predictions: unbounded Y

5.3.1 Partition-based prediction strategies

Let B0 (x7, 947, 2, s) be defined as in Section 5.2.1. Introduce the truncation function

Y

m ifz>m
Tn(z) =% =z if |z] <m
—m if z < —m,

Define the elementary predictor h%9 by
RGOy ) = Tos (BEO(xyi, Gelxiy) Fulyih)) )

where
0<d<1/8,

forn=1,2,.... That is, A is the truncation of the elementary predictor introduced
in Section 5.2.1.

The proposed prediction algorithm proceeds as follows: let {qx,} be a probability
distribution on the set of all pairs (k, ) of positive integers such that for all k, ¢, g, > 0.
For a time dependent learning parameter n; > 0, define the weights

(e (k)
Wk = quee” DB BV (5.13)
and their normalized values Wik
t
= — 5.14
Dtk Wt ) ( )

where

Wt = Z wt,i,j . (515)

ij=1
The prediction strategy g is defined by

(x40 Zptuh( Oy, =12, (5.16)
k=1
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Theorem 5.5. (GYORFI AND OTTUCSAK [2007]) Assume that the conditions (a), (b),
(c) and (d) of Theorem 5.1 are satisfied. Then the prediction scheme g defined above
is universally consistent with respect to the class of all stationary and ergodic processes
{(X,,Y,)}, such that

E{Y}*} < co.

Here we describe a result, which is used in the analysis.

Lemma 5.3. (GYORFI AND OTTUCSAK [2007]) Let A h® ... be a sequence of pre-
diction strategies (experts). Let {qi} be a probability distribution on the set of positive
integers. Denote the normalized loss of the expert h = (hy, hs,...) by

1 n
La(h) = = 3" (h),
i3
where
)\t(h) = )\(htu }/;f)
and the loss function X is convex in its first argument h. Define

e qke—m(t—l)Lt,l(h(k))

where n; > 0 s monotonically decreasing, and

D Wy k
tk = T
W
where
(o)
Wt = E Wy k;
k=1

If the prediction strategy g = (g1, go, - .. ) is defined by

k
gt:ZPt,khg) t:1727
k=1

then for everyn > 1,

. In gy, 1 — =
< (k)Y _ 4k -~ E E 2(p (k)Y
Ln(g) < H]%f <Ln(h' ) ) + on - Up : lpt,k>‘t<h )

NMn+1

62



PROOF. Introduce some notations:
/ —ne—1(t=1)Ly—1 (R
Wy, = Qi€ -1 (=1 L ( ),

which is the weight w; 5, where 7, is replaced by 7;_; and the sum of these are

W/ = Z Wy -
k=1
We start the proof with the following chain of bounds:

1 Wt/-i-l 1 1 220:1 wt,ke_’”’\t(h(k))
n—— = —In
nt Wt nt Wt

1 o0
-

1 < 2
< " lnzpt,k (1 — mA(h™) + %t/\f(h(k)>>
k=1

because of e™® < 1 —x + 2%/2 for x > 0. Moreover,

l ln th—i-l
Ur Wi
1 e 2 &
< o (1 = pea (b + Zptvmﬂh(’“))
k=1 k=1
< =3 pdh) + T3 pad (h®) (5.17)
k=1 k=1
= - Zpt,k)\<h§k)7 Y;) + % Zpt,k)\?(h(k))
k=1 k=1
< -A (Zpt,khﬁ’“’,n) - % > pradi(h™®) (5.18)
k=1 k=1
= —Mlg)+ %Zpt,k)\f(h(k)> (5.19)
k=1
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where (5.17) follows from the fact that In(1+x) < z for all z > —1 and in (5.18) we used
the convexity of the loss A(h,y) in its first argument h. From (5.19) after rearranging

we obtain

t+1

1
A < ——1In
t(g) ="

Then write a telescope formula:

1 1
—InW, — —InW/
Tt Tt

We have that

" /1

%G

Ul

1
—In W1 -
T

1

nn+1

Mn+1 k

Th+1 &

64

(i
E

(As) +

1
ln Wt —_ ln Wt+1

In sup qke_""“"L"(
sup (ln Q

iI’:f (nLn(h(k)) -

Utzpt )\2 k)

1
W, — — In Wy
Ne+1

)

1
— W,y — —1In Wt/+1)
Uz

Mt+1

(Bt).

)

Me+1

In Wn—H

nn+1

In Z Qi€ —nn1nLn (h(*))

h(k))

- nn—i—lnz/n(h(k)))

)

In g
nn+1




”j% < 1, therefore applying Jensen’s inequality for concave function, we get that

oo
_ (@)
Wi = E gie et ()

Ni41

_ Zq ( —net Ly ( (Z)> K
- K3
Nt41
o0
< (Z qie”ttLt(h(“))
=1

n

Me+1

= (W) ™
Thus,
1 1 ,
B, = — Wy —-—InW_,

Nt+1 Nt

1
< UESW Wi — ln Win
Me+1 Ur
= 0.

We can summarize the bounds:

. In
La(g) < it (L(h) = ) QanZW
t=1

Nin+1

PROOF OF THEOREM 5.5. Because of (5.1), it is enough to show that

limsup L,(g) < L* a.s.

n—oo

Because of the proof of Theorem 5.1, as n — oo, a.s.,
EED (XY 2,8) = B{Yo | Go(X%,) = 2, F(Y5) = s},
and therefore for all z and s

T (E,gkv@(xgl,yln—l,z,s)) S E{Y | Go(X°,) = 2, Fy(Y!) = s}
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By Lemma 5.2, as n — oo, almost surely,

L, (%)

1 — _
= ;Z(h(’“”z’(Xi,Yf N —Y,)?
t=1

1 & ~ B ) )
= E Z (Tts (E£k7€)(Xi7§/1t 1,G4(X§_k), Fg(Yj_,j))) _Yt>
=1

= E{(Yo - E{Yo | G(X2), Fu(Y_;)})*}

def
= Ek’g.

In the same way as in the proof of Theorem 5.1, we get that
. . L1902
inf e = lim e, = E{ (Y~ E(OX . Y74} } = L

Apply Lemma 5.3 with choice n, = \/Lz and for the squared loss A\;(h) = (h; — Y;)?, then
the square loss is convex in its first argument h, so

2In gy
Jn

Ln(g) < inf (Ln(h““‘)) -

] — - A
2—2 S e (ROXE V) — v (5.20)
t=1 k=1

On the one hand, almost surely,

21n gy
li f( L,(h"9) - Z—2=
17r1nsup1£ ( n( ) NG

. 2In g,
1 L, (hE0y - 2250
1£Z 1173/1—)Sooup < ( ) \/ﬁ

IN

— inf limsup L, (h*9)

kl n—oo
= infegy
k k)
= lim €k,0
k,l—o0

= L~
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On the other hand,
L L S O i) — vy
= Vi k.l ;

8w 1
S 2 g e (KK

< —Z Zptkz t46+Y4)
_ § t45 + }/;4
=2

therefore, almost surely,

lim sup — Z Zptu (hEO(XE, YY) — V)

n—oo

< limsup — Z\/_

n—oo TN

= 0,

where we applied that E{Y}} < oo and 0 < § < %. Summarizing these bounds, we get
that, almost surely,
limsup L,(g) < L*

n—oo
and the proof of the theorem is finished. O

5.3.2 Kernel-based prediction strategies

Apply the notations of Section 5.2.2. Then the elementary expert RO at time n is
defined by

D e 0y Yt
k¢ n ,n—1\ __ {tedn "’}
th )(Xl » Y1 ) - Tmin{n5,€} (W y n>k + ]_,

where 0/0 is defined to be 0 and 0 < § < 1/8. The pool of experts is mixed the same
way as in the case of the partition-based strategy (cf. (5.13), (5.14), (5.15) and (5.16)).
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Theorem 5.6. (BIAU ET AL [2010]) Suppose that (5.8) and (5.9) are verified. Then
the kernel-based strategy defined above is universally consistent with respect to the class
of all stationary and ergodic processes {(X,,, Yn)}>, such that

E{Y;'} < 0.

5.3.3 Nearest neighbor-based prediction strategy

Apply the notations of Section 5.2.3. Then the elementary expert KO at time n is
defined by

Z (k.0 Yt
kA)(on o n—1\ __ {tedn "}
hgz )(X17y1 ) = Tinfns 0} <W ) n>k+1,

if the sum is nonvoid, and 0 otherwise and 0 < § < 1/8. The pool of experts is mixed
the same way as in the case of the histogram-based strategy (cf. (5.13), (5.14), (5.15)
and (5.16)).

Theorem 5.7. (BIAU ET AL [2010]) Suppose that (5.11) is verified, and that for each
vector s the random variable

(X371 V) — s

has a continuous distribution function. Then the nearest neighbor strateqy defined above
1s universally consistent with respect to the class of all stationary and ergodic processes
{(Xy, Y,) %, such that

E{Y;'} < oco.

5.3.4 Generalized linear estimates

Apply the notations of Section 5.2.4. The elementary predictor Ak generates a predic-
tion of form

l
n o, n— k n n—
hfzkl) (Xl » U1 1) = Tmin{n‘;,é} <Z Cn,j¢§' )(Xn—ka yn—li)) )
j=1

with 0 < § < 1/8. The pool of experts is mixed the same way as in the case of the
histogram-based strategy (cf. (5.13), (5.14), (5.15) and (5.16)).
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Theorem 5.8. (B1au ET AL [2010]) Suppose that |¢§k)| < 1 and, for any fized k,
suppose that the set

l
{ch¢§k); (Cla- - 7CZ>7 l= 1727' - }
j=1

is dense in the set of continuous functions of d(k + 1) + k variables. Then the general-
ized linear strategy defined above is universally consistent with respect to the class of all
stationary and ergodic processes {(X,,, Y,)}, such that

E{Y '} < oco.

5.3.5 Prediction of gaussian processes

We consider in this section the classical problem of gaussian time series prediction. In
this context, parametric models based on distribution assumptions and structural con-
ditions such as AR(p), MA(q), ARMA(p,q) and ARIMA(p,d,q) are usually fitted to the
data. However, in the spirit of modern nonparametric inference, we try to avoid such
restrictions on the process structure. Thus, we only assume that we observe a string re-
alization ¢! of a zero mean, stationary and ergodic, gaussian process {Y,,}*>,_, and try
to predict y,, the value of the process at time n. Note that there is no side information
vectors x7 in this purely time series prediction framework.

It is well known for gaussian time series that the best predictor is a linear function
of the past:

E{Yn | Yn—h Yn—?a - } = Z C;Yn—ja
j=1

where the c;f minimize the criterion

. 2
E (Z ;Y j— Yn>

J=1

We apply the principle of generalized linear estimates to the prediction of gaussian
time series by considering the special case

k n—
¢§- rmh) = yooilizi<n,

ie.,

k
OGN = asn-se
j=1
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Once again, the coefficients ¢, ; are calculated according to the past observations Yt

by minimizing the criterion:
n—1 k 2
Z ( CiYt—j — yt)
j=1

t=k+1

if n > k, and the all-zero vector otherwise.
We set

hgﬂ) (y?_l) = Tmin{n‘;,k} (Egc) (y?_1)> ;

where 0 < § < %, and combine these experts as before. Precisely, let {qx} be an arbitrarily
probability distribution over the positive integers such that for all k, ¢, > 0, define the

weights
Wen = que— (D In-1 () VR

and their normalized values w
k.n

Pen = o -
" D it Wi
The prediction strategy g at time n is defined by

gn(y?_l) = Zpk,nh;k)<y7f—1)a n = 17 27 s
k=1

Theorem 5.9. (B1AU ET AL [2010]) The prediction strategy g defined above is univer-
sally consistent with respect to the class of all stationary and ergodic zero-mean gaussian
processes {Y;, }2.

The following corollary shows that the strategy g provides asymptotically a good
estimate of the regression function in the following sense:

Corollary 5.1. (BIAU ET AL [2010]) Under the conditions of Theorem 5.9,

1 n
nhjEO - Z (E{Y; | Y{ '} — g(Yf_l))2 =0 almost surely.

t=1

Corollary 5.1 is expressed in terms of an almost sure Cesaro consistency. It is an
open problem to know whether there exists a prediction rule g such that

lim (E{Y,|Y?""'} —g(¥7""")) =0 almost surely (5.21)
n—oo

for all stationary and ergodic gaussian processes.
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Chapter 6

Pattern Recognition

6.1 Bayes decision

For the statistical inference, a d-dimensional observation vector X is given, and based on
X, the statistician has to make an inference on a random variable Y, which takes finitely
many values, i.e., it takes values from the set {1,2,..., M}. In fact, the inference is a
decision formulated by a decision function

g:R*— {1,2,...,M}.

If g(X) # Y then the decision makes error.

In the formulation of the Bayes decision problem, introduce a cost function C'(y,y’) >
0, which is the cost if the label Y = y and the decision g(X) = ¢/. For a decision function
g, the risk is the expectation of the cost:

R(g) = E{C(Y,9(X))}.

In Bayes decision problem, the aim is to minimize the risk, i.e., the goal is to find a
function g* : R — {1,2,..., M} such that

R(g")= _ min  R(g), (6.1)

gRI—{1,2,....M}

where g* is called the Bayes decision function, and R* = R(g*) is the Bayes risk.
For the posteriori probabilities, introduce the notations:

P,(X) = P{Y =y | X}.
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Let the decision function ¢g* be defined by
M
g*(X) = arg min Z Cly,y")P,(X).
Y y=1

If arg min is not unique then choose the smallest ', which minimizes
27;:1 C(y,y')P,(X). This definition implies that for any decision function g,

> Cly, g (X))P,(X) < ) Cly, g(X))Py(X). (6.2)

Theorem 6.1. For any decision function g, we have that

R(g") < R(g).

PROOF. For a decision function g, let’s calculate the risk.

R(g) = E{C(Y,9(X))}
= E{E{C(Y,9(X)) | X}}

= E {i > Clyy)P{Y =y,9(X) =y | X}}

y=1y'=1

= E {Z > Cy ) go-nP{Y =y | X}}

y=1y¢'=1

= E {Z C(y,g(X))Py(X)} :

(6.2) implies that

C(y, g(X))Py(X)}

<
Il
—

NE

v
=

B
s
I
=
—— —/
NE

Cly, g (X))Py(X)}

<
—_

I
=y
—~

s
*



O

Concerning the cost function, the most frequently studied example is the so called

0 —1 loss:
n_ J 1 y#FY,
For the 0 — 1 loss, the corresponding risk is the error probability:
R(g) = E{C(Y,9(X))} = E{lyzoxy } = P{Y # 9(X)},

and the Bayes decision is of form

M
g*(X) =argmin » C(y,y')P,(X) = argmin Z P,(X) = argmax P, (X),
Y y=1 Yy’ y£y’ Y

which is called maximum posteriori decision, too.

If the distribution of the observation vector X has density, then the Bayes decision
has an equivalent formulation. Introduce the notations for density of X by

P{X € B} = /Bf(x)dx

and for the conditional densities by

PIX€B|Y =y = [ fx)ix

and for a priori probabilities
@y =P{Y =y},
then it is easy to check that

_ _ —xl — Gy fy(x)

and therefore
M
g'(x) = argmin Z C(y,y')Py(x)
y y=1
qyfy(x)

M
— i Oy, y) ™
argy{mn; (,9) ()

M
= arg {nin Z C(y’ y/)nyy(X>.

Yy y=1
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From the proof of Theorem 6.1 we may derive a formula for the optimal risk:

R(g") =E {H;i,n > Cy, y’)Py(X)} :

If X has density then
M
* _ min /nyy(X)
= min qyfy x) x)dx
= [ m 2_)0 Bl )

= /Rdrr;mZny )qy [ (x)dx

For the 0 — 1 loss, we get that

Rlg) = {min1 - £,(X)}.

Y

which has the form, for densities,

R(g") = [ min(f(x) — gy fy(x))dx=1-— /R max Gy fy (X)dx

Rd Y
For M = 2, we have that
R(g") = E{min(P(X), (X))},

and, for densities,

R(g") = [ min(q fi(x), g2fa(x))dx

Rd

Figure 6.1 illustrates the Bayes decision, while the red area in Figure 6.2 is equal to the
Bayes error probability.
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p1f1(113)

Figure 6.1: Bayes decision.

Plfl(fE)

pafa()

Figure 6.2: Bayes error probability.

6.2 Approximation of Bayes decision

In practice, the posteriori probabilities {P,(X)} are unknown. If we are given some
approximations {P,(X)}, from which one may derive some approximate decision

M
§(X) = arg min Z C(y,y')P,(X)
Yy’ y=1
then the question is how well R(§) approximates R*.
Lemma 6.1. Put C,,,, = max,, C(y,y'), then

0 < R(5) ~ R(9") < 2Cnae 3 E{IP(X) = B,(X)}

y=1

I6)



PrROOF. We have that

R(g) - R(g") = E

The definition of g implies that

> Cly.4(X))P,(X) =Y Cly.g"(X)P,(X) <0,

therefore

R(g) - R(g") < E {Z Cly, 9(X))|Py(X) = Py(X)I}

iE {Z Cly. g (X)) P, (X) - Py<X>!}

y=1

< 2cmf1a{|Py<x>—Py<x>|}.

y=1
([l

In the special case of the approximate maximum posteriori decision the inequality in
Lemma 6.1 can be slightly improved:

0 < R(G) - Rlg") < SE{IRX) - BX)|}-
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Based on this relation, one can introduce efficient pattern recognition rules. The a
posteriori probabilities are the regression functions

P{Y = y|X = x} = E{l{y_,|X = x} = m®¥(x).

Given data D,, = {(X1,Y1),...,(X,,Y,)}, estimates mt of m® can be constructed
from the data set

DY = {(Xe T+ Ko T,

and one can use a plug-in estimate

gn(x) = arg max m®(x) (6.3)

1<y<m "
to estimate g*. If the estimates m®¥ are close to the a posteriori probabilities, then
again the error of the plug-in estimate is close to the optimal error. (For the details, see
Devroye, Gyorfi, and Lugosi [1996].)

6.3 Pattern recognition for time series

In this section we apply the ideas of Chapter 5 to the seemingly more difficult pattern
recognition problem for time series. The setup is the following: let {(X,,Y,)}>, be a
stationary and ergodic sequence of pairs taking values in R% x {0,1}. The problem is to
predict the value of Y,, given the data (X7, Y" ™).

We may formalize the prediction (classification) problem as follows. The strategy of
the classifier is a sequence f = {f;}7°; of decision functions

fo: (R % {0,131 = {0,1}

so that the classification formed at time t is f,(X%, Y/™!). The normalized cumulative
0 — 1 loss for any fixed pair of sequences X7, Y/ is now

1 n
Ra(f) = n Z L px v —1#viy
t=1

In this case there is a fundamental limit for the predictability of the sequence, i.e.,
Algoet [1994] proved that for any classification strategy f and stationary ergodic process
{(Xn’ Yn)}zo:—om

liminf R,(f) > R* as., (6.4)

n—o0
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where

—0oQ? —0oQ?

R = E{min (P{Yo = 1|X% ., Y L}, P{Y¥; = 0| X’ Y—;})},
therefore the following definition is meaningful:

Definition 6.1. A classification strateqy f is called universally consistent if for all sta-
tionary and ergodic processes {X,, Y},

lim R,(f) = R" almost surely.

n—oo

Therefore, universally consistent strategies asymptotically achieve the best possible
loss for all ergodic processes. We present a simple (non-randomized) on-line classifi-
cation strategy, and prove its universal consistency. Consider the prediction scheme
g:(X%, Y/ introduced in Sections 5.2.1 or 5.2.2 or 5.2.3 or 5.2.4, and then introduce
the corresponding classification scheme:

t oyt—1y _ L it gt(thlet_l) > 1/2
fe(X3, Y] )_{ 0 otherwise.

The main result of this section is the universal consistency of this simple classification
scheme:

Theorem 6.2. (GYORFI AND OTTUCSAK [2007]) Assume that the conditions of The-
orems 5.1 or 5.2 or 5.3 or 5.4 are satisfied. Then the classification scheme f defined
above satisfies

lim R,(f)=R" almost surely

n—oo

for any stationary and ergodic process {(X,, Yn)}22 _ ..

In order to prove Theorem 6.2 we derive a corollary of Theorem 5.1, which shows that
asymptotically, the predictor g; defined by (5.5) predicts as well as the optimal predictor
given by the regression function E{Y;|Y'!}. In fact, g, gives a good estimate of the
regression function in the following (Ceséro) sense:

Corollary 6.1. Under the conditions of Theorem 5.1

n

1 . . o 9
lim — E{Y;|X! V1 — (XY H)) =0 Imost Iy.
nl—>nolo n zzl ( { | —00? 700} g ( 1 41 )) armost sure y
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PROOF. By Theorem 5.1,

1 — .
lim — Z (Vi — g:(X3, Yf’l))2 = L*  almost surely.

n—oo n 4
Consider the following decomposition:
(Vi — (X3, 77 7)°
= (Vi —E{y;|X" ., Y] 1})
+2 (Y, — E{Y;|X" ., Y"1} (E{Vi|X' . Yo} — gu(X5, Y7 )
+ (B{GIX . Y} = (X5, Y7h)°.

Then the ergodic theorem implies that

) i—1 *
lim nz Y —E{v;[ X’ ., Y2} =1L almost surely.

It remains to show that

n

,}ggo%Z(Y E{Y;| X', YI}) (B{YiYIS} — (X0, YY) = 0. (65)

=1

almost surely. But this is a straightforward consequence of Kolmogorov’s classical strong
law of large numbers for martingale differences due to Chow [1965] (see also Stout [1974,
Theorem 3.3.1]). It states that if {Z;} is a martingale difference sequence with

. EZ?
n2

00, (6.6)

n=1

then

RN
nhi& - Z; Z; =0 almost surely.
Thus, (6.5) is implied by Chow’s theorem since the martingale differences Z; = (V; — E{Y;|X"
are bounded by 452, O

Y} (E{Y

—0oQ)

PROOF OF THEOREM 6.2 Because of (6.4) we have to show that

limsup R,(f) < R* as.

n—oo
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By Corollary 6.1,

1 _ 12
lim Eg(E{mxt_wa;}—gAXi,w ) =0 as (6.7)

Introduce the Bayes classification scheme using the infinite past:

« it iy 1Py, =1 Xt VI > 1)2
Fr(X e Vo) = { 0 otherwise,

and its normalized cumulative 0 — 1 loss:

* 1 g
Ra(F) = =3 Tigixe vty

t=1

Put
_ 1 & i _
Ru(f) =~ ;P{ft(XtI,Yf AV XY
and
_ 1 <
Ro(f7) = = D P{FI (XL VI # Y, | XL Y}
t=1
Then
R.(f) — R.(f) = 0 a.s.
and

R.(f*) = Ru(f*) — 0 a.s.,

since they are the averages of bounded martingale differences. Moreover, by the ergodic
theorem

R.(f*) = R a.s.,

so we have to show that

limsup(R,(f) — R.(f*)) <0 a.s.

n—oo
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Lemma 6.1 implies that

n

Rlf) = Ralr) = =37 (BUAKLYE) # 7 | X v

t=1

(S (XL YD) £ Y| XL YL

IN

1 n
2 Y BV XYY - XYY

t=1

1< - —1y|2
< 2 EZ‘E{YHXZOWYEOS}—%(Xian Y|
t=1
— 0 a.s.,

where in the last step we applied (6.7).
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Chapter 7

Density Estimation

7.1 Why and how density estimation: the L, error

The classical nonparametric example is the problem estimating a distribution function
F(x) =P{X < x}.

from i.i.d. samples X;,Xs,...,X, taking values in R?. Here on the one hand the
construction of the empirical distribution function

1 n
=1

is distribution-free, and on the other hand its uniform convergence, the Glivenko-Cantelli
Theorem holds for all F
lim sup |F,(x) — F(x)| =0

n—oo XERd
a.s.

The Glivenko-Cantelli Theorem is really distribution-free, and the convergence in
Kolmogorov- Smirnov distance means uniform convergence, so virtually it seems that
there is no need to go further. However, if, for example, in a decision problem one
wants to use empirical distribution functions for two unknown continuous distribution
functions for creating a kind of likelihood then these estimates are useless. It turns out
that we should look for stronger error criteria. For this purpose it is obvious to consider
the total variation: if y and v are probability distributions on R? (d > 1), then the total
variation distance between p and v is defined by

Vip,v) = Sup [u(A) —v(A)],
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where the supremum is taken over all Borel sets A. The Scheffé Theorem below shows
that the total variation is the half of the L; distance of the corresponding densities.

Theorem 7.1. (SCHEFFE [1947|) If u and v are absolutely continuous with densities f

and g, respectively, then

ICE

(The quantity

g(x)]dx = 2V (j1,).

Li(f.9) = [ |1£60 = g(lax ()

is called Li-distance.)

PRrROOF. Note that

sup [1u(A) —v(A)]

wl [ ]]
Sup /A(f—g)'

O

The red area in Figure 7.1 is equal to the L; distance between the densities f and g.
The Scheffé Theorem implies an equivalent definition of the total variation:

Sup D () = v(4))], (7.2)

where the supremum is taken over all finite Borel measurable partitions {4, }.
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Figure 7.1: L, error.

For the distribution of X, introduce the notation
p(A) =P{X € A}.

In the sequel assume that the distribution p has a density, which is denoted by f:

- [ rexjax

From i.i.d. samples X, Xy, ..., X,, we may estimate the density function f, and such
an estimate is denoted by

fn(X) = fn(X7 Xla v 7Xn)

In an obvious manner one can derive a distribution estimate p; as follows:

= / fn(x)dx
A
Then the Scheffé theorem implies that

Vi, py) = /If (x)]dx,

therefore if the density estimate f,, is consistent in L, i.e.,

lim/\f x)| dx =0

n—oo
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a.s. then the corresponding distribution estimate ) is consistent in total variation:

lim V (g, ) =0

n—oo

a.s.

7.2 The histogram

Let p,, denote the empirical distribution

n

1
pin(A) = - ZH{XZEA}-

i=1

Let P, = {An1, Ana, ... } be a partition of R? such that the cells A,; have positive and
finite volume (Lebesgue measure A). Then the histogram is defined by

_ m(A)
0= 3 0)

where

For the partition P,, an example can be the cubic partition, when the cells are cubes of
side length h,,. In this special case

(A, (x
v =Bl

Theorem 7.2. Assume that for each sphere S centered at the origin we have that

lim sup diam(A4,;) =0
n—ro0 j:AnjﬁS#Q)

and
lim Hj:A,; NS # 0} _o,
n—0o0 n
then
tim e { 1760 - £,09]ax} <o

36



PROOF. The triangle inequality implies that

J 1560 = ol < [15.00 - Brpolacs [0 - 1091

J [ /
~~

varlatlon term bias

The histogram is constant on a cell, therefore

[15.60 = B0l dx = / 130 = BLG01dx = 3 1 (Auy) = ()

Put M,, = |[{j : An; NS # 0}, and choose the numbering of the cells such that
AN S#0,j=1,..., M,. Because of the condition of the theorem,

M,
— 0.
n
Denote
My
Su = Auj.
j=1
Then

[ 10a0) ~ Efulx \dx<2|un w5) = B+ (S5 + (S5,

therefore the Cauchy-Schwarz and the Jensen inequalities imply that

B{ 15,60 - ERGIax] < SOB((An) ~ nl(Ay)l} + 20(55)

IA

S B nAog) — A} + 2059
2 2t -

— 2u(5°).

IA

IN
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The sphere S is arbitrary therefore

{/|fn CEf )|dx}—>0.

Concerning the bias term, we have that

X) = M(AH(X)) = 1 VA zZ = Z X,Z Z
B4 G0 = 550 /w%@»[Lf<m [tz da

where

[{zea, )} ‘
A (An (X))

/|Efn(x)— ]dx—/‘/f n(x,2)dz — f(x)| dx.

If f is continuous and is zero outside of a compact set then it is uniformly continuous,
and the inequality

K,(x,z) =

Then

[ a6 - selax< [ [ 1f@) - fGol(x.2) dadx (7.4)

implies that

/|]Efn (x)| dx — 0.

If the density f is arbitrary then for any e > 0 there is a density f such that it is
continuous and is zero outside of a compact set, and

[ 1760~ Folax <=



Then

-/ ‘f(X)— [ . x2) dn ax

< 1569 - i IdX+/‘f Ko (x,2) dz| dx
/’/f dez—/f n(x,2z)dz| dx
< 5+/‘f K,(x,z)dz| dx
/(/\f \K(xz)dx)d
= €+/‘f K, (x,z)dz dx+/|f f(z)| dz
%
O
Theorem 7.3. Assume that f is zero outside a sphere S and it is Lipschitz continuous,

1.€.,

|f(x) = f(2)] < Cllx —z|.
If the partition P, is a cubic partition with side length h,, then for the histogram f,, one
has that

+ C2hn;

E [ If - ful < S
so for the choice
1
h,, = cgn” d+2
we have that

E/|f_fn| < c4n7d7J1r2‘

PROOF. For the variation term, (7.3) implies that

B{ [ 1560 -Breolaxf < /22 <\ [25)
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Concerning the bias term, (7.4) implies that

[Ene - selax < [ [15@) - F001K, bx.2) dadx
< //C||z—x||Kn(x,z)dzdx

//Chn\/aKn(x,z)dzdx
ChaVdA(S).

IN

IN

7.3 Kernel density estimate

Introduce the kernel density estimate such that choose a density K(x), called kernel
function. For a positive bandwidth h,,, the kernel estimate is defined by

1 & X;
fn(X):WZK<X )

lim A, =0 and lim nhd = oco.
n—00 n—00

Theorem 7.4. If

then for the kernel density estimate f,, one has

hm]E/\f x)| dx = 0.

Examples for kernels:

e Naive or window kernel
K(X) = Cﬂ{xeso’r},

where Sy, is a sphere centered at the origin and with radius r.

e (Gauss kernel
K(x) = ce I,

e Cauchy kernel
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e Epanechnikov kernel
K (x) = c(1 = [|x[I*) L1y

Theorem 7.5. Assume that f is zero outside a sphere S and it is differentiable with
Lipschitz continuous gradient, i.e.,

1 (x) = f'(2)]| < Clix — 2.

Then for the kernel estimate f,, one has that

E - Jn S +Chn7
Jir-nis e

so for the choice
1

h, = csn” d+

we have that

E [ If - ful < e

For further reading on L; density estimation, the books Devroye, Gyorfi [1985], De-
vroye [1987] and Devroye, Lugosi [2001] are suggested.
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Chapter 8

Testing Simple Hypotheses

8.1 «-level tests

In this section we consider decision problems, where the consequences of the various
errors are very much different. For example, if in a diagnostic problem Y = 0 means
that the patient is OK, while Y = 1 means that the patient is ill, then for Y = 0 the
false decision is that the patient is ill, which implies some superfluous medical treatment,
while for Y = 1 the false decision is that the illness is not detected, and the patient’s
state may become worse. A similar situation happens for radar detection.

The event Y = 0 is called null hypothesis and is denoted by H,, and the event ¥ =1
is called alternative hypothesis and is denoted by H;. The decision, the test is formulated
by a set A C R? called acceptance region such that accept H, if X € A, otherwise reject
Ho, i.e., accept Hi. The set A° is called critical region.

Let Py and P; be the probability distributions of X under Hy and H;, respectively.
There are two types of errors:

e Error of the first kind, if under the null hypothesis Hy we reject Hy. This error is
Py(A°).

e Error of the second kind, if under the alternative hypothesis H; we reject H;. This
error is P (A).

Obviously, one decreases the error of the first kind Fy(A°) if the error of the second
kind P;(A) increases. We can formulate the optimization problem such that minimize
the error of the second kind under the condition that the error of the first kind is at most
O<a<l:

N P{)r(lgcl)ga Pi(A). (8.1)
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In order to solve this problem the Neyman-Pearson Lemma plays an important role.

Theorem 8.1. (NEYMAN, PEARSON [1933]) Assume that the distributions Py and P
have densities fo and fi:

PO(B):/BfO(x)dx and P1(B)=/Bf1(x)dx-

For a~v >0, put
A, ={x: fo(x) > vfi(x)}.

If for any set A
Py(A%) < Py(45)

then
P (A) > Pi(A,).

PROOF. Because of the condition of the theorem, we have the following chain of inequal-
ities:

Py(A°)
Py(A“NA,) + Py(A°N AY)

/ fo(z)dr < / fo(z)dz.
A°NAy ANAS

The definition of A, implies that

V/ACOAW fi(x)dx < /Aanv fo(x)dx < /AM% fo(x)dx < v/AmA% fi(x)dx,

therefore using the previous chain of derivations in a reverse order we get that

Po(A7)
Py(ANAS) + Py(A°N A7)

Pi(A%) < Pi(A7).

O
In Figure 8.1 the blue area illustrates the error of the first kind, while the red area is
the error of the second kind.
If for an 0 < a < 1 there is a v = (), which solves the equation

PO(A»Cy) = qQ,
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Y

Figure 8.1: Error of the first and second kind.

then the Neyman-Pearson Lemma implies that in order to solve the problem (8.1), it is
enough to search for set of form A,, ie.,

min P (A)= min P(A4,).

A: Po(AC)SOz AA{:P()(A,CY)SQ

Then A, is called the most powerful a-level test.
Because of the Neyman-Pearson Lemma, we introduce the likelihood ratio statistic

fo(X)
T(X) = ,
RRRAPY
and so the null hypothesis H, is accepted if T'(X) > ~.

EXAMPLE 1. As an illustration of the Neyman-Pearson Lemma, consider the example of
an experiment, where the null hypothesis is that the components of X are i.i.d. normal
with mean m = mg > 0 and with variance o2, while under the alternative hypothesis
the components of X are i.i.d. normal with mean m; = 0 and with the same variance
o%. Then

d )2
fo(X):fo(xl,...,xd):H< 1 6%62))

and

(%)= filxy,...,24) = H < 1 e‘zafz))



and

means that

or equivalently,
Z(QXim —m?) > 20 In.
i=1

This test accepts the null hypothesis if

d
202Invy/d+m?  o?lny m
X; > — LV
; - 2m dm * 2 7

The test is based on the linear statistic Zle X;/d, and the question left is how to choose
the critical value +/, for which it is an a-level test, i.e., the error of the first kind is a:

Under the null hypothesis, the distribution of 52?:1 X; is normal with mean m and
with variance o2 /d, therefore

d
1 v —m
Py < = X; <y =9 ( > ,
’ {d 2% } o/ Vi
where ® denotes the standard normal distribution function, and so the critical value ~/
of an a-level test solves the equation

v (_7:/};1) -

v =m—dY1—a)/Vd.

ie.,
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REMARK 1. In many situations, when d is large enough, one can refer to the central
limit theorem such that the log-likelihood ratio

L foX)

fi(X)
is asymptotically normal. The argument of Example 1 can be extended if under H, the
log-likelihood ratio is approximately normal with mean mg and with variance o2. Let
the test be defined such that it accepts Hy if

fO(X) /
Ax) =T

1

In

where
' = mo — (I)il(l — 04)0'0.

Then this test is approximately an a-level test.

8.2 ¢-divergences

In the analysis of repeated observations the divergences between distribution play an
important role. Imre Csiszar [1967] introduced the concept of ¢-divergences. Let ¢ :
(0,00) — R be a convex function, extended on [0, 00) by continuity such that ¢(1) = 0.
For the probability distributions 4 and v, let A be a o-finite dominating measure of u
and v, for example, A = u + v. Introduce the notations

dp
T=a

and

v
9= ax
Then the ¢-divergence of p and v is defined by

Do) = [ 0 (M) GEON(x). (8.2

9(x)
The Jensen inequality implies the most important property of the ¢-divergences:
f (X)) f(x)
D ,V:/gb(— g(x)A(dx) > ¢ ——g(x)A\(dx) | = ¢(1) = 0.
)= [ o (22 atoran) = o ( | Z¥a60rax) = o)
It means that Dy(p,v) > 0 and if g = v then Dy(p,v) = 0. If, in addition, ¢ is strictly

convex at 1 then Dy(p,v) =0 iff p=wv.
Next we show some examples.
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e For
¢1(t) = |t = 1],
we get the Ly distance

Dy, (p,v) = » (%) = g(x)|A(dx).

e For

oa(t) = (V- 1)%,

we get the squared Hellinger distance

Datur) = [ (VI = Vo) Adx)
_ 2<1_ ) deX)).

e For
¢3 (t) = —1In t,
we get the I-divergence (called also relative entropy or Kullback-Leibler divergence)
o) = Daylpo) = [ (@) GO ().
R4 f(x)
e For

$at) = (t = 1)%,

we get the x2-divergence

X*(p,v) = D, (1, v) = /R d & (X)g(_xi(x)) A(dx).

An equivalent definition of the ¢-divergence is
M(Aj)>
Dy(p,v) =su v(A;), 8.3
s(p,v) = Sup Ej ¢ <V(Aj) (4;) (8.3)

where the supremum is taken over all finite Borel measurable partitions P = {4,} of R%.
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The main reasoning of this equivalence is that for any partition P = {A4,}, the Jensen

inequality implies that

Do) = [ o(L2) stxinax

Y

(]

<-
N At

(8.4)

The sequence of partitions Py, Ps, ... is called nested if any cell A € P, is a subset

of a cell A’ € P,. Next we show that for nested sequence of partitions

p(A)
— A)T.
> ¢(V<A))”< )1
APy
Again, this property is the consequence of the Jensen inequality:

> o) - (X, o(t) )

A'€Pp i1 AEP, \A’€P,41,A'CA

(I

A€P, \A’€P, 1,A/CA

v

(A v(A)
P (Z () v<A>> "

- Xola)w

AePy,
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It implies that there is a nested sequence of partitions Py, Ps, ... such that
u(A)) <M(A))
—= | v(A) T su ——= | v(A).

2 () vt 2o )@

The sequence of partitions Py, Po, ... is called asymptotically fine if for any sphere
S centered at the origin

lim max  diam(A) =0. (8.5)
n—00 A€Py,, ANS#0
One can show that if the nested sequence of partitions P, Po, ... is asymptotically fine
e () fx)
X
> (“—) A1 [ o (—) GEON(d).
2@ v ” L glx)

This final step will be verified in the particular case of L; distance, cf. (9.7). In general,
we may introduce a cell wise constant approximation of %:

Fux) = M) e e a

v(A)
Thus, A
uid = x)) g(x)A\(dx
A;n‘b(v<z4>>”(’4)_/nww”< ) 9(x)A(d)
and /(%)
F,(x) — %)
for almost all x mod A with g(x) > 0 such that
[ om0 atona - [ (L2 srian.

8.3 Repeated observations

The error probabilities can be decreased if instead of an observation vector X, we are
given n vectors Xy, ..., X, such that under Hy, Xy, ..., X, are independent and identi-
cally distributed (i.i.d.) with distribution Fy, while under H;, Xy,...,X, are i.i.d. with
distribution P;. In this case the likelihood ratio statistic is of form

fiXy) - - 1K)
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The Stein Lemma below says that there are tests, for which both the error of the first
kind «,, and the error of the second kind £, tend to 0, if n — oo.

In order to formulate the Stein Lemma, we remember the I-divergence

1B P = DU £ = [ oo QEXMX, (8.6)

x)

Theorem 8.2. (CF. CHERNOFF [1952]) For any 0 < 0 < D(fo, f1), there is a test such
that the error of the first kind

a, — 0,

and for the error of the second kind

B, < e—UD(fo.f1)=8) _y .

PrOOF. Construct a test such that accept the null hypothesis H if

foXy) - - - fo(Xn) o (Diso.f1)-0)
fiXy) - A(X) T ’

or equivalently

Under H, the strong law of large numbers implies that

%Zln ]fti]gil; — D(fo, f1)
i=1 !

almost surely (a.s.), therefore for the error of the first kind «,,, we get that
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Concerning the error of the second kind [, we have the following simple bound:

Bn

_ fo(Xy) - ..o - fo(Xy) n(D(fo,fl)s)}
i {fl(X1)~ o AX.)

= fi(x1) - ..o fi(xp)dxy, ..., dx,

Jo(x1): ... -fo(xn) (D(f0,1)—9)
i zen (P00}

< Do 1)) / Folx1) - v - fo(xn)dx1, ..., d%n
Mxnw(mmf&)}
f1(x1) o f1(xn) =

< e D(fo,f1)=6)
L]

The critical value of the test in the proof of the Stein Lemma used the I-divergence
D(fo, f1). Without knowing D( fo, f1), the Chernoff Lemma below results in exponential
rate of convergence of the errors.

Theorem 8.3. (CHERNOFF [1952]). Construct a test such that accept the null hypoth-
esis Ho if
fo(Xq1) - ... - fo(Xy)
A(X) - Al(X)

> 1,

or equivalently

—~ fo(X;)
Z-len e > 0.

(This test is called mazximum likelihood test.) Then

o < (inf fl(X)sfo(X)l‘st)n
Rd

s>0

and

o (inf [ Ao s o)

PrOOF. Apply the Chernoff bounding technique such that for any s > 0 the Markov
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inequality implies that

—. fo(Xy)
a, = P In <0
{ Ai(X))
"X
= Py<s In >0
0{ ; fo(X5)
_ po{esz?un;’siizi >1}
< Eo{eszwn;;iizi}

- fl(Xz'))s
= E .
’ {H <f0(Xz')
Under Hy, X4,...,X, are i.i.d., therefore

Oy, S EO{ﬁ

fl (X) > S ) n
x)dx | .
(/Rd (f 0(x) o(x)
Since s > 0 is arbitrary, the first half of the lemma is proved, and the proof of the second
half is similar. O

REMARK 2. The Chernoff Lemma results in exponential rate of convergence if

inf [ fi(x)*fo(x)"dx <1

s>0 Rd
and

inf [ fo(x)*fi(x)!"%dx < 1.

s>0 R
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The Cauchy-Schwartz inequality implies that

inf f[x)*fo(x) fdx < » fl(x)1/2f0(x)1/2dx

s>0 R4

< \/ fix)dx [ fo(x)dx
R4 Rd
= 1,

with equality in the second inequality if and only if fy = f;. Morover, one can check
that the function

g(s) :== » F1(x)* fo(x) %dx

is convex such that g(0) =1 and ¢g(1) = 1, therefore

inf [ fi(x)°fo(x)'"dx = inf fr(x)* fo(x)' ~*dx.

s>0 R4 1>s>0 R4
The quantity
He(f()a fl) = . fl(X)1/2fo(X)l/2dX (8‘7)
R

is called Hellinger integral. The previous derivations imply that

o, < He(fo, f1)"

and

Bn < He(fo, fl)n

The squared Hellinger distance Dy, (u, ) was introduced in previous section. One can
check that

Dy, (p,v) =2 (1 = He(fo, f1)) -

REMARK 3. Besides the concept of a-level consistency, there is a new kind of consistency,
called strong consistency, meaning that both on Hy and on its complement the tests make
a.s. no error after a random sample size. In other words, denoting by Py (resp. Py) the
probability distributions under the null hypothesis (resp. under the alternative), we have

Py{rejecting H, for only finitely many n} =1 (8.8)

and
P, {accepting Hy for only finitely many n} = 1. (8.9)
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Because of the Chernoff bound, both errors tend to 0 exponentially fast, so the Borel-
Cantelli Lemma implies that the maximum likelihood test is strongly consistent. In a
real life problem, for example, when we get the data sequentially, one gets data just once,
and should make good inference for these data. Strong consistency means that the single
sequence of inference is a.s. perfect if the sample size is large enough. This concept is
close to the definition of discernability introduced by Dembo and Peres [1994]. For a
discussion and references, we refer the reader to Devroye and Lugosi [2002].
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Chapter 9

Testing Simple versus Composite
Hypotheses

9.1 Total variation and I-divergence

If 1 and v are probability distributions on R? (d > 1), then the total variation distance
between p and v was defined by

Vi(p,v) = Sup [u(A) —v(A)],

where the supremum is taken over all Borel sets A. According to the Scheffé Theorem
(Theorem 7.1), the total variation is the half of the L; distance of the corresponding
densities.

The following inequality, called Pinsker’s inequality, gives an upper bound to the
total variation in terms of I-divergence:

Theorem 9.1. ( CsiSZAR [1967]|, KULLBACK [1967] AND KEMPERMAN [1969])
2{V ()} < I(p,v). (9.1)

PRrROOF. Applying the notations of the proof of the Scheffé Theorem, put

A ={f>g},

then the Scheffé Theorem implies that
Vi, v) = p(A%) - v(A%).
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Moreover, from (8.4) we get that

1 > u(A%)1 1—pu(A")In ——=
() 2 (A I B 4 (L ()
Introduce the notations
¢ =v(A") and p = p(A") > ¢,
and )
p — P
h =pln=+(1-p)l .
p(q) pnq+( p) R
then we have to prove that
2(p — a)* < y(a),
which follows from the facts on the derivative:
d p 1-p
—(hp(@) =2(p—q)*) = = +-—+4lp—q
Tyl —20-0%) = 2+ =L +ap—0
p—q
= ————+4p—q
q(1—q) #=q)
< 0.
O
9.2 Large deviation of L, distance
Consider the sample of R%valued random vectors X,,..., X, with 7.i.d. components

such that the common distribution is denoted by v. For a fixed distribution u, we
consider the problem of testing hypotheses

Ho:v=pversus Hi:v #pu

by means of test statistics T,, = T,,(Xq, ..., X,).

For testing a simple hypothesis H, that the distribution of the sample is p, versus a
composite alternative, Gyorfi and van der Meulen [1990] introduced a related goodness
of fit test statistic L,, defined as

L= ta(Aug) = u(Any)l,
j=1
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where p,, denotes the empirical measure associated with the sample Xy, ..., X, so that

#{ZXZGA,/l:l,,n}

:un(A) = n

for any Borel subset A, and P, = {A,1,..., Aym, } is a finite partition of R?.
Next we characterize the large deviation properties of L,,:

Theorem 9.2. (BEIRLANT, DEVROYE, GYORFI AND VAJDA [2001]). Assume that

lim max p(A4, ;) =0 (9.2)
n—oo  j
and |
lim 2, (9.3)
n—oo n
Then for all 0 < € < 2
1
nh_)rxolo ﬁlnP{Ln > e} = —gr(e), (9.4)
where
. p l—p
= f 1 l—p)lnh——F1+ ). 9.5
nte) =, int (v =) 95)

Biau and Gyorfi [2005] provided an alternative derivation of g, (¢) and non-asymptotic
upper bound.

Theorem 9.3. (Biau AND GYORFI [2005]). For any € > 0,
P{L, > ¢} < 2Mne /2,
Proof. By Scheffé’s theorem for partitions

L= Y |ma(A) = p(A)| =2 max (un(A) — pu(A)),

A Pn
AEP, co(Pn)

where the class of sets o(P,,) contains all sets obtained by unions of cells of P,,. Therefore,
for any s > 0, by the Markov inequality

]E{ensLn/Q}

P{L, > ¢} =P{L,/2 > ¢/2} = P{e"*Ln/? > ens/2} < 7
e’fLSE
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Moreover,

E snLn/2 - E sn(pn(A)—p(A))
{e } { e e }

S E{ennd-uany
Aeo(Pr)

9Mn nax ]E{esn(un(A)—u(A))}
A€o (Prn)

IA

IN

= 2™ max ]E{esn“"(A)}e_S”“(A).
AGG’(Pn)

For any fixed Borel set A,

B (V) = Be = xery = JTB{et) = (en(4) +1 - p(4))"

i=1
Thus, for any s > 0, we have that

n

P{L, >¢} < 2™ Lm%}){ : es WD) (o3 1(A) + 1 — p(A))
€o(Pn

For fixed set A, choose
o A +e/2 1 p(A)
1—(u(A) +e€/2) p(A) -

™

then for this s,
e—s(r(A)+e/2) (e*u(A) + 1 — p(A)) = e~ T((1(A)+e/2,1—-p(A)—€/2),(1(A), 1-p(A)))
S 6—62/2

Y

where the last step follows from the Pinsker inequality. Thus,
P{L, > €} < 2Mne /2,
O

REMARK 5. As a special case of relative frequencies, in the previous proof the Chernoff
inequality

P{jn(A) — p(A) > €} < eI (HA He/2, () =¢/2),(u(A) 1=(A))
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and the Hoeffding inequality is contained:
P{n(A) — p(A) > e} < e (9.6)
The Hoeffding inequality can be extended as follows: Let Xi,..., X, be independent
real-valued random variables, let a,b € R with a < b, and assume that X; € [a, b] with
probability one (i = 1,...,n). Then, for all € > 0,
_ 2ne2
> e} < 2e Ib-al?,

n

1
{23 - s
i=1
(Cf. Hoeffding [1963].) A further refinement is the Berstein inequality such that it
takes into account the variances, too: let Xy,..., X, be independent real-valued random
variables, let a,b € R with a < b, and assume that X; € [a,b] with probability one
(t=1,...,n). Let

1 n
2
= — X} > 0.
ot = ;:l Var{X;}

Then, for all € > 0,

P{|%i<xi ~B{X.)

=1

2
. met
> 6} S e 202+2e(b—a)/3

(Cf. Berstein [1946].)

9.3 L;-distance-based strongly consistent test

Theorem 9.3 results in a strongly consistent test such that reject the null-hypothesis H,

if
/m.
Ln>cl TL’
n

cg >V2In2 ~1.177.

Moreover, assume that the sequence of partitions Py, P, ... is asymptotically fine. (Cf.
(8.5)). Then, under the null hypothesis Hy = {v = u}, the inequality in Theorem 9.3
implies an upper bound on the error of the first kind

P {Ln > %} < 9mn p—ncimn/(2n) _ g=mn(c}/2-In2) _
V n
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If m,,/Inn — oo then
ZP{Ln > cm/%} < 00,
n=1 n

therefore the Borel-Cantelli lemma implies that the goodness of fit test based on the
statistic L,, is strongly consistent under the null hypothesis Hy, independently of the
underlying distribution .

Under the alternative hypothesis H; = {v # u}, the triangle inequality implies that

L, = imn(Am)—u(Anm

Zlﬂ( nj) Z|Nn nj) (Anj)l.

A%

Because of the argument above,

D lin(Anj) = v(Any)| = 0,
j=1

a.s., while the condition (8.5) and {v # p} imply that

D (Ang) = v(Ang)| — 2sup \u(B) —v(B)| =2V (p,v) > 0. (9.7)
therefore
liminf L,, > 2V (pu,v) > 0 (9.8)

a.s., therefore L, > c¢1\/m,/n a.s. for n large enough, and so the goodness of fit test
based on L, is strongly consistent under the alternative hypothesis H;, too.

In order to show (9.7) we apply the technique from Barron, Gyérfi and van der Meulen
[1992]|. Choose a measure A which dominates y and v, for example, A = u+v, and denote
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by f the Radon-Nikodym derivative of 1 — v with respect to A\. Then, on the one hand,

Do)~ = Y

AeP, AcPn

IN
]
=
E

On the other hand, for uniformly continuous f, using (8.5),

> /Afd)\‘—>/|f|d)\.

AePn
If f is arbitrary then, for a given § > 0, choose a uniformly continuous f such that

/|f—f|d>\<5.

Thus

D

AePy

/Afd)\‘ > Z/AfdA—Z

AV (V4
~ ~
o o
= =
| |
> —
=
|
=
(oW
>~

Y

/\f|d/\—26

= 2sup|u(B) —v(B)| —24.
B
The result follows since ¢ was arbitrary.
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9.4 L,-distance-based a-level test

Beirlant, Gyorfi and Lugosi [1994] proved, under conditions

My

lim m,, = oo, lim — =0,
n—00 n—oo 1
and
Jim  max p(An) =0,
that

Vi (L, —E{L,}) Jo B N(0,1),

where 2 indicates convergence in distribution and o2 =1 — 2/7.
Let a € (0,1). Consider the test which rejects Hy when

m g m
L, > e/ —+—=01-a)=~ —,
2 n +\/ﬁ ( @) % o2 n

o =+/2/m~ 0.798.

where

Then the test is asymptotically an a-level test.
Comparing ¢, above with ¢; in the strong consistent test, both tests behave identically
with respect to y/m,,/n for large enough n, but ¢, is smaller.
Under H,,
P{vn(L, —E{L.})/0 < 2} ~ ©(2),

therefore the error probability with threshold z is
a=1—-d(x).
Thus the asymptotically a-level test rejects the null hypothesis if

L, >E{L,} + % 71— a).

Beirlant, Gyorfi and Lugosi [1994] proved an upper bound

E{L,} < V2/m [~
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Chapter 10

Testing Homogeneity

10.1 The testing problem

Consider two mutually independent samples of R%valued random vectors X, ..., X,
and X/,...,X] with i.i.d. components distributed according to unknown probability
measures 4 and y'. We are interested in testing the null hypothesis that the two samples
are homogeneous, that is

Ho: =y

Such tests have been extensively studied in the statistical literature for special parametrized
models, e.g. for linear or loglinear models. For example, the analysis of variance provides
standard tests of homogeneity when p and i/ belong to a normal family on the line. For
multinomial models these tests are discussed in common statistical textbooks, together
with the related problem of testing independence in contingency tables. For testing ho-
mogeneity in more general parametric models, we refer the reader to the monograph of
Greenwood and Nikulin [1996] and further references therein.

However, in many real life applications, the parametrized models are either unknown
or too complicated for obtaining asymptotically a-level homogeneity tests by the classical
methods. For d = 1, there are nonparametric procedures for testing homogeneity, for
example, the Cramer-Mises, Kolmogorov-Smirnov, Wilcoxon tests. The problem of d > 1
is much more complicated, but nonparametric tests based on finite partitions of R? may
provide a welcome alternative. Such results are the extensions of Read and Cressie [1988].

In the present chapter, we discuss a simple approach based on a L; distance test
statistic. The advantage of our test procedure is that, besides being explicit and rela-
tively easy to carry out, it requires very few assumptions on the partition sequence, and
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it is consistent. Let us now describe our test statistic.

Denote by p, and !, the empirical measures associated with the samples Xy, ..., X,
and X/, ..., X/ respectively, so that

# ZX,LGA,Z:l,,n
() = XSS s

and, similarly,

#{i: X eAi=1,...,n
w4y =1 : }

Based on a finite partition P, = {An1,..., Anm,} of R? (m, € N*), we let the test
statistic comparing u, and p, be defined as

To= lua(Ang) = 1, (Any)l.
j=1

10.2 L,-distance-based strongly consistent test

The following theorem extends the results of Beirlant, Devroye, Gyorfi and Vajda [2001],
and Devroye and Gyorfi [2002] to the statistic T,,.

Theorem 10.1. (BiAau, GYORFI [2005].) Assume that conditions

My,

lim m,, = oo, lim — =0, (10.1)
n—o0o n—oo M
and
lim max p(Ay;) =0, (10.2)
n—oo j=1,....mn

are satisfied. Then, under Hy, for all 0 < e < 2,

1
lim — InP{T,, > e} = —gr(e),

n—oo M

where
gr(e) = (1+¢/2)In(1 +¢/2)+ (1 —¢/2)In(1 — /2).

PROOF. We prove only the upper bound

P{T, > €} < 2Mne "9r(9) < gmnenet/4 (10.3)
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For any s > 0, the Markov inequality implies that

E snTy
P{Tn > 6} — ]P){esnTn > esne} < M

eSTLE

By Schefté’s theorem for partitions

To= > ma(A) = ()] =2 max (un(A) = 4, (4)).
AEP, "

where the class of sets o(P,,) contains all sets obtained by unions of cells of P,,. Therefore

E snTy — E a 2sn(pn(A) —% (A))
{em™} = E{ max J

3 Efeznlm -4}
AEO’(Pn)

9™ max E{e2nn(-p (AN
AEU(Pn)

IA

IA

— 9mn ax [E{e2smtn (AR L o=2smuy (A
B R}

Clearly,

]E{QQSn#n(A)} _ Ze2sk (Z) N(A)k (1 . N(A>>n_k

and, similarly, under H,,

E{e—%nu;(f\)} = Z e~k <Z> p(A)F (1 - ”(A»nik



The remainder of the proof is under the null hypothesis Hy. From above, we deduce that

E{es" T}
<2 max (2(4) + 1= p(4))" (e p(A) +1 - p(4)"
=2 max [(¢(A) + 1= u(A)) (7 p(A) +1— u(4))]"
=2 max [+ p(A) (1= p(A)) (2 + 7 = 2)]"

<2 [14 (e + e —2)/4]"
= 2" [1/2+ (e +e2)/4]".

It implies that

snTy, 1/2 2s —2s 4 n
P{T, > ¢} < ianSTn" inf 2+ (e +e)/

s>0 esne >0 ese
One can verify that the infimum is achieved at

o2 1+¢/2
1—¢/2’
and then
P{T,, > ¢} < 2mne97(9),

The Pinsker inequality implies that

gr(e) > 62/4
therefore
P{T, > €} < 2Me /4,

OJ

The technique of Theorem 10.1 yields a distribution-free strong consistent test of

homogeneity, which rejects the null hypothesis if 7;, becomes large. We insist on the fact

that the test presented in Corollary 10.1 is entirely distribution-free, i.e., the measures
i and p' are completely arbitrary.

Corollary 10.1. (B1au, GYORFI [2005].) Consider the test which rejects Ho when

m
Tn > Clwl—n,
n
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where
c1 > 2vVIn2 ~ 1.6651.

Assume that condition (10.1) is satisfied and

Then, under Hoy, after a random sample size the test makes a.s. no error. Moreover, if
F

and the sequence of partitions Py, Ps, ... is asymptotically fine, (cf. (8.5)), then after a
random sample size the test makes a.s. no error.

PROOF. Under Hy, by (10.3),

P {Tn > C1 4 /%} < ane—ngT(Cm/mn/n)

_ 2mne—nc%(mn/n)/4+n~0(mn/n)

ef(c%/llfln 2+O(1))mn

)

as n — 00. Therefore the condition m,,/Inn — oo implies that

Z]P’{Tn > CM/%} < 00,
n=1 n

and by the Borel-Cantelli lemma we are ready with the first half of the corollary. Con-
cerning the second half, in the same way as for (9.7) we can show that by the additional
condition (8.5),

liminf 7,, > 2sup |u(B) — '(B)] > 0 (10.4)

n—0o0 B

a.s. O

10.3 Li-distance-based a-level test

Again, one can prove the following asymptotic normality:
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Theorem 10.2. (B1au, GYORFI [2005].) Assume that conditions (10.1) and (10.2)
are satisfied. Then, under Hy, there exists a centering sequence C,, = E{T,} such that

Vi (T, — Cy) Jo 5 N(0,1),
where 0® = 2(1 — 2/m).

Theorem 10.2 yields the asymptotic null distribution of a consistent homogeneity
test, which rejects the null hypothesis if 7}, becomes large. In contrast to Corollary 10.1,
and because of condition (10.2), this new test is not distribution-free. In particular, the
measures p and g’ have to be nonatomic.

Corollary 10.2. (B1Aau, GYORFI [2005].) Put a € (0,1), and let C* = 0.7655 denote
a unwversal constant. Consider the test which rejects Hy when

m m o m
T, > ey — + C* 2+ —= 071 — ) = ey [ —2,
ey~ + - +\/ﬁ (1—a)~c .

2
0’ =2(1-2/m) and cy= NG ~ 1.1284.
Then, under the conditions of Theorem 10.2, the test is an asymptotically a-level test.
Moreover, under the additional condition (8.5), the test is consistent.

where

PROOF. According to Theorem 10.2, under H,,
P{v(T, —B{T,})/o < o} ~ ©(x),
therefore the error probability with threshold x is
a=1-d(x).
Thus the a-level test rejects the null hypothesis if

T, > E{T,} + % (1 - a).

However, E{7,,} depends on the unknown distribution, thus we apply an upper bound
on E{T,}, and so decrease the error probability. The following inequality is valid:

E{Tn} S C2 % + C* %7
\/ n n
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(cf. Biau, Gyorfi [2005]). Thus

a ~ P {Tn > E{T,} + % (1 — a)}

m m g
> PAT, >cop|—+C"—+ —=d (1 - .
= { Co n _I' n +\/ﬁ ( Oé)}

This proves that the test has asymptotic error probability at most «.
Under p # p/, the consistency of the test follows from (10.4).
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Chapter 11

Testing Independence

11.1 The testing problem

Consider a sample of R? x R -valued random vectors (X;,Y3),. .., (X,,Y,) with inde-
pendent and identically distributed (i.i.d.) pairs. The distribution of (X,Y) is denoted
by v, while p; and ps stand for the distributions of X and Y, respectively. We are
interested in testing the null hypothesis that X and Y are independent,

Ho: v =1 X pg, (11.1)

while making minimal assumptions regarding the distribution.

We obtain two kinds of tests for each statistic: first, we derive strong consistent tests
— meaning that both on H, and on its complement the tests make a.s. no error after
a random sample size — based on large deviation bounds. While such tests are not
common in the classical statistics literature, they are well suited to data analysis from
streams, where we receive a sequence of observations rather than a sample of fixed size,
and must return the best possible decision at each time using only current and past
observations. Our strong consistent tests are distribution-free, meaning they require no
conditions on the distribution being tested; and universal, meaning the test threshold
holds independent of the distribution. Second, we obtain tests based on the asymptotic
distribution of the L;, which assume only that v is nonatomic. Subject to this assump-
tion, the tests are consistent: for a given asymptotic error rate on Hg, the probability of
error on H; drops to zero as the sample size increases. Moreover, the thresholds for the
asymptotic tests are distribution-independent. We emphasize that our tests are explicit,
easy to carry out, and require very few assumptions on the partition sequences.

Additional independence testing approaches also exist in the statistics literature. For
d = d =1, an early nonparametric test for independence, due to Hoeffding [1948], Blum
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et al. [1961], De Wet [1980] is based on the notion of differences between the joint distri-
bution function and the product of the marginals. The associated independence test is
consistent under appropriate assumptions. Two difficulties arise when using this statistic
in a test, however. First, quantiles of the null distribution are difficult to estimate. Sec-
ond, and more importantly, the quality of the empirical distribution function estimates
becomes poor as the dimensionality of the spaces R? and R? increases, which limits the
utility of the statistic in a multivariate setting.

Rosenblatt [1975| defined the statistic as the L, distance between the joint density
estimate and the product of marginal density estimates. Let K and K’ be density
functions (called kernels) defined on R? and on R, respectively. For the bandwidth
h > 0, define

Ky(x) = %K (%) and K;(y) = hld,K' <%> :

The Rosenblatt-Parzen kernel density estimates of the density of (X,Y) and X are
respectively

Fu(x,y) = % 3 il = X Kjly = Yo) and fua(x) = % Y Kix-X), (112

with f,, 2(y) defined by analogy. Rosenblatt [1975] introduced the kernel-based indepen-
dence statistic

T [ ) = Fua0fay) P dy. (11.3)

Further approaches to independence testing can be employed when particular assump-
tions are made on the form of the distributions, for instance that they should exhibit
symmetry. We do not address these approaches in the present study.

11.2 L -distance-based strongly consistent test

Denote by v,, pn,1 and p,o the empirical measures associated with the samples
(X1, Y1),..., (X, Y,), Xy,..., X, and Y7, ..., Y, respectively, so that

V(AX B)=n""#{i: (X;,Y;) € Ax Byi=1,...,n},
pni(A) =n"19#{i: X; € Ayi=1,...,n}, and
tno(B)=n""9{i: Y, € Bji=1,...,n}.
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Given the finite partitions P, = {A,1,..., Ay m,} of R and Q, = {By1,..., Bym } of
Rd', we define the L, test statistic comparing v,, and i, 1 X fin 2 as

Ln(ynaun,l X :un,Z) = Z Z |Vn(A X B) - ,un,l(A) : ,un,Q(B)|
AePn BEQy,

In the following two sections, we derive the large deviation and limit distribution prop-
erties of this L statistic, and the associated independence tests.

For testing a simple hypothesis versus a composite alternative, Gyorfi and van der
Meulen [1990] introduced a related goodness of fit test statistic L, defined as

Lo(ptns 1) = ) |1 (A) = p(A)].

A€Pn

Biau and Gyorfi [2005]| proved that, for all 0 < ¢,
P{ Ly (st 1, 1) > €} < 2Mme "2, (11.4)
(cf. Theorem 9.3). We now describe a similar result for our L; independence statistic.

Theorem 11.1. (GRETTON, GYORFI [2010].) Under Hy, for all 0 < &1, 0 < &5 and
0 < €3,

P{L,,(Vn, tn1 X fin2) > €1+ €2 +e3} < gmnmy, o=nel/2 4 omn—nei/2 4 omi,—nei/2

PROOF. We bound L, (Vp, ftn1 X fin2) according to

Ln(VmMn,l X Nn,2) = Z Z [Vn(A X B) — Nn,l(A) ':un,2(B)|

A€Pn BEQDn

< S Y (A x B)~v(Ax B)

AePn BEQy,

+ Z Z V(A X B) — p1(A) - pa(B)]

AePpn BEQn

+ Z Z |,U1 ) :unl(A) 'Mn,Q(B)|‘

AEP‘IL Be QIL

Under the null hypothesis H,, we have that

S S WA X B) — u(A) - ja(B)| = 0.

A€Pn BEQy
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Moreover

DD Im(A) - pa(B) = pna(A) - pna(B)]

A€ePy, BEQ,,
< Z Z |11 (A) - p2(B) — p1(A) - pn2(B)
A€eP,, BeEQ,
+ Z Z |N1 ,unQ ) Mn,l(A) ﬂn,2(3)|
AeP, BeQ,
= Z [12(B) — pin2(B)| + Z 11 (A) — pin1 (A)]
BeQ, AePy,

= Ln(ptn1s 1) + L (ptn 2, p12)-
Thus, (11.4) implies

P{L,(Vn, ftn1 X fn2) > €1+ 2+ €3}
P{Ln(vn,v) > e1} + P{Lp(ptn1, 1) > €2} + P{Ln(ptn2, p2) > €3}

! 2 22 2
Qmn My, n51/2+2mn6 ne2/2+2mn€ na3/2'

IA

IN

O

Theorem 11.1 yields a strong consistent test of independence, which rejects the null

hypothesis if L, (vp, fin1 X pin2) becomes large. The test is distribution-free, i.e., the

probability distributions v, pu; and ps are completely arbitrary; and the threshold is
universal, i.e., it does not depend on the distribution.

Corollary 11.1. (GRETTON, GYORFI [2010].) Consider the test which rejects Ho when

/m /mn m n lmnm
Ln(yna,unlx,unQ >Cl< > ~

where
c1 > V22 ~ 1.177. (11.5)
Assume that conditions )
lim 2, (11.6)
n—00 n
and )
lim " = 00, lim o = 00, (11.7)
n—oo IN N n—oo In N



are satisfied. Then under Hy, the test makes a.s. no error after a random sample size.
Moreover, if

v # X iz,

and for any sphere S centered at the origin,

lim max diam(A4) =0 (11.8)
n—00 A€Py, ANS#0

and
lim max diam(B) =0, (11.9)
n—oo BEQ,, BNS#0

then after a random sample size the test makes a.s. no error.

PrOOF. Under Hgy, we obtain from Theorem 11.1 a non-asymptotic bound for the tail
of the distribution of L,,(vy, ftn1 X fin2), namely

/ / / o !
P {Ln(yﬂnll’n,l X Nn,Q) > ( MMy + % —+ %) }
n n n

2mnm%€—c%mnm%/2 + 2mn6—c%mn/2 + Qm%e—c%m’n/2

IN

6—(c§/2—1n2)mnm% +6—(c%/2—1n2)mn +€—(C%/2—1n2)m%

IA

as n — oo. Therefore the condition (11.7) implies

ZP{ un,unlxun2>cl<\/w \/nTn W)}

and the proof under the null hypothesis is completed by the Borel-Cantelli lemma. For
the result under the alternative hypothesis, we first apply the triangle inequality

La(Vns ftng X ftnz) 2 ) > (A x B) = ju(A) - pa(B)|
AEP, BEQ,

= > ) [w(Ax B)—v(Ax B)|

AeP,, BEQ,

— Y |p2(B) = pna(B)]

BeQ,

= > (A = pa(A)].

AePy,
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The condition in (11.6) implies the three last terms of the right hand side tend to 0
a.s. Moreover, using the technique for (9.7) we can prove that by conditions (11.8) and
(11.9),

> ) WA X B) = m(A) - pa(B)| — 2Sgp|1/(0) — 1 X pa(C)] >0

AeP, BEQ,

as n — 0o, where the last supremum is taken over all Borel subsets C' of R? x R and
therefore
lim inf L, (v, fin1 X fnz) > 2sup [v(C) — pyg X pe(C)| >0 (11.10)
C

n—o0

a.s. O

11.3 Li-distance-based a-level test

Again, one can prove the following asymptotic normality:

Theorem 11.2. (GRETTON, GYORFI [2010].) Assume that conditions (11.6) and

lim max u1(A) =0, lim max us(B) =0, (11.11)

n—o00 AEP, n—oo BEQ,

are satisfied. Then, under Ho, there exists a centering sequence
Cn = E{L,(Vn, tn1 X fn2)} depending on v such that

VI (Lo (ns fing X pin2) — Co) Jo = N(0, 1),

where 0> =1—2/7.

Theorem 11.2 yields the asymptotic null distribution of a consistent independence
test, which rejects the null hypothesis if L, (v, fin1 X pin2) becomes large. In contrast to
Corollary 11.1, and because of condition (11.11), this new test is not distribution-free:
the measures p; and o have to be nonatomic.

Corollary 11.2. (GRETTON, GYORFI [2010].) Let a € (0,1). Consider the test which
rejects Ho when




where
o’ =1-2/7 and cy=+/2/m~0.798.

Then, under the conditions of Theorem 11.2, the test is an asymptotically a-level test.
Moreover, under the additional conditions (11.8) and (11.9), the test is consistent.

Before proceeding to the proof, we examine how the above test differs from that in
Corollary 11.1. In particular, comparing ¢, above with ¢; in (11.5), both tests behave
identically with respect to y/m,m! /n for large enough n, but ¢, is smaller.

PROOF. According to Theorem 11.2, under H,,

PLVT (L (Vo fns X finz) — Co) o < 0} ~ B(2),
therefore the error probability with threshold x is
a=1-—d(z).
Thus the a-level test rejects the null hypothesis if

Ln<Vn’/~Ln,1 X /vbn,2) > Cn + i q)_l(l - 05>‘
n

NG

As (), depends on the unknown distribution, we apply an upper bound

/ /
Cn - E{Ln(ynalvbn,l X /vbn,Q)} S V 2/7T %

(cf. Gretton, Gyorfi [2010]). O
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