Exercise sheet 1, Analysis 2, 2023

Exercises marked with E are meant to be fairly easy, only requiring the know-
ledge of basic definitions. Exercises marked with % are meant to be hard in some
sense: either the solution requires a clever trick, or the solution is long and cum-
bersome. Unmarked exercises are meant to be of medium difficulty.

(1)

(2)

E Prove that any finite set A = {ai,...,a,} C R? is Jordan measurable
and \j(A4) =0.

Let A = QN [0,1]. Prove that A%(A) = 1 but A, j(A) = 0, therefore A
is not Jordan measurable. (This means that the historically used phrase
"Jordan measure" is misleading because it is not a measure, as the Jordan
measurable sets do not form a o-algebra.)

Show that in the definition of Jordan inner measure we could equivalently
take countable unions (instead of finite unions), i.e. sup{> —; A\(T})
UT, C A} =\ s(A).

Elet X = {1, x2,x3} be a set with three elements. Construct all possible
o-algebras over X.

E Prove that any o-algebra A is closed under countable intersection, i.e. if
A, € A then N7, A, € A.

E Let (X,M,u) be a measure space, and E, F € M. Prove that u(E) +
w(F) = w(EUF)+p(ENFE).

E Let (X,M, i) be a measure space, and E € M. Let pugp(A) = u(ANE)
for any A € M. Prove that pp is also a measure on (X, M).



Exercise sheet 2, Analysis 2, 2023

(8) ¥ Let X be any non-empty set, and A C X. Determine the o-algebra
generated by the set systems
() {A}
(b) {B: B C A}

(9) Consider the open sets in a metric space (X, d). Do they form a o-algebra?
Determine the special case when they do.

(10) ¥ Let f: X — Y be any function. Prove that
(a) if B is a o-algebra on Y, then {f~1(B) : B € B} is also a o-algebra
on X. (This is called the "pull-back o-algebra.)
(b) If A is a o-algebra on X, then {B C Y : f~1(B) € A} is also a
o-algebra on Y. (This is called the "push-forward" o-algebra.)

(11) Prove that the intervals {(a,b] : a < b} generate the Borel o-algebra on R.
(Recall, that the Borel o-algebra, by definition, is generated by the open
sets in R.)

(12) * Let B(R) be the Borel o-algebra on R, and let Y C R be any set. Prove
that the Borel o-algebra on Y is given by B(Y) = {ANY : A € B(R)}.

(13) Let A C R%. In the definition of the Jordan outer measure we used a finite
number of boxes to cover A. Instead, we define the Lebesque outer measure
by allowing countably many boxes:

)\*(A) = 1nf{zfi1 )\(Tl) A C Ui:lTi}a
where A\(T;) is the product of the sides of T;. Prove that for A = Qn[0,1]
we have \*(A4) = 0 (and hence we see that the Lebesgue outer measure is
not the same as the Jordan outer measure!)

(14) * Let (X,A,u) be a measure space, and let N = {N € A : u(N) = 0},
and A={FUF:EecA,FC N for some N € N}. Prove that A is also a
o-algebra on X.

(15) In the previous exercise, let i(E U F) = u(FE). Prove that & is a measure
on A. Prove that it has the following completeness property: if fi(A) = 0
for a set A € A, then every subset B C A is also measurable and 7i(B) = 0.
(The space (X, A, i) is called the completion of (X, A, 11).)



(16)

(17)

(23)

(24)

(25)

Exercise sheet 3, Analysis 2, 2023
In the exercises below, A\ always denotes the Lebesgue measure.

E Let A C R? be a set such that its Lebesgue outer measure is 0. Prove
A is Lebesgue measurable and A(A4) = 0. (Hint: use the definition of meas-
urability: the splitting property.)

E Let X =10,1]?, and let & denote the family of rectangles T, = {(z,y) €
X:0<a<2<b<1,0<y<1}. Let p: & —[0,1], p(Tap) = b — a.
Let u* be the outer measure generated by p. Prove that the diagonal D =
{(z,y) € X : = y} is not measurable (i.e. it does not have the splitting

property).

E Prove that if E C [0,1], A(E) = 1, then E is dense in [0, 1]. (Hint: prove
equivalently that if a set is not dense, then its complement must contain
an open interval, and therefore its measure must be smaller than one.)

Prove that the Lebesgue measure on R? is open regular, i.e. for any meas-
urable set E' we have A(E) = inf{\(U) : U D E, U is open}.

Prove that the Lebesgue measure on R? is compact regular, i.e. for any
measurable set E we have A\(E) = sup{A\(K) : K C E, K is compact}.

E Let Ap be the family of subsets of RY which can be written as finite
union of disjoint boxes H?zl(ai,bi}. Let A; be the family of subsets of
R? which can be written as finite union of (not necessarily disjoint) boxes
H?:l(ai, b;]. Prove that Ag = Ay, and it is an algebra, but not a o-algebra.
(An algebra is a system of sets closed under complements and finite unions.
Hint: make a drawing in 2-dimensions.)

In the Caratheodory theorem, let us accept the fact the family of p* meas-
urable sets form a o-algebra, and p* is a measure on this o-algebra. Prove
that this measure is complete, as the theorem states.

*Let H C R, A(H) = 0. Prove that there exists a ¢ € R such that all the
numbers ¢+ h (h € H) are irrational.

Prove that the Cantor set is compact, nowhere dense, its Lebesgue measure
is 0, and it cardinality is continuum.

Prove the Borel-Cantelli lemma: "if A; are events such that the sum of
their probability is finite, then the probability that infinitely many of them
occurs is 0". More formally, if x4 is a probability measure on a o-algebra A,
and A; € A are such that > .=, p(4;) < 400 then pu(Npeny Upsn Ax) = 0.
(Note here that the event Nyen Ug>n Ag describes exactly that infinitely
many of the A;’s occur. Hint: use the continuity property of the measure.)
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Exercise sheet 4, Analysis 2, 2023

P Let (X;,A;) be measurable spaces for all positive integers i. Prove that
the product o-algebra ;- A; is generated by "generalized boxes" of the
form ]2, A;, A; € A;. (Recall from class, that the product o-algebra is,
by definition, generated by cylinder sets.)

Prove that B(R?) = ®f=1 B(R). (Hint: the LHS is generated by open sets,
the RHS is generated by generalized boxes. Prove that all open sets can be
built up from such boxes and, conversely, all cylinder sets can be built up
from open sets.)

* Let (X, A), (Y, M) be measurable spaces, and let T' € AQM be a set in the
product o-algebra. Prove that all cross-sections T, = {y € Y : (z,y) € T}
and Ty, = {x € X : (z,y) € T} are measurable for all z € X and y € Y.

£ Prove that the Lebesgue-measure is translation invariant, i.e. for all
Lebesgue-measurable set A C R, and all ¢t € R, we have A\(4) = A\(t + A).
(Hint: check that the definition of the Lebesgue outer measure is translation
invariant.)

Elet A= {(z,y) € R?: 22+ y*> < 1,y > 0}. Prove that A is Lebesgue-
measurable. (Hint: prove that it is a Borel set, and use the property that
all Borel sets are Lebesgue-measurable.)
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Exercise sheet 5, Analysis 2, 2023

Z Let p be a finite Borel measure on R (i.e. a finite measure on the Borel
subsets of R). Let F(z) = u((—o0,x]). Prove that F' is monotonically inc-
reasing and right-continuous. (F' is called the distribution function of pu.)

E Let F(z) =0if 2 <0, and F(x) = 1 if > 0. Follow the construction of
the Lebesgue-Stieltjes measure induced by F', and prove that ugp = §p, the
Dirac measure situated at 0.

E Let Fy(x) = [z] (the integer part of x), and Fy(x) = 2z. What are the
Lebesgue-Stieltjes measures induced by F; and Fb?

Fletg: (X,A) = (Y,M)and f: (Y,M) — (Z, &) be measurable functions.
Prove that f o g is also measurable.

Let (X, A), (Y1,My), (Y2, M) be measurable spaces. Prove that a function
f=0U1,/02): X =Y xYsyis A —M; ® My-measurable iff f; is A — M;-
measurable, and f; is A—Msy-measurable. (Use the definition of the product
o-algebra.)

P Let (X, A, 1) be a complete measure space, and let f,g: X — R be func-
tions such that f = g p-almost everywhere. Prove that if f is measurable,
than so is g.

Let f: R — R™ be a Borel measurable function, and let g(x) = || f(2)|lco-
Prove that g : R — R is also Borel measurable.

Let f,g : R — R be Borel measurable functions. Prove that f 4 g is also
Borel measurable.



(39)

(40)

Exercise sheet 6, Analysis 2, 2023

Let f € L*(X). Prove that [ fdu = 0 iff f(z) = 0 for p-almost every
x € X. (Hint: use the definition of [, fdu.)

P Let X =N, and u the counting measure (i.e. u(A) = |A| if A is a finite
set, and pu(A) = oo if A is not finite). Prove that in this case LT (X) is

the set of nonnegative sequences, and for any f = (a,) € Lt we have
Jx fdp =307 a,. (Hint: use the definition of L*(X), and the definition

of [ fdu.)

E Let (X,A) be a measurable space, and 1 < pg < --- < pp < ..
be measures on it. Prove that u(E) = sup,cy pn(E) is also a measure on
(X,A)-n. (Hint: use the previous exercise and the monotone convergence

theorem.)

P Give an example of a sequence of functions f,, € LT (R), f.(x) — f(x)
for all z € R, but [ f # limy—o0 [ fi-

E Prove that fol 2?(1—z) toga de = =3 oo (a+ k)2 for all @ > —1.
(Hint: take the power series of (1—x)~! and use the monotone convergence
theorem.)

E Calculate lim;,— oo fon e 2 (1 + Z)dx. (Hint: use the monotone conver-
gence theorem or the Lebesgue dominated convergence theorem.)

. n 212 t
E Calculate limy, o [} A2 gy,
n

nated convergence theorem.)

(Hint: use the Lebesgue domi-

B Calculate [;* %ﬁ’;)dm. (Hint: for t = z/n we have 2t — 1, and then

use the Lebesgue dominated convergence theorem.)

E Calculate lim,,_ o0 fol %dm. (Hint: first integrate by parts, and then use
Lebesgue dominated convergence theorem.)

Let F(x) = arctan(2z + 1) if < 0 and F(z) = % if £ > 0. Let p be
the Lebesgue-Stieltjes measure induced by F, i.e. u((a,b]) = F(b) — F(a).
Calculate f_11(2 + z)dp. (Hint: do not forget the jump of F at 0.)



Exercise sheet 7 (summary before midterm 1), Analysis 2, 2023

(49) ¥ Let A; =0,1), Ay = (2,4). Determine the o-algebra on R generated by
Aq, As.

(50) F Let (X,.A), (Y, M) be measurable spaces. Let N ={E C XNY : E €
ANM}. Is it true that N is a o-algebra on X N Y7

(51) £ Let A = {(z,y) € R?: 22+ y?> < 1,z > 0}. Prove that A is Lebesgue
measurable, and calculate its measure A(A).

(52) F Prove that for any non-empty open set U C R™ we have A\(U) # 0.

(53) ¥ Let H be a Lebesgue measurable set in R. Prove that A\(—H) = \(H).
(Hint: prove this for the Lebesgue outer measure by the definition.)

(54) £ Let f,g : R — R™ be Borel-measurable functions. Prove that h(z) =
(f(x),g(x)) is also Borel-measurable ({-,-) denotes the usual scalar pro-
duct).

(55) Let f : R — R be a monotonically increasing function. Prove that f is Borel
measurable.

(56) ¥ For any ¢t € R let &; denote the Dirac measure situated at t. Let u =
d_1+081, and v = §y + J5. Consider the product measure z x v on R2. What
is the value of u x v(D) for D = {(z,y) € R? : 22 + y? < 2}?

(57) ¥ Prove that for any f,g € L'(X), we have f + g € L}(X).

(58) £ Calculate lim,, fl ne” g, (Hint: integrate by parts, and then LDCT.)

0 cosx

(59) Calculate lim,, floo n__dz, and lim, oo fooo ——dz. (Hint: in both

14+n2x2 1+n2z2
cases you can actually evaluate the integrals by integrating by substitution.

But please also check whether the LDCT can be used.)

60) Calculate limy,_o0 [ ——+mr—dz. (Hint: calculate the pointwise limit for
0 (1+2)" Yz

=
each z > 0, and then LDCT.)
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Exercise sheet 8, Analysis 2, 2023

Flet R = {(z,y) € R : 1 <2 <30 <y < 2 be a rectangle and
T ={(r,y) € R?: 2 >0,y > 0,22 +y < 3} a triangle in the plane. And
let f(z,y) = (r + y)%z, and let Ay denote the Lebesgue measure on R2.
Calculate [, f(z,y)dX2 and [, f(x,y)dAs. (Use Fubini, and please calculate
both ways: dxdy and dydz.)

E Calculate: fxl:O f;:x m%dydm. (Hint: notice that you get stuck in this
order of integration, and use Fubini to change the order.)

* Prove that fooo eaf sinzdz = w/4. (Hint: apply Fubini to the function
e "sinz.)

B Let f,9 € L'(R). Prove that ||f + gllx < [|f]lx + llgll. (This is basically
trivial, and this is Minkowski’s inequality for the exponent p = 1. For other
exponents the proof is more difficult.)

E Let 1 < p < r < +o0o. Show examples of functions f,g : R — R such
that f € LP(R), f ¢ L"(R), and g € L"(R), g ¢ L?(R). That is, L?(R) and
L"(R) mutually do not contain each other. (Hint: restrict the function z*
to an appropriate domain, with an appropriate exponent «.)

ELet 1 < p < r < +oo. Contrary to the previous exercise, prove that
L"[0,1] C LP[0,1]. (Hint: for a function f € L"[0,1] split the interval [0, 1]
according to whether f(z) < 1 or f(z) > 1, and prove that on both parts
the integral of |f|P is finite.)

* The previous exercise is true in a stronger form. Let u(X) < 4o00. Prove
that for any 1 < p < r < oo we have L"(X) C LP(X), and | f]l, <
w(X )%7% fll»- (Hint: for the functions f and the constant 1 function use
Holder’s inequality with appropriate exponents.)

B Prove that the function F(t) = [ e *dx is differentiable infinitely
many times on (0, +00), calculate F(™)(1) and hence calculate the value of
fooo xz"e~*dx. (Hint: We can differentiate under the integral sign.)

Let 1 < p < 400. Prove that the step functions are dense in LP(R). (Hint:
for a nonnegative function f € LP(R) approximate f from below with step
functions, as in a theorem in a previous class. For the general case, take

f=r=r)



Exercise sheet 9, Analysis 2, 2023

For the Fourier series of a function f : [—m, 7] — R we use the notation

0 = ifjﬂ f(x)dz, ap = %f:r f(x)coskxdx, by = %ffﬂ f(x)sin kxdx
for all k > 1, and ¢ = 5= [7_ f(z)e~"**dx for all k € Z. For a function
f € LY(R) we use the notation f for the Fourier transform of f, i.e. f(£) =

[, fa)e € da,

(70) £ Let f(x) = 1+cosz—4sin 2z, for —m < x < 7. Calculate the Fourier series
of f. (Please calculate the real coefficients ag, b, as well as the complex
coefficients ¢ ). What do you observe? Calculate the value of [ | f(z)|*dx.

(71) ¥ Let f(z) = |z, for —m < z < 7. Calculate the Fourier series of f. (Only
the coefficients ay, bg.) Prove that the Fourier series converges uniformly.
Substitute # = 0 and hence calculate the value of Y. | 7.

(72) £ Prove that if f € L'(R), and g(z z) = f(z — a) then §(§) = e~ i€ f(¢).
Also, if h(z) = € f(z) then h(¢) = f(£ — a).
) =

(73) £ Prove that if f € L'(R), and g(x
direct computation.)

% (%) then (&) = f(6¢). (Hint:

(74) Assume f € Ll( ) is continuously differentiable and f’ € L!(R). Prove
that f/(¢) = i€ f(€)-

(75) Assume f € LY(R), and g(z) = zf(x) € L*(R). Prove that §(¢) = i(f(€))".

(76) Let f,g € L(R). Prove that f * g(¢) = f(£)g(¢).

(77) F Let f = 1[—a,q be the indicator function of the interval [—a, a]. Calculate
I

(78) ¥ Calculate the Fourier transform of h(z) = e~ 7.

(79) Prove that [ e~*"dz = /7. (Hint: first calculate the integral Jge e~ dady
with polar coordinates, then separate the variables.)

(80) Calculate the Fourier transform of f(z) = e~ . (Hint: use the result of the
previous exercise in a complex contour integral along an appropriate path.)
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Exercise sheet 10, Analysis 2, 2023

£ Recall that the Schwartz space of function was defined as
S(R)={f € C®R):Vp,q e N,aPD1f(x) — 0 (|z] — c0)}.
Prove that an equivalent definition would be the following:
S(R)={f € C®(R) : ¥p,q € N,aP D1 f(x) is bounded}.
(Hint: if the limit was not 0 for some p.q then, after multiplying by x,
the function 2P+ DY f(x) would not be bounded.)

Prove that for any f € S(R) and for any p, ¢ € N we have | D?(a? f(z))|1 <
+o0o. (Hint: we can estimate each term after differentiating multiple times.)

E Let f e S(R), f(€) = [, f(@)e~*dx. Prove that f(x) = 2nf(—x).

Prove that if f is real valued, then f is conjugate symmetric, i.e. f(g) =

f (—£)). And conversely, if f is conjugate symmetric, then f is real valued.
Prove that if f is a real valued, even function then f is also real valued and

even, and f = 27 f. (Hint: inversion formula).

For any a > 0 calculate the Fourier transform of the following functions:
f(x) = ﬁw;

f(.f) _ (sinam)2
xr
(Hint: instead of using the definition, use the properties we have learnt
about scaling and products.)

E Let f,g € S(R). Prove that f * g is differentiable and (f x g)’ = f'x g =
f*¢'. (Hint: direct calculation.)

Prove that [*° sttsi2tgt — r_ (Hint: Parseval/Plancherel formula.)
E Let g(x) = e"”2, and g.(z) = %g(f) Plot the graph of g(x), go.01(x),
and g1p0(2).

Let f,g € S(R), g >0, [pg =1, and let g.(z) = Lg(£). Prove that for
every x € R we have f * g.(z) = f(z) as e — 0.
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Exercise sheet 11, Analysis 2, 2023

E Let f, g € L*(R) be nonnegative functions. Show that || fxg|l1 = || £/l1/lg]]1-

P Let f,g € S(R). Show that [ g(¢) = f(£)(©).
E Let f(z) = 1_q,q(x). Calculate f * f(z).

—

E Show that the Fourier transform is a linear operator, i.e. f + g = f—i— g,
and af = af for all, f,g € L'(R), and o € R.

Let fi(z) = 1-11(z) and fa(x) = 15 _qj(z) + 19 (x). Let g(z) =
ﬁe‘mz, and g.(z) = 1g(%) for some small value of ¢, like € = 0.01. Try to
plot the graph of fi * g and f5 * ge. If you can use a software like Matlab
or Mathematica to plot the graphs, please do so.

E Let f,g € L3(R). Prove that |f x g(z)| < ||f]l2]lgll2 for all 2 € R. (Hint:
Cauchy-Schwarz.)

E Let f € LY(R), and |g(x)] < K for all z € R. Prove that |f x g(z)| <
K||f|l1 for all z € R. (Hint: direct calculation.)

* Prove that for all n € N and all z € R we have |(%)"(%)| < n%_l
(Hint: Fourier transform both sides of the equation.)

Let f € S(R). Solve the differential equation u” — u = f. (Hint: Fourier
transform both sides of the equation.)

* Let f € L*(R), g € S(R), [ g = 1. Prove that f  g(x) is finite for all

z € R, fxg is a smooth function, and for g.(x) = %g(%) we have fxg, — f
in L? norm as € — 0. (Moral of the story: the convolution has a smoothing

effect, and the functions g. can be used to approximate any f € L?(R).)
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Exercise sheet 12, Analysis 2, 2023

For the Fourier series of a function f : [—m, 7] — R we use the notation
ag = ifjﬂ f(x)dx, ar = %f:r f(x) cos kxdx, by = %ffﬂ f(z) sin kaxdx
for all k > 1, and ¢ = % ffﬂ f(x)e~*dg for all k € Z. Also, sometimes
we use the notation f(k) = cx.

Let f,g € S(R). Prove that f/\g(g) = %f*g(g)

Let f(z) = e +e Il + 3L g (z) = ze~1*l and h(z) = 22e~*". Calculate
f.4.h.

E Let f(z) =, for —m < 2 < m. Calculate the Fourier series of f. (Please
calculate the complex coefficients ¢y, as well as the real coefficients ag, by.)

E Let f: R — R be a 27r-periodic function. Show that Zsz_N cpetht =

ag + Zgzl ag cos kx + by sin kz, i.e. the partial sums of the Fourier series
are exactly the same whether you consider the complex Fourier series or
the real one.

Prove the closed formula for the Dirichlet kernel: Dy (z) = ij:_ N ek =

sin(N+3$)x
sin %:c :

Plot the Dirichlet kernel for large N.

* Prove that [7_ Dy(t)dt = 2 for all N € N, but ["_|[Dy(t)|dt — +oo

as N — oo.

* Prove the closed formula for the Fejér kernel: K, (t) = %H SoheoDi(t) =
n i(k—1 sin (2Dt

A (S e = (e

E Plot the Fejér kernel K, for large n. Prove that [* K, (t)dt = 2.

E Let f: R — C be n-times continuously differentiable 27-periodic func-

tion. Prove that for all k € Z we have f() (k) = (ik)" f(k). (That is, we have
a completely analogous formula as we had for Fourier transforms. The rule
of thumb here: the smoother the function, the faster the Fourier coefficients
converge to 0.)

Let f,g : R — C be continuous 27-periodic functions. Assume that f(k) =
g(k) for all k € Z. Show that f = g. (Hint: use Fejér’s theorem.)

F Let f : R — R be a continuous 27-periodic function and let g(t) = f(t—v)
for some fixed y € R. Prove that §(k) = e~*¥ f(k). (That is, shifting the
function will result in a phase factor on the Fourier side.)
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Exercise sheet 13 (summary for midterm 2), Analysis 2, 2023
Let F(x) = arctan(3z + 1) if x < 0 and F(z) = % if x > 0. Let p be
the Lebesgue-Stieltjes measaure induced by F, i.e. u((a,b]) = F(b) — F(a).
Calculate u([—1,0)), u([0,1]) and ffl 2+ xzdp.

Let f(z) = ‘jlg;g, g(z) = 1=585%  Decide whether f,g € L*(R) or L*(R.

Prove that if f € L?(—m, ) then f € L'(—m,7), and || f]|1 < V27 f]|2-

Let 1 < p < g <7r < +o0. Prove that if f € LP(R) and f € L"(R), then
f e LYR).

Prove that if f € S(R), then for every 1 < p < 400 we have f € LP(R).

Calculate the Fourier transform of the following functions:

flx) = 110,305 g(x) = 55679127 h(z) = m

Let f € S(R) be a real valued, even function, and letg = f * f. Prove that
g is also a real valued, even function, and prove also that §(§) > 0 for every
EeR

Let f : R — R be a 2m-periodic function. Prove that for every a € R we
have [“2T f(t)dt = [T f(t)dt.

Let g(z) = sin®(z), and f(z) = —1, ha —7 < x < 0, and f(z) = 1, if
0 < z < m. Calculate the Fourier series of g and f. (Both the complex
coefficients ¢,, and the real coefficients a,, by, .)

Let f: R — R be a m-periodic function. Prove that in the Fourier series of
f all the coefficients with odd indices are zero.

Let f € L?|—m,n]. Prove that |f(k)| < ﬁ is satisfied for infinitely many

indices k. (Hint: Parseval.)

* Let f : [0,7] = R be continuously differentiable and f(0) = f(1) = 0.
Prove that [ |f(£)]> < [y |f/(t)|%. (This is the Wirtinger-inequality.)



