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(42) (HW1) Find the norm of the linear functional f defined on C[—1,1]
by f(x) = 7, x(t)dt — [} x(t)dt.

(43) Let C1[0,1] denote the space of continuously differentiable functions
on [0, 1]. Introduce the norm ||x|| = max,c[o 1) [x(t)|[+max,cpo 1) [X' ()]
Show that it is indeed a norm. Show that the functional f(x) = x'(3)
is linear and bounded, and determine its norm.

(44) Give an example of two norms on the same vector space, (X, | - [/1)
and (X, | - ||]2) such that the identity mapping I : X — X is not
continuous!

(45) Given a closed, convex symmetric body A in R3, prove that there
exists a norm || - || on R3 such that A = B(0,1).

(46) If f is a bounded linear functional on a complex normed space, then
is f also bounded and linear? (The bar is complex conjugation.)

(47) Let f be a linear functional on a normed space X. Prove that f is
bounded iff Kerf is a closed subspace. Prove that if Kerf is not
closed then it is dense in X.

(48) (HW2) A linear functional f on X = C[0,1] is called positive if
f(z) > 0 for all nonnegative functions z(t). Prove that f € X'.

(49) Prove that if X is a compact metric space, and M C X is closed then
M is compact.

(50) Let X, Y be metric spaces, X compact, and f: X — Y be a conti-
nuous bijection. Prove that f~! is also continuous.

(51) Let dim X =n < oo and Y be any normed space. Let T : X — Y be
a linear operator. Show that T is automatically bounded.

(52) (HW3) Let dim X = n < oo. Show that X' = X* and dim X’ = n.

(53) Give an example of a bounded linear operator T': X — X such that
T(B(0,1)) is compact but RanT is not finite dimensional.

(54) Let ¢p denote the vector space of real sequences converging to zero,
with the sup norm. Show that the dual space of ¢ is I'.

(55) Prove that cg is not reflexive.

(56) Define a linear functional f on ¢y by (1,22, ..., Zn,...) = > o0y Iy
What is the norm of f7



