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(99) (HW1) Let X = (C[0, 1], ∥ · ∥∞) and v ∈ X be a fixed function. Let
T be the multiplication operator by v, i.e. Tx(t) = v(t)x(t). Find the
spectrum of T .

(100) Let P be an orthogonal projection operator onto a closed subspace
Y in a Hilbert space. Find the spectrum of P .

(101) (HW2) Let T ∈ B(X,X). Prove that ∥Rλ(T )∥ → 0 as λ → ∞.

(102) Let S, T ∈ B(X,X) and λ ∈ ρ(S)∩ρ(T ). Prove that Rλ(S)−Rλ(T ) =
Rλ(S)(T − S)Rλ(T ).

(103) Prove that for any T ∈ B(X,X) we have rσ(αT ) = |α|rσ(T ), and
rσ(T

n) = (rσ(T ))
n.

(104) Show an example of a bounded linear operator T : H → H which is
not self-adjoint, but has real spectrum.

(105) Let T be a multiplication operator on l2 defined by (x1, x2, . . . ) 7→
(λ1x1, λ2x2, . . . ) for some bounded sequence (λn). What is the spect-
rum of T?

(106) Let f and g be two nonzero vectors in a Hilbert space, and let Q be
the operator defined by Q(x) = ⟨x, f⟩g. Find the spectrum of Q.

(107) (HW3) Let U be a unitary operator in a Hilbert space. Show that if
λ ∈ σ(U) then |λ| = 1.

(108) Let T be unitary and self-adjoint. Prove that σ(T ) ⊂ {−1,+1}.

(109) For A ∈ B(X) the number λ ∈ C is an approximate eigenvalue
of A if there is a sequence {vn}n∈N ⊂ X of unit vectors for which
limn→∞ ∥Avn−λvn∥ = 0. Prove that if λ is an approximate eigenva-
lue of A then λ ∈ σ(A).
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