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1 Setting

Chaotic flows



Continuous time. Physical/SRB measure.
M compact metric space

X' : M — M smooth flow (ie, X**% = X! o X* for s5,t € R)

There exists a unique invariant SRB measure psrp: Leb(B(usrp)) > 0 where

T
BmSRB):{xeM:; | etxr@yas > [ oauss. V¢ec<M>}

1.1 Mixing
Mixing

After obtaining an interesting invariant probability measure for a dynamical system,
it is natural to study the properties of this measure. Besides ergodicity there are various
degrees of mixing.

Given a flow X' and an invariant ergodic probability measure z, we say that the
system (X, u) is mixing if for any two measurable sets A, B

p(ANX~"'B) PR u(A) - n(B)
or equivalently
[o-woxdu o [ [ v

for any pair ¢, 1 : M — R of continuous functions.



Correlation function

Considering ¢ and ¢ o X* : M — R as random variables over the probability
space (M, 1), this definition just says that “the random variables ¢ and ) o X are
asymptotically independent” since the expected value E(gp (o X t)) tends to the
product E(¢) - E(1)) when ¢ goes to infinity.

The correlation function

Ci(p, ) = [E(¢- (o X')) — E(p) - E(y)]

:’/w(ont)du*/cpdu/d)du‘

satisfies Cy (¢, 9) == 0 in the case of mixing.
— 00

Speed of mixing: decay of correlations.

Given observables ¢, : M — R in a Banach space X (which depends on the
systems and is in general a space of functions with some regularity, Holder or C" for
some 7 > 1...) the correlation function (for the SRB measure) is given by

Ci(Y, ) = ’/(@C’Xt)¢ dusrp — /¢ dusrp /@ dusrB

We classify decay of correlations into some classes

e Exponential decay: 3C,~ > 0 so that

Co(,9) < Ce 9]l

e Super-polynomial decay: V3 > 03C3 > O s.t.

Ci(v, ) < Cat™Pllv|lllll

1.2 Overview

Some known results: Decay of correlations

super-poly. decay exp. decay

o2 smooth foliations & non-
Anosov or OOOPCH integrability
Axiom A flows €™ dense C! open set of C3

not all dim> 3 vector fields
geometric Lorenz C? open C*-open set of C*
attractors C™> dense vector fields




Dolgopyat 98’ C°-Anosov flows whose stable and unstable foliations are jointly non-
integrable have exponential decay

Dolgopyat 98’ Generic suspension flows over subshift of finite type are exponentially
mixing

Pollicott 99’ Equilibrium states of suspension semiflows over subshift of finite type
with "nice" roof function have exponential decay

Field, Melbourne, Torok 07° C? open, C*™° dense set of Axiom A flows with super-
polynomial decay of correlations

Ruelle 83, Pollicott 85’ Examples with slow decay of correlations.

Baladi, Vallée 05° Exp. decay of corr. for C? suspension semiflows on surfaces with
countable Markov partitions and "good roof function"

Avila, Goiiezel, Yoccoz 06 Exponential decay of correlations for Teichmiiller flow;
criterium for suspension semiflows over hyperbolic base with (countable) Markov
structure

Melbourne 09° C? open, C'° dense set of geom. Lorenz attractors have superpoly-
nomial decay

A., Varandas 11’ C?-open set of geom. Lorenz attractors with exponential decay

A., Melbourne, Varandas 15’ Super-polynomial decay for C'' open set of C'™° geo-
metric Lorenz attractors and ASIP for time-1 map

A., Butterley, Varandas 16’ C'-open set C® Axiom A vector fields, dim. > 3, with
non-trivial attractor with exponential decay

A., Melbourne 16’ Exponential decay of correlations for C1+ suspension semiflows
on surfaces with countable Markov partitions and "good roof function"

1.3 Geometric Lorenz flow and exponential decay

Lorenz equations
In 1963 Lorenz presented the following systems of equations and payed close at-
tention to certain parameter values:

d
d—jzo(y—x) o=10
d
d—izrw—y—xz r =28
d
—di:my—bz b=38/3

for which the systems seemed to be “sensitive to initial conditions” or “chaotic”.



The Lorenz system has an attractor

Only around the year 2000 was it established, by [Tucker, “The Lorenz attractor
exists”, C. R. Acad. Sci. Paris, 1999], that the Lorenz system of equations with
the parameters indicated by Lorenz does indeed have a transitive attractor with a
SRB measure.

This proof was and remains a computer assisted proof, rather involved, delicate and
quite technical, which works for a specific family of parameters. It was tested on very
fast computers at the time and took several days to complete the calculations.

Tucker in fact showed that the Lorenz attractor is a geometric Lorenz attrac-
tor, and so is an example of transitive singular-hyperbolic set

Description of Geometric Lorenz attractors
Consider the linear system (&, ¢, 2) = (A1 z, )\gy, Agz) thus

X' (wo, 0, 20) = (X w0, €*'y0, €' 2),

where Ay < A3 < 0 < —A3 < A in a ngbh. of (0,0,0).

For 7 = —5-log |z we get

X7(z,y,1) = (sgn(x), ylz| = 2/ ||/

Invariant constracting foliation

We assume that the “triangles” L(S*) are compressed in the y-direction and stretched
on the other transverse and rotated back preserving the line segments S N {z = z¢}:
This may be seen as a suspension flow over the Poincaré return map R with roof func-
tion 7x (z,y) = —)\—11 log || + ¢(x) where ¢(-) is bounded.

One-dimensional quotient map
The Poincaré first return map R : S* — Sis a skew-product R(xz,y) = (f(x). g(x,y))

for i()lme g\]/g%nt e sfmooﬁl{ne}ss otI f Izﬂagengs\)igk é< s{na) 1%1512 rof[ the [con4rzict/1nlg

foliation and
o f(x) ~ |al* and so |f'(z)| ~ afe|*!
o [Oyg| ~ |z < A < 1 and 10y9(x,y)| - |Df(z)]~* < X which give



Sectional-hyperbolicity
Tucker in fact showed that the Lorenz attractor is a transitive singular-hyperbolic
set.

We say that a compact invariant set A for a flow is sectionally hyperbolic if the
tangent bundle over A admits a D X, -invariant and dominated splitting T\ M = E} ¢
ES, such that there are C, A > 0 satisfying for every z € Aand ¢ > 0

e E* is uniformly contracted: | DX; | E3|| < Ce™

e FE°is 2-sectionally expanded: for every bidimensional subspace F), contained in
E¢ we have |det(DX; | F,)| > Ce*; and

e all equilibrium points, if any, are hyperbolic.

Sectional-hyperbolicity and hyperbolicity

A sectional-hyperbolic compact invariant subset for a three-dimensional vector
field (where dim £° = 1 and dim E° = 2) is also referred to as a singular-hyperbolic
set.

Sectional-hyperbolicity is an extension of the notion of hyperbolicity.

Hyperbolic Lemma

Every compact singular-hyperbolic set without singularities is an hyperbolic set, that
is, E° can be written as [G] @ E“, where [G] is the flow direction and E* is uniformly
expanded:

3O N> 0: (DX, | B~ < Ce™ ™M,



Dominated splitting. Robustness.
The continuous splitting TAM = E° @ E€ is dominated if it is D X,-invariant,
that is

DX, E} = Ex(p), Vt € R, Vo € A x = s, cu;
and there are K, A > 0 such that
IDX: | Bl - [DX—¢ | ES, )l < Ke ™,V eAt>0.

Domination is a rather weak form of hyperbolicity, but is a robust property. This
means that if a vector field Z admits an attracting set A, then there we can find ¢ > 0
such that for all vector fields Y such that |Y — Z||c1 < € there is an attracting set
Ay close to A so that Ay has a dominated splitting (with the same dimensions of the
subbundles).

This robustness property is also true for sectional hyperbolicity.

The stable (contracting) foliation

To construct the physical/SRB measure for a geometric Lorenz attractor the smooth-
ness of the one-dimensional quotient map is important: it needs to be a O+ piecewise
expanding map with finitely many branches, for some o > 0.

This crucially depends on the regularity of the contracting foliation over which the
dynamics of the return map is quotiented.

Moreover, the construction of geometric Lorenz attractors provides that this con-
tracting foliation covers a full neighborhood U of the attractor.

The attractor has zero volume
Moreover, the Lorenz equations define a vector field G which is dissipative, that is,
div(G) < —¢ < 0 for some ¢ > 0.

Hence, the Lorenz attractor A = N~ X:(U) has zero volume, where X; is the
flow generated by G.

However, this is a general result: a singular-hyperbolic attractor has zero volume
whenever the vector field is of class C'® [see Alves, A., Pacifico, Pinheiro, Dyn Sist
an Int J, 22(3), 249-267 (2007)].

Strongly dissipative condition
We further assume that our geometric Lorenz flows are strongly dissipative, i.c.,
the divergence of the vector field G is strictly negative: there exists § > 0 such that

(divG)(z) < =6, Vzel,
and moreover the eigenvalues of the singularity at 0 satisfy the additional constraint

AuF Ass < Ag ()\1 + Ao < )\3)



A consequence of domination, uniform contraction on the stable direction and strong
dissipativity, is the existence of a X;-invariant contracting foliation F%°, defined in a
neighborhood of A, which is C**¢-smooth and whose leaves are C'*¢ curves with
uniform size.

Lemma 1. The strong stable foliation F*° is C'*¢ for some ¢ > 0.

1.4 Sketch

Sketch of proof of exponential decay

To obtain exponential decay for geometric Lorenz flow the strategy is to show that
this flow can be written as a semiflow over C'T“ expanding maps with C* roof
functions satisfying a uniform non-integrability condition. We now explain the
terms,

Uniformly expanding maps:

Fix a € (0,1]. Let {(¢in,dm) : m > 1} be a countable partition mod 0 of Y =
[0, 1] and suppose that F': Y — Y is C' ™% on each subinterval (¢, d,,) and extends
to a homeomorphism from [¢,,, d,,] onto Y.

Let H={h:Y — [cm,dn]} denote the family of inverse branches of F, and let
‘H,, denote the inverse branches for F'™.

Uniformly expanding maps and absolutely continuous invariant probability mea-
sures

We say that ' : Y — Y is a C'* uniformly expanding map if there exist
constants C; > 1, pg € (0,1) s.t.

() |W|oo < Crpf forall h € H,
(i) |log|h/||o < Cyforallh € H,
where

| log |1/|(x) — log |W|(y)|
|z —y|*

|log |W||o = sup
T#Y

Under these assumptions, it is standard that there exists a unique F'-invariant absolutely
continuous probability measure p with a-Holder density bounded above and below.

Expanding semiflows
Suppose that R : Y — Rt is C! on partition elements (c
0. Define the suspension Y = {(y,u) € Y xR : 0 < u

(v, R(y)) ~ (Fy,0).

The suspension flow F; : Y — Y is given by Fy(y,u) = (y,u +t) computed
modulo identifications, with ergodic invariant probability measure u? = (uxLeb)/R
where R = [, Rdpu.

s ) with inf R >
< R(y)}/ ~ where

We say that F} is a C'+* expanding semiflow provided



(i) [(Roh)'|o < Cy forall h € H.

(iv) There exists £ > 0 such that 3, _,, €517l |B/| o < occ.

Uniform nonintegrability
Let R, = Z;L;(} R o FV and define
Uhyhy = Rpohy —Rpohy Y = R,
for hy, hy € H,,. We require

(UNI) There exists D > 0, and hy,hs € H,,, for some sufficiently large integer
no > 1, such thatinf |4 ;[ > D.

The requirement “sufficiently large” can be made explicit.

Function spaces
Define F,, (Y ) to consist of L> functions v : Y — R such that ||[v||o = [v|eo +
[v|o < 0o where
_ /
oy 00
ke Y=Y

Define F,, (Y %) to consist of functions with ||v]|o x = Z?:o 107 v||o < oo where 9;
denotes differentiation along the semiflow direction.

Obtaining exponential decay
Given v, w € F, 1(Y) define the correlation function

Pow(t) :/vaFtduR—/vduR/wduR.

Theorem [Baladi-Vallée *05 (with C? expanding map), A.-Melbourne 15 (with
O+ expanding map)]
Assume conditions (i)—(iv) and UNI. Then there exist constants ¢, C' > 0 s.t. for all
t>0

[po,w(t)] < Ce™[v]]a,2|lw]

a,2-

1.5 Organization of the notes and talks

Plan of the talks: stable bundle and foliation
Assume that A is an attracting set with a continuous invariant partially hyperbolic
splitting T = E* & E°“: we have domination plus £ uniformly contracted. We get

e apositively invariant ngbh. Uy of A and a continuous family of cone fields C°(a),
C*(a) over Uy satisfying backwards expansion of €*(a) and domination.

e a continuous extension of the stable subspace bundle E° over A to an invariant
contracting bundle E° over U.



e aflow invariant contracting stable manifold bundle W* over Uy consisting of C!
leaves tangent to F/¢, which is a topological foliation of Uj.

Then we study the smoothness of this foliation.

Plan of the talks: smoothness of stable foliation

e Show that bunching implies smoothness of the stable foliation W?*, with the
regularity being at least Holder, and the holonomies along this foliation have the
same regularity.

In addition to the previous assumptions, assume sectional expansion on EF““.
e Then strong dissipativity implies regularity, as in the previous item.
Assume, in addition, that £ has codimension 2.

e Then the quotient one-dimensional map is C1 ™ (even though the stable foliation
is only Holder regular).

Finally, assuming also sectional expansion on E°*

e Then the one-dimensional quotient map is a piecewise C''*¢ expanding map.

2 Stable bundle

Invariant stable bundle extension

Existence of an invariant extension of the stable bundle
to a full neighborhood of the attracting set

We discuss existence and regularity properties of the stable foliation associated
with a partially hyperbolic attracting set. Sectional expansion is not assumed.

Throughout, A is a partially hyperbolic attractor for a vector field G € X" (M), r >
1, with dominated invariant splitting Ty M = E® @ E“ and E* uniformly contracted.
Write d = dim M = ds + dey,.

2.1 Cone fields

Cone fields in a neighborhood of A
Let Uy C M be a forward invariant neighborhood of A such that (,~, X+(Up) =
A. -

Choose a continuous (not necessarily invariant) extension Ty, M = E° @ E°* of
the splitting TAM = E° @& E“. Given x € Up and a > 0 we define the cone fields

Cala) ={v=0"+v™ € Bz ® EZ* : [o|| < allv”[]},
C(a) = {v =" + v € ES @ BS" - [|[v°]] < alu™|]}.

10



Partial hyperbolic cone fields in U

Proposition
Fix T so that AT = 1/150. For any a € (0, i] there is a positively invariant neighbor-
hood Uy of A, s.t. Vo € Uy

(@) DX (€%, (b)) C €3(b) and DX*(C*(b)) C €%, (b), forallb > a, t > T

(backward invariance of stable cones and forward invariance of center-unstable cones).
(b) Ie>0,A e (0,1)s.t. Vi >0

IDX T (X )oll = A~ oll, Vo € Ceyla);

IDX'el , 5 IDX o0 g [ Tyveerte)
Pl = el ue DX (€., (a)

(backward expansion of stable cones and domination).

[(Skip the proof of this proposition))

Proof of the Proposition (extending cones)
If v lies in T, M where x € Upy, then we write v = v® + v € E @ E*. If
v € Cx(a), then (1 — a)|[v*|| < |jv|| < (1 4 a)||v*|| where throughout * € {s, cu}.

For x € A, it follows from invariance of the splitting £° @ E°* that (DX (z)v)* =
DX, (z)v* forallv € T,M and ¢t € R.

We fix the ngbh. Uj as follows. For each x € A, we choose a ngbh. U, C M of
x s.t. U, is diffeomorphic to R? where d = dim M. Then T, v, M is identified with
U, x R%. Given y1,y2 € Uy, a vector v € R? corresponds to vectors v, € T, M via
this identification. ' '

By the smoothness of the flow, we can choose U, so small that || DX, (y1)vy, || <
2| DX (y2)vy, || forallz € A, y1,y2 € Uy, v € R, t € [T, T).

Fixing coordinate systems

By the continuity of the splitting E° & E<*, for a > 0 fixed we can ensure for all
b>a/8,t e [-T,T], that

if DXy (y1)vy, € C, (b), then DX, (y2)vy, € C;,(2b).

We now fix U to be a positively invariant neighborhood of A contained in ( J, ., Us.
By construction, for every y € Uy, there exists x € A such that

(i) DXy(z)v, C CL(b) = DXy(y)v, C C;(2b),
(i) DXi(y)vy C C5(b) = DXy(z)v, C €5(20), and
(i) 5[ DX¢(x)vs | < [DXi(y)vyl| < 2(| DX (2)ve ],

forallv € RY, b > a/8,t € [-T,T).

11



Proof of item (a) of the proposition
From domination on the initial splitting over A we get

(DX (x)v)*|| = [[DX¢(x)v*|| < [ DX E||]|v7]]
< N[DX | BS, [~ lv®l
= MI(DX | £5) v
< NIDX(@)o) [l (17 lo°],

forallz € A,v € T, M, t > 0. In particular

DX, (€5(b)) C L (bAY), Vo e Ab>0,t>0.

From A to U

Now let y € Up, b > a, v € C;*(b). We can pass to a nearby point z € A with
corresponding vector v, € €5*(2b) by (ii). Then DX, (z)v, € CF ,(2bA") for all
t > 0. In particular, since A7 = 1/150 < 1/16,

DXr(x)v, € CX,.(b/8) and DXy(r)v, € C¥ ,(2b), ¥Vt > 0.
From (i) we get

DXr (€ (b)) C €%, (b/4) C €%, (b) and

DX.,.(C(b)) C €X' ,(4D), Vr € [0,T],y € Up.
By positive invariance of Uy, it follows inductively that D X, (C5* (b)) C €%, (b/4) C
C%, .y (b) forally € Uy, k € Z7.

The general ¢t > T
For general ¢t > T, write t = kT + r where k > 1 and r € [0,T). Again using
positive invariance of Uy together with cone invariance

DX,(Cy(b)) = DXyr - DX,.(C (b)) C DXr(CY,(4b)) C CX., (D).

This completes the proof of forward invariance for the center-unstable cone fiels, and
the proof of the backward invariance for the stable cone field is completely analogous.

Hence we have proved item (a) in the statement of the proposition.

Proof of item (b) of the proposition
Keep the choices of T" and Uy and recall that a € (0, i] is fixed. First we backward
contraction along the stable cone field.

12



Suppose thatz € Aandv € C%,_,(2a). By backward invariance DX _7(Xrx)v €
C2(2a), so using the contraction on E}
(1 =20)[[(DX 1 (Xrz)0)°|
(1= 20)[[(DXr(2) " || > (1 = 2a)A~ " ||v°]
(142a)7"(1 = 2a)A" o]
50[Jv]| = 8]Jv]].

DX 1 (Xra)v| =
>
2

Backward contraction from A to U

Now lety € Up, v € G%Ty(a). As in part (a), we can pass to a nearby point
x € A with corresponding vector v, € C%,_,(2a) andso [|[DX_7(X7x)v.| > 8|v.||.
Using (iii) together with positive invariance of Uy, we have that | DX _7(Xry)v| >

2||v|| forallv € €%, (a).

By positive invariance of Uy and backward invariance of the stable cone field, it
follows inductively that

IDX i (Xery)ol = 2Hjo]| fory € Up, v € €, (a), k = 0.

Fort = kT + r where k € Z*,r € [0,T), letv € C%,,(a). Then DX _4(X;y)v =
DX_,.(X,y) DX_pr(Xy)v so it follows from the previous estimates

IDX_t(Xey)oll > el DX _pr (Xir (Xr))v]| = e2¥[Jol],

where ¢ = inf,.c(o,1],yevover, M, vz0 [DX—r(y)v|/|lv]] > 0. This completes the
proof of backward contraction.

Proof of domination of the cone fields

From domination in A we get for z € A, u,v € T, M,

[ DX (z)u]]

[DXp(z)o™|
[[ws]]

s cuy—1|— ‘
< DXl 7| < XTI(DXr| B2 ™7 < XS

Letu € DX 7(C%,_,(2a)), v € C5"(2a). By cone invariance

DX (@)o| _ (14 2a)|| DXr(2)v]

= , and
[Joes| (1 —2a)|v]]
[DXp(z)u| _ (1+ 2a)||DXr(2)u’]|
[l B (I —=2a)[usl] ~
and so
[DX7(2)ull Sg/\T”DXT(x)vH < 3 [IDX7(z)v]]

[[ull ol 750 ol
forall v € C5"(2a), u € DX _7(C%, . (2a)).

13



Again from A to Uj and conclusion
Using (iii) it follows that

[DX7(y)ull _ 24 |[DXr(y)]]
Jul 725 o]l

forally € Up, v € Cj*(a), u € DX_1(C%,,(a)).

For general ¢t > 0, we write t = KT+ r, k > 0, r € [0,7T) and proceed as in the
proof of item (a).

This completes the proof of the proposition on cone invariance, backward con-
traction on stable cones and domination for the cone fields in a neighborhood U
of the attracting set A.

2.2 Extended bundles

Invariant stable bundle extended to U,

Whereas the original splitting TAM = E* & E“ is D X'-invariant, in general
the extension £“ of the center-unstable direction cannot be assumed invariant.
However we have

Proposition

The continuous bundle E* over Uy can be chosen to be DX t_invariant and uniformly
contracting: ||[DX? | ES|| < ¢ A forallt > 0, x € Uy, where ¢ > 0, X € (0,1) are
the constants in the previous Proposition.

Impossible to extend the central bundle
Let us assume that the extension Ef;" is invariant.

Lemma

Let A be a compact invariant set for a flow X of a C! vector field X on M and assume
A contains a Lorenz-like singularity o. Given a continuous DX ‘-invariant splitting
TyM = E @& F on a neighborhood U of ¢ such that E is uniformly contracted, then

there exists a ngbh. V of 0 st V. C V C U and a point g € V \ A satisfying
X(xo) € F,.

However, for zg € V \ A close to the singularity, we have for some ¢ > 0 that
zs = X*(xp) € U forall -t < s < 0, z, is close to W**(0) \ {o} and G(x_;) is
almost parallel to E5°.

This is a contradiction since the angle between E*° and F° is bounded away from
zero (see next picture).

Behaviour in small neighborhood of

[(Skip the proof of the Lemma)

14



Figure 1: The flow direction contained in E°* in a neighborhood of ¢ implies that £*
is not continuous at o.

Proof of the Lemma

We denote by 7(E,) : T,M — E, the projection on E, parallel to F, at T,,M,
and likewise 7(F) : T, M — F, is the projection on F, parallel to E,. We note that
forz e U

X(z) =7(E;) - X(z) +7(Fy) - X(x)

and for t > 0 and € V such that X[%%(z) € U, by linearity of DX* and DX?-
invariance of the splitting £ & F

DX! X (x) = DX! -m(Ey) - X(x) +DX? c(Fy) - X(x)
= W(Ext(z)) -DX! - X (x) —|—7T(FX1,($)) -DX'. X (x).

Assuming that 7(E,) - X () # 0 forall z € V' \ A, we choose a sequence of points
x, € V and of times ¢,, > 0 such that ¢,, oo as follows.

Choice of the sequence of orbit segments in U

EG
L4
.
4
’
4
’
'l
O| e~ y
Xt
z n
SS
EG Xn

Let 2, € V be a sequence converging to z € Wi (o) \ {c} and ¢,, ,/* 400 so that
X0tal(2,) C U and z, = Xt (z,,) tends toy € W (o) \ {o}.

15



Exploring the invariance and backward expansion
Since 7(E,) - X (z) # 0 we get

lim DX ' - X(zy,)= lim X(z,)= X(z) butalso

n—-+o0o n—-+oo

IDX (B, ) X, )| > e lm(Br, ) X, )| ——— +oo,

because z;, — y and E° is a continuous bundle by assumption.

This is possible only if the angle between E,_ and F tends to zero when n —
+00.

Closing angles

Indeed, using the Riemannian metric on 7, M, the angle a(x) = «(E,, F,) be-
tween E, and F, is related to the norm of 7(E,,) as follows: ||7(E,)| = 1/ sin(a(x)).
Thus

DX 7(By,, ) - X ()| = |7(Ex,) - DX X ()|
1

—— || X (zn)], Yn>1.
< Sy X@Il
Hence, because || X (z,,)|| — || X (2)| # 0 we deduce that a(x,,) — 0.

However, since £/'® F' is a continuous splitting in U, then £ ® F’ are bounded away
from zero in V', which gives a contradiction.

We conclude that in V' there must exist a point z as in the statement of the
lemma.

Proof of the Proposition (invariant £*)
We begin with the original choice of continuous splitting Ty, M = E° & E.

Let a € (0, ﬂ and choose T" and Up as in the Proposition on cone invariance and
domination.

For z € Uy, define (as usual in hyperbolic dynamics)

F, = () DX_¢(C%,,(a)).
t>0

We show that { F, } is the desired stable bundle. That is, we show that for all ¢ > 0,

(i)  — F, is a continuous map from Uy to the Grassmannian bundle G = {G,., x €
Uy} where G, is the space of ds-dimensional subspaces of T, M,

(i) F, = ES forz € A,

(i) {F,, © € Uy} is D X;-invariant and uniformly contracting.

[(Skip the proof of the Proposition)|
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Nested family of cones and subspace contained in the intersection
Now {DX (€%, ,(a)), t > 0} is a nested family of closed cones, and by back-
ward invariance, the cones are contained in C£ (a) fort > T In particular, F,, C C5(a).

We can also regard { DX (€%, ,(a)), t > 0} as a nested family of closed subsets
of G, so F, is a closed subset of G,,.

By compactness of G, the elements DX ,tEj‘(tm € G, have a convergent subse-
quence DX_, E%, , with limit F, € G,.

Since DX _;E%,, € DX (€%, ,(a)) and F is closed, it follows that F, € F,.

Uniqueness of the subspace in the intersection

To summarise, we have shown that there exists a ds-dimensional subspace Fm such
that Fm C F, and Fx =lim, oo DX ¢, Eﬁ(tn . (in G;). Without loss we may suppose
that t,, > T for all n.

Next we get F, = F,. Choose vectors u,, € E%, ost DX, (X, 2)un| = 1.

n

Suppose for contradiction that F, # F, z- Then F is a nontrivial cone containing
F,, and so there exists v € ES* nonzero such that w,, = DX_; (X;, x)u, +v € F,

n

for n sufficiently large. It follows from the definition of F, that DX, (z)w, = u, +
DXy, (x)v € €%, ,(a). Hence

[(DX:, (x)0)*]| < allun + (DXy, (x)0)].

Uniqueness from domination
Since v € ES“, it follows from forward invariance that DX; (x)v € C*(a) and
hence we obtain

(DX, (x)v)

°II < al (DX, (x)o)™] and
DXy, (x)v]l

<

< (1+a)||(DXz, (z)o)™|.

Substituting into the last inequality yields (1 —a?)||(D Xy, (z)v)“|| < allu,|| and then
IDX:, (@)v]l < (1+ a)(1 = a®) " allun||-

On the other hand, u,, € Eﬁgt » U € B, so by domination

L@l sl
ol DX, (Xo,)enl

n

= cS\_t”HunH.

Letting n — oo yields the desired contradiction, and so F}, and F}, coincide. In partic-
ular, F, € G, forall z € U,.
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Continuity of the family of subspaces
To prove continuity of the map = — F, fix x € Uy and let U C G be a neighbor-
hood of F,.

There exists tg > 0 such that (),.,  DX_+(C%,,(a)) CU.

By smoothness of the flow, F, C (., DX _+(C%,,(a)) C U for y sufficiently
close to . -

This completes the proof of (i).
It is immediate from invariance of the bundle E*|, that E3 C F, forall z € A.

Since the dimensions are the same, EJ = F, for all x € A establishing item (ii).

Invariance and uniform contraction

Forr > 0,
DXTFI = ﬂ DXT_t( ;{t—T(XTx) (a’)) = m DXT_t( g{t—r(XTa:) (a‘))
t>0 t>r
= [ DX (Cxe(xrn)(@) = Fxra,
>0

so the bundle {F},} is DX *-invariant.

Finally, if v € F,, ¢t > 0, then DX"*(x)v € €%, (a) so by backward expansion on
stable cones, ||v| > A7t DXt (z)v].

Hence ||DX" | F,|| < ¢~ 'A* so item (iii) holds.

This completes de proof of the proposition on existence of invariant extension
of the stable direction from A to a full neighborhood U of A in the ambient space.

3 Stable Foliation

Stable foliation in a neighborhood of A

Existence of a flow invariant contracting stable manifold
bundle WW* over U, consisting of C'! leaves tangent to F°.

From now on, we suppose that the continuous extension Ty, M = E° © E“ of
TaM = E° & E" is chosen so that E* is invariant and uniformly contracted.

18



3.1 Ecxistence

Existence of stable foliation in U,
Let D* denote the k-dimensional open unit disk and let Emb” (D*, M) denote the
set of C" embeddings ¢ : D*¥ — M endowed with the C" distance.

Theorem
There is a positively invariant neighborhood Uy of A, and a constant 0 < v < 1s.t.

(@) Vo € UpdW$ € Emb" (D% M) with x € W s.t.
(a) T,W? = E.
(b) XH(WS) C W, ¥t > 0.
(¢) d( X'z, Xty) < vld(z,y),Vy € WS, t > 0.

(b) there is a continuous map v : Uy — Emb®(D%, M) such that v(x)(0) = = and
@) (D) = W,

() {W? : 2z € Uy} defines a topological foliation of Uy.

[(Skip the proof of the Theorem)

Proof of existence of stable foliation on U,
We follow the exposition on Section 6.4(b) of the book by Katok and Hasselblat,
Introduction to the Modern Theory of Dynamical Systems, C.U.P., 1995.

LetT > 0,c > 0, = (0,1) be the constants in the propositions on existence of
cone fields and extension of stable invariant directions to Uj.

Increase T' > 0 if necessary so that A=c\T ¢ (0, 1) and define the diffeomor-
phism f =Xr:Uy — Up.

For each x € Uy, we consider the exponential map exp, : 1T,M — M. This
transforms a small enough neighborhood of 0 diffeomorphically onto a neighborhood
of z, and D exp,(0) = I.

Setting of local adapted coordinates
Choose orthonormal bases on R%, R%w and, for each z € Uy, choose orthonormal
bases on £/ and ES.

Let P2 : R% — E3, P : R%u — E be the corresponding isometric isomor-
phisms.

Since Uy > = — E; @ EZ* is continuous, we can arrange that x — P, and
x — P;* are continuous families of isomorphisms.

Define Py, = Pf., + Df"(z)P;* - RY — Tyn, M, which is a continuous
family « — P, , of isomorphisms for each n. In general P, ,, is not an isometric
isomorphism, since D f" - E¢* is not necessarily orthogonal to E'%,. ...
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However, we have D f" Eg* C €% (a) for some a € (0, 1. so the angle between
the subspaces £, and D f"ES" is bounded away from zero.
Hence there is a constant C'; > 1 such that
1
— < HPac,n” < Cl, Vr € Uo,n > 0.
Ch
Next, Qzn = exp fny oP; RY - M maps a neighborhood of 0 in R¢ diffeo-
morphically onto a neighborhood of f"z and Uy > x — @), 5, is a continuous family
of diffeomorphisms for each n.

Let D, C R? denote the p-neighborhood of 0. Using boundedness of | P, || and
compactness of A, and shrinking Uy if necessary, we can choose p > 0 so that Q) , :
D, — M is a diffeomorphism onto its range for all n. Moreover, there is a constant
(5 > 1 such that

CyHpll < d(f 2, Qun(p)) < Collpll,
forallz € Up,n > 0,p € D,,.

Local expression for the dynamics
Now define the family £, ,, = Q;jl 119f0Qun D, — RL

By construction, D f,; ,(0) is identified with D f(f™z) and f, ,, are uniformly C"
close to D fy ,(0) on D,,.

Hence for any § > 0 there exists p > 0 and a family of (surjective) C” diffeomor-
phisms g, ,, : R — R%, n >0, s.t. lgz.n —Dfon(0)|lcr < dand gy, = fononD,.
[For a proof of this standard result see e.g. Lemma 6.2.7 in Katok-Hasselblatt book
cited above]

Proposition .
For all n > 0 we have || Dg, ,,(0) | R%|| < X and
<A

IDgs(0) | R% | - | Dggn(0)~! | R

Dynamics in local coordinates
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Dynamics in adapted coordinates

Proof of the proposition
Choose a as in the previous Proposition ensuring the existence of invariant cone
fields in Uj.

By construction, Dy, ,,(0) = D fy »(0) is identified with D f(f"x) and
1Dgen(0) | RE|| = |Df | Ejull = IDXr | DX 1By ol
IDgan(0)~" [ R = | Df " [ Df"H ES|
< [DX_r | DX7(CFn,(a))ll,

where we have used invariance of E° and forward invariance of C“(a).

The first estimate is immediate from the proposition on existence and contraction
of the extension of the stable direction to U.

The second estimate follows from the domination on the cone fields, and concludes
the proof.

A modified Invariant Manifold Theorem
We require a slightly modified version of the Hadamard-Perron Invariant Manifold
Theorem from Theorem 6.2.8, pp 242-257 in Katok-Hasselblatt book.

The only difference from the proof of Theorem 6.2.8 in Katok-Hasselblatt is that
the rates \,,, 1, may depend on n.

However, the ratios A, /i, are controlled uniformly, and it is easy to check that the
proof in pp 242-257 of Katok-Hasselblatt is valid in this slightly more general setting
with no change in the arguments.

We now state this result for future use.

A Hadamard-Perron Invariant Manifold Theorem
Fix 7 > 1, Apin > 0 and o € (0,1). Then there exists y, § > 0 arbitrarily small
so that: for each n let g,, : R? — R% be a C" diffeo s.t.

In(u,v) = (Apu + ay(u,v), Byo + Bu(u,v)), (u,v) € R% @ Rew,
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for linear maps A, : R% — R% B, : R« — R and C" maps o, : R? —
R% . 3, : R* — R with

a,(0,0) =0,5,(0,0) =0 and |au|cr < 0,]||Bnllcr <.
Define \,, = || A, ||, pn = ||B771 ”_1 and suppose that A\, > \,,;,, and \,, /i, < 0.

Set A7, = (1+7)(An +0(1 +9)), 5, = {4 — & and suppose that |, < v, < puf,
foralln € Z.
Then there exists a unique family of d,-dimensional C' manifolds

Zn ={(z,pn(x)) 1z € ]Rd"'},

where ¢, : R% — R satisfies for all n € Z

¢n(0,0) =0, Dpp(0,0) =0 and [[Dgnllco <7,
and the following properties hold
1. g2(Zn) = Zpt1s
2. llgn(@)ll < Allgll for g € Zy,

3. If |gntk—19-- 0 gn(@)]| < Cvpgg—1...vy]l¢|l forall k > 0 and some C > 0,
thenq € Z,,.

If sup,, A, < 1 (i.e. we have uniform contraction), then the manifolds Z,, are C".

Verifying the conditions of the theorem
Fix = € Uy. The sequence of diffeos g, ,, : R¢ — R is defined for n > 0.

Forn < 0, we set g, », = ¢s,0. The diffeos g, , now have the structure required in
the theorem.

Take 0 = A € (0,1) and Apin, = infcp, |[DX7 | EZ|| > 0. By Proposition on
adapted coordinates, the linear maps A,,, B,, satisfy the constraints A,,;, < Ay < 0
and A,/ < 0.

Choose 7, 6 > 0 so small that sup,, A\, < 1 and sup,, A, /u., < 1.

Choose v, € (A, pl) such that v = sup,, v, < 1. Finally, shrink p so that
lamller <8, [|Buller <.

This shows that the hypotheses of the theorem are satisfied, with v, < v < 1 for
all n.

Using the conclusion of the theorem
Let Z, ,, denote the family of d;-dimensional C” manifolds and set W2 = Q 0(Z 0N
D,).

Repeating the construction for every x € Uy, we get a family F°° = {W3, z € Uy}
of ds-dimensional C" manifolds covering Uy.

Lemma (F°° is the desired family of stable manifolds)
Let x,y € Up. Then for alln > 0
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(a) d(z,y) < C§1p7y eWs = d(frz, fry) < C2v"d(z,y).

(b) Let C > 0. If d(w,y) < Cy'C'pand d(fz, fPy) < Cv™d(z,y) for all
n > 0,theny € W_.

(c) There exists € > 0 such that if d(x,y) < e and y € W then fy C Wi,

[(Skip the proof of the Lemma)|

Proof of the lemma

Let Fx,n = faz,nfl ©:-+0 f:r,()» Gm’,n =9gzn—-1°""'°9z0- Note that if Fz:.,n (Q) €
D, forall 0 < n < Ny, orif Gy r,(q) € D, forall 0 < n < Ny, then F, ,(q) =
Gy n(q) forall 0 < n < Nj.

(a) Lety € W3 with d(z,y) < C3'p. Then ¢ = Q, ((y) € Za0. so by (1-2) of
the Inv. Manifold Thm.

1Gem(@l < v"llall = v"lQz oWl < v"Cad(z,y) < p,
foralln > 0. Now f" = Qgpn 0 Fppno Q;}), o)
Iy = Qan 0 Fan(q) = Quin © Gan(q)-
Hence
d(f"z, f*y) = d(f"2,Qun 0 Gon(q)) < Cal|Gun(a)|| < CIv"d(z,y)

completing the proof of item (a).

Characterizing the stable manifold
(b) Suppose that d(z,y) < C5 'C~1pand

d(fzx, fMy) < Cv™d(x,y), VYn>0.
Let ¢ = Q, ¢(y) so d(z,y) < Callq].-
Now Fy , = ;}1 of"o Q:L’,O, SO
1Fen (@)l = 1Qs 7 0 (W)l < Cod(f™x, fy) < CoCV™d(z,y) < p.

Hence
[Gan (@] = | Fen (@) < CoCv™d(x,y) < C3CV"||q].

By item (3) of the Inv. Manif. Thm. ¢ € Z, o N D, and so y = Q4.0(q) C W.

This completes the proof of item (b).
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Forward invariance of the stable manifolds
(c) Let 2’ = fx,y’ = fyand choose E > 1 such that d(x,y) < Ed(2’,y") for all
z,y € Up.

Suppose that y € W2 and d(z,y) < C5 > E~'p. Then certainly, d(z,y) < C; 'p,
so by part (a),

d(fra’, fry') = d(f" e, 1Y) < Gt Tld(e,y) < CREVA(a!,y) = CvTd(a,y),

where C' = C3E.

Also, d(z,y') < C3d(z,y) < Cy *E~'p = C5'C~1p, so the result follows from
part (b).

This completes the proof of item (c) and of the lemma.

3.2 Topological foliation
The C” embedded disks W ? depend continuously on x in the C° topology

Lemma
There is a continuous map v : Uy — Emb" (D%, M) such that v(x)(0) = z and
y(x)(D%) = WE. Moreover, there exists L > 1 such that Lip~y(z) < L for all

x € Uy, where
Lipy(z) = sup d@(x?'(;)_, mxu ).

[(Skip the proof of the Lemma)

Proof of the continuity lemma
Fix z € Uy and recall that W} = Q4,0(Zz,0 N D,).

For y close to z, let A, = Q, o(W;). Letp, = Q, (1) = Q4 © Qy.0(0) € A,.
In particular A, = Z, 0N D, and p, = 0. Moreover, y — p, is continuous.

Now T, A, = DQ, {(y)T,W; = DQ; (y)E;. so it follows from smoothness
of Q.0 and continuity of E* that A, can be viewed as a graph over D% C R% for y
close to z.

In particular, A, = {(u, ¢, (u)) : u € D%} where ¢, : DI — Reu,

Hence W = {Qq0(u, ¢y (u)) : u € D4:}. The family of functions ¢,, are C"
with uniform Lipschitz constant. Since p, € A,, there exists u, € D4s such that
py = (uy, ¢y (uy)).
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Ay=graph( (])Qn q,

m:/‘/

ds 0

A,, as graph of ¢, near A,. ‘
Define the family of embeddings y : Uy — Emb’" (D?", M) given by

YY) (1) = Qu,0(u, ¢y (u)).

We claim that y — ¢, is continuous at x in the C? topology, and hence the embedding
~ is continuous at x in the C° topology.

Indeed, suppose that y,, — z. By Arzela-Ascoli, we can pass to a further sub-
sequence such that lim,,_,o SUp,cpa, ||Py, (v) — ¥(uw)|| = 0 for some continuous
function ¢ : R% — Rew,

Since p,,, — 0, for n large enough we have that p,, € D 1055

Now fix u € D% Shrinking the disk D%, we can ensure that g, = (u, ¢y, (u)) €
D%C;s) 0 for n sufficiently large. Hence

A(Qu.0(qn), yn) < d(Qu0(gn), =) + d(z,yn) < C32p < C5 2p.

By construction, @, 0(¢n) € W,; . so by item (a) of the existence lemma for the stable
leaves

d(fk o Qw,O(Qn)a fkyn) S ngkd(Qw,O(Qn)v yn) for all k Z 0.

Letting n — oo, we obtain that

d(f* 0 Quo(u, ¥(w)), fFz) < C2 d(Quo(u, Y(u)),z) forall k > 0.

By item (b) of the existence lemma for the stable leaves Q, o(u, ¥ (u)) € W so
(u,v(u)) € Ag. It follows that ¥ (u) = ¢, (u).
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Hence all subsequential limits of ¢, (as y — x) coincide with ¢ so limy_., ¢, =
¢, in the C° topology as required.

This completes the proof of the continuity of the stable manifolds with respect to
the base point.

The stable manifolds are a topological foliation

Lemma
The family of disks {W? : = € Uy} defines a topological foliation.

To prove this, let z € Uy and choose an embedded d“*-dimensional disk Y € M
containing = and transverse to W_.

By continuity of £, we can shrink Y so that Y is transverse to W at y for all
y €Y. Lety : D — Y be a choice of embedding and define x : D* x D — U,
by setting

X (u,v) = (¥ (v)(w).

Note that y maps horizontal lines {v = const.} homeomorphically onto stable disks.

Topological foliation chart

Y
s
— _—Wx P!
Xl —
s
sz X
29

Q)S

By the previous lemma (on continuity of Uy > x — W), each of these embeddings
is Lipschitz with uniform Lipschitz constant L and using this together with continuity

d(X(ua v)’X(u()vUO)) <

< d(v(9(0))(w), v($(v) (o)) + d(v(1h(0)) (uo), Y(¢(v0)) (u0))
< Llju = uo|| + [I7(¢(v)) = v(¥(v0))llco — 0,

as (u,v) — (ugp, vp), establishing continuity of x.

Suppose that x(u1,v1) = x(u2, v2) with common value y € Uy. Theny € W3 N
W, where z; = 1 (v;).

We claim that 1 = x5 with common value 2. In particular v; = vs.
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But now v(&)(u1) = (&) (uz2) and so u; = wusg. It follows that x is injective and
hence is a homeomorphism onto a neighborhood of x as required for {W3$},cp, to be
a topological foliation.

It remains to prove the claim.

Note that W, can be viewed as a graph over W . Let A = W7 NW_ . We show
that A is open and closed in W . Since y € A and W is connected, A = W and
in particular, zo = z; as required.

It is clear that A is closed in W . To prove that A is open, suppose that z € A.
Since W;j are tangent to Ej.j with uniform Lipschitz constant, there exists C' > 0 such
that d(z1,z2) < Cd(z,x;) forj = 1,2.

Let 2’ € W be such that d(z,2") < (1/2C)d(x1, x2).
Note that this implies d(z1, z2) < 2Cd(2', z2).

We must show that 2’ € A.
Now

d(f", [ag) < d(f"2 fhan) + d(fhen, f12) + d(f7z, fhas)
< CIv™{d(Z 1) + d(z1,2) + d(z,22)}
< C3v™{d(?, x2) + d(z9,21)
+ d(z1,22) +d(x2,2') +d(2,2) + d(z,2') +d(2,x2)}
= C3v™{3d(2, w2) + 2d(z1, x2) + 2d(z,2')}
< C3v™{3d(2', xo) + 4d(z1,22)}
< (3+8C)C2v™d(2, x5).
We can arrange that x takes values in B, (x) where ¢ is as small as required.

By item (b) of the lemma on existence of stable manifolds, 2z’ € W*(x5) and hence
2" € A completing the proof.

Flow invariance of the foliation

Corollary
There exists ¢ > 0 such that X*(W3 N B.(z)) C W, forallt > 0,z € Up.

To prove this, choose ng > 1 such that 022 v < 1.

Shrinking €, it follows from items (a)-(c) of the lemma on existence of stable
leaves, that ™ (W3 N B.(x)) C Wn,, N Be(f"x) and, inductively, that f*"° (W3 N
B.(z)) C W ikng, N B(f*mox) forall k > 0.

Next choose C' > 1 such that d(X"z, X"y) < Cd(z,y) for all z,y € Uy, r €
[—noT, TL()T].

Suppose that y € W7 and let 2’ = X"z, y’ = X"y. By item (a) of the lemma on
existence of stable leaves, for y sufficiently close to  and for alln > 0

d(f"a’, fy') = d(X" frx, X" fhy) < Cd(f", f"y)
< OC2d(z,y) < C2C3v™d(x,y).
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By item (b) of the same lemma, X"y € W, for y sufficiently close to x.

Hence there exists € > 0 such that X" (W? N B.(x)) C W%, forall r € [0,n0T],
x € Up.
The result for general ¢ follows by writing ¢ = knoT+r where k > 0, r € [0,n0T).

The proof is complete.

Completing the proof of existence of the stable foliation
Recall that f = X 7. Choose C such that sup,.cpo,r) AX "z, X"y) < Cd(z,y) for
allz,y e U. Writet =nT +7r,n>0,r € [0,T).

By item (a) of the lemma on the existence of stable leaves, if d(z,y) < C5 'p and
y € W3, then

d( X'z, Xty) = d(X"TH7 g, X" THTy) < C20V™d(x,y) < C'Pld(z,y),

where C' = C3Cv~" and 7 = /7,

Passing to an adapted metric, we can arrange that there are constants € > 0, v €
(0,1) such that if d(z,y) < € and y € W, then d(X'z, X'y) < vid(z,y) for all
t>0.

From now on, we write W instead of W7 N B, (z). With this notation, the previous
Corollary states that X*(W$) C W, forall z € Uy, t > 0.

This completes the proof of the Theorem on the existence of a foliation everywhere
tangent to the extension { E2 } ¢y, of the stable bundle to the whole of U.

3.3 Smooth Foliation: bunching condition

Regularity of the stable foliation: with bunching
We recall that X ¢ is the flow generated by a C" vector field G where r > 2. Let
q € 10,r].

We suppose that there exists ¢ > 0 so that the following bunching condition
holds:

|IDX' | ES||- |DX " | B, || - |[DX' | ES“|9 <1 forallw € A.

Theorem

Let g € [0, [r]]. If the g-bunching condition holds for some ¢ > 0, then the bundle E*
is C'? over Uy. That is, the map = — E7 is a C'? map from a smaller neighborhood
U, C Up of A to Gy (the Grassmann of all one-dimensional subspaces on Ty, M).
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Consequences of smoothness of the stable bundle

1. It is immediate from domination that a g-bunching condition holds with ¢ = 0.
By smoothness of the flow and compactness of A, a g-bunching condition holds
for some ¢ > 0. Hence the stable bundle £ is at least Holder over U;.

2. When ¢ > 1 in the previous theorem, it follows by a theorem of Frobenius
that the family of stable manifolds {WW?},cy, already obtained forms a C'?
foliation of U1, in the sense that the foliation charts are C'9.

Moreover, the holonomy maps along the stable leaves are C'? smooth.

Holonomies
Yy /Y
S
hi(l) B WX] Cq /\\ Q)cu

h \X L — ||

h(Xz) /\ sz x \-/
29)

Q)S

Example of non-smooth bundle and holonomy

Let p be a fixed point of an Anosov diffeomorphism f : T3 — T2 with the splitting
T,T% = E* ® E* & E** into 1d non-trivial subspaces. We assume that f is locally
smooth linearizable at a neighborhood U of p and (fixing an orientation)

0<A=[Dfp | B[l <1< p=I[Dfp[El < o=|Dfp|E"[

We also assume that there exists ¢ = (1,0,0) € W"%(p) h W*(p) \ {p} in U such
that T, W*(p) > v = (v*®, 0%, v") with (v°,v*) # (0,0).

We set g, = f"q = (\",0,0), v, = Df - v = (A\"0°, p"v¢, o"v") and, for
a cross-section D = {z = 1} N U in linearized coordinates, we set 7, = hg,, and
r = hp, wheren > 1land h : {z = 0} NU — D is the holonomy along the leaves of
the strong-unstable foliation, tangent to the subbundle £™.

Example of unsmooth foliation/holonomy
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Smooth holonomy leads to a contradiction
If E%is C1, then h is C, thus

1L (P, gn)|

hgn — hp = Dhy, - (gn — q) + L(p,q,,)  with

|gn — pnll n—eo

llhgn—hop|

lgn—pll

hqm = rm = (r3,,r5,, 1) for some m > 1, then

and so lim,, = ||Dhy, - e1]] # 0. However, in the linearized, if we write
hgnim = Tman = (A'ro, p"re 1) with ro #0,n > 1.

Since hp = r = (0,0,1) and p = (0,0, 0), we deduce that if E* (and so /) is smooth,

then ™ is comparable to \".

This contradiction shows that, in this example, the bundle £* cannot be smooth.
[(Skip the proof of the theorem))

Proof of the theorem
Choose t as in the g-bunching condition and set f = X*.

Increasing ¢ if necessary, we can ensure that

IDf 1 EXNDS~ | Efll < |IDf | BRI -IIDS~ [ EF - IIDS | T M| < 1,
forallz € Uy. Let Ty, M = E® @ E“* be the continuous splitting with £ invariant
already constructed.

Take Ty, M = F° @ F°* a C" approximation of this splitting and for each € Uy,
let L(F#, F£*) denote the space of linear maps from F? to F%, and let D, denote the
unit disk in L(F?, F£*) (with the norm induced by the Riemannian metric).

Define the corresponding disk bundle Dy = {D,, « € Uy}.
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Invariant section over overflowing diffeomorphism
Let Uy = f(Up) C Uy and set Dy = {D,,, x € Uy }.

Leth = f~ Yy, : Uy — Up. Since h(U;y) = Uy D Uy, the C" diffeomorphism h
is overflowing in the sense of Hirsch-Pugh-Shub, Invariant Manifolds, *77.

Represent Dh(x) : T, M — T, M using the splitting F'* & F* by writing

Dh(x) = <él,z gz) cFES X FSY — FP, X FP, xeU.

We define the graph transform I' : D; — Dy,

T.(0) = (Cp+ Dyl)(Ap + Bo0)™, (€D, zelU.

A Lemma and the Theorem

Lemma
The neighborhood Uy of A and the C" splitting F'* & F'“* can be chosen so that I :
Dy — Dy is well-defined and Lip(T') - || DR Ty, M || < 1 for all z € Uy.

Now we use this result to prove the theorem.

Since EZ can be regarded as graph of an element w € L(FZ, F¢*) with ||w|| as
close to zero as desired, we can assume without loss of generality that ||w|| < 1, and
hence E* is identified with a continuous D f-invariant section of D.

Note that Dh(x)graph(¢) = graph(I';(¢)) for £ € D,. Since h = df !, it
follows that £/% : U; — D1 is a continuous I'-invariant section.

From the lemma, the graph transform I" : D; — Dy defines a fiber contraction over
the overflowing diffeomorphism % : U; — Uy, and this fiber contraction is g-sharp in
the terminology of Hirsch-Pugh-Shub (HPS).

When ¢ is an integer, we have verified the hypotheses of the “C" Section Theorem
3.5” from HPS (with ¢ playing the role of r, and vector bundles replaced by disk
bundles as in a Remark at p. 36 of HPS).

It follows that £* : U; — D; is the unique continuous I'-invariant section and
moreover that this section is C'7.

This completes the proof in the case that ¢ is an integer.

The general case follows from Remark 2 in p. 38 of HPS.

[(Skip the proof of the lemma)]
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Proof of the g-sharp graph transform lemma
To prove the lemmma we start noting that by the bunching assumption, we can
choose A\, € (0,1) s.t.

IDfIE;N-IDf | Efgll <A and g [[Df [ T, M| < 1,

for all z € Up. Since f is C* and Uy is compact, there exists § € (0,1) such that
(Anz +20)(1 —6)"2 < 1and

(M +20)(1 = 6) 72| DR~ | T M9 < 1,

forall z € Uj.

Since F® is close to the D f-invariant contracting bundle £°, we can arrange that
|C.]l < 1and ||A;Y]| < 1forallx € Uy.

Also, F'°" is close to £°“ which is invariant when restricted to A so we can arrange
that || B, || < 6.

Moreover, A7 ! is close to Df | Ej_ and D, is close to Df~! | ES* so we can
ensure that || A ||| Dy || < Apy forall z € Uy,

Let £,{' € D,. Note that |A;1B.¢|| < §,s0 |[|[(I + A;'B.0)71|| < (1-46)"L
Similarly, ||({ + A;'B,¢')~!| < (1 —§)~!. Hence
I(Az + Bot) ™ — (As + B:l)) 7|
(A Bal) (Bl — O)(Ay + B
< IAZHP6( = &) 721 — ¢
< |AZHI8(1 = 8)72||¢" — £]].

Thus we arrive at

Hl—‘m(g) - Fm(g/)H < HDI(E - EI)HH(AI + Bzg)_l‘l
+ 1(Co + Do)|[[[(Az + Bol) ™" = (As + Bul) 7!
<A |7 De (1= 8) e =2
+ (1 + DDA 16(1 = 6)72[le — ¢/
< e (1= 8) 7M€ =€) +26(1 = 6)2||e = ¢'],
and so
Lip(Ty) < (Apy +26)(1 —0) 72,
forall z € Uy.
In particular, Lip(T',.) < 1so ' (D,.) C Dy, and hence T is well-defined.

The statement of the lemma follows from this estimate combined with

(A +28)(1 = 6) 72| DR~ | Ty M||? < 1.
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3.4 Smooth foliation: strong dissipativity

Strong dissipative condition
This is a verifiable condition for smoothness of stable foliations and we can get an
estimate for the degree of smoothness of the stable foliation for the Lorenz attractor.

Recall that ds = dim E2. Given A = {a;;} € R, let || Al = (3, a?)'/2.

13 1]
Definition
Let ¢ > 1/d;. A partially hyperbolic attractor A is g-strongly dissipative if

(a) For every equilibrium p € A (if any), the eigenvalues Ay < Ay < -+ < Ay of
DG(p) satisfy A1 — Mg, +1 + qha < 0.

(b) sup, ¢, {divG(z) + (dsg — DI|(DG)()]]2} < 0.

Smooth stable foliation

Theorem

Let A be a sectional hyperbolic attractor. Suppose that A is g-strongly dissipative for
some g € (1/ds,[r]]. Then there exists a neighborhood Uy of A such that the stable
manifolds {W3, x € Uy} define a C? foliation of U.

To prove this, for each ¢t € R, we define 7, : A — R,

m(w) = log { | DX'|E3]| - | DX | 5, | - | DX B5*|1*}

Note that {7, t € R} is a continuous family of continuous functions each of which is
subadditive, that is, s4+(z) < ns(z) + (X 5x).

Proof of smoothness condition
Let M denote the set of flow-invariant ergodic probability measures on A.

We claim that for each m € M, the limit lim;_, %n(m) exists and is negative for
m-almost every x € A.

Proposition (Arbieto-Salgado, 2010)
Let {t — f; : A — R};cr be a continuous family of continuous functions which
is subadditive and suppose that [ f(z)du < O for every u € Mx, with f(z) :=

. ligl % fi(z). Then there exist a T' > 0 and a constant A < 0 such that for every
— 100

x € Aandeveryt > T

It then follows that there exists constants C, 3 > 0 such that expn;(z) < Ce™P*
forallt >0,z € A.
In particular, for ¢ sufficiently large, exp n:(z) < 1 forall z € A.

Hence the ¢-bunching condition is satisfied for such ¢ and the result follows from
the previous theorem and remarks.
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It remains to verify the claim. For each m € M, we label the Lyapunov exponents
Ar(m) < Ag(m) < -+ < Ag(m).

Since A is partially hyperbolic, the Lyapunov exponents \;(m), j = 1,...,d are
associated with F/° and are negative, while the remaining exponents are associated
with F°t,

For m-a.e. z € A we have

1

lim flogHDXt|E,‘°'.|| = A\ (m),

t—o0

Jim = log | DX B, || = g, 11 (m),

5
1

: - t)pew|| — 13 - t —

tlggo ; logHDX |ES) = tlirgo ; log |DX* | T, M|| = Aa(m).

Hence, m-almost everywhere,

lim Sy() = At (1) — Ad, +1(m) + gAa(m).

t—oo t

If m is a Dirac delta at an equilibrium p € A, then it is immediate from item (a) of
the definition of strong dissipativity that lim;_, ., %Tlt (p) < 0.

If m is not supported on an equilibrium, then there is a zero Lyapunov exponent in
the flow direction. Sectional expansion ensures that A\ ;(m) = 0 and A\;(m) > 0

for j = ds + 2,...,d. Hence, m-almost everywhere,
li ! A Al Ly Ai( Al
Qm —m(x) = Ar(m) + gAa(m ST i(m) +qra(m)

»

j=1

(Zdj A;(m) + (dyg = DAa(m))

&‘H

= () + daaram)) <

<
Il

—
<

—

lim (log\det DX ()] + (dyq - 1)1og||DXt(x)H>

1 1/t
< lim - (divDG(Xs:c) + (dyq — 1)||DG(XS:U)H2) ds

_dst—>oot 0

<d;"'sup {divDG(z) + (dsqg — 1)|| DG(z)|2}
TEA

By item (b) of the definition of strong dissipativity, we again have that lim,_, ., %nt (z) <
0 for m-almost every = € A.

This completes the proof of the claim and the theorem follows.

4 Smoothness of stable foliation and holonomies

4.1 Smoothness estimates

C''*¢ stable foliation for dissipative singular-hyperbolic attracting sets
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Using the strong dissipativity and bunching results we estimate
the degree of smoothness of the stable foliation for the Lorenz at-
tractor in the classical parameters

C*¢ stable foliation for dissipative singular-hyperbolic attracting sets
Note that if sup, divG < 0, then condition (b) holds for ¢ = d;! + ¢ for ¢
sufficiently small.

When dim M = 3, we have d; = 1 and hence we deduce that in the dissipative
case singular-hyperbolic attracting sets have a uniformly contracting (stable) foliation
on a full neighborhood of the set and which is C' 1+¢_smooth, that is, it admits C1te
foliated charts and the holonomies along the stable leaves are also C1*¢ for some
e>0.

In the case of the Lorenz attractor in the classical parameters, we can estimate de
value of 1 + ¢ as follows.
C'*<.smooth stable foliation for the Lorenz attractor

The classical Lorenz equations

dx

Ezo(y—m) o=10
d
d—zt/:rm—y—mz r =28
d
d—i:xy—bz b=28/3

define a smooth vector field G such that

divG =-4, M\ ~-2283 X=-% A3~11.83,

are the divergence and the eigenvalues of DG at the unique singularity at the origin,
respectively.

Estimate for the degree of smoothness

Thus, since after the work of W. Tucker (2000) the classical Lorenz attractor is a
geometric Lorenz attractor, we have that it is (1 + £)-strongly dissipative for ¢ > 0
sufficiently small.

Hence, the stable foliation is C'11¢ for the classical Lorenz attractor, for some £ >
0. In fact, we can prove

Corollary
The stable foliation for the classical Lorenz attractor is at least C'1-264,
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Proof of the estimate
Note that By definition, ¢-strong dissipativity holds for any ¢ < min{qy, g2} where

q = A2;3A1 ~ 1.704,
b1 dwG a1
sup, || DGl 3 sup, [|[DG]2
Now
| DG(z)|3 = 201 + % + 202 + 22 + (v3 — 28)% ~ 208.11 + V
where

V =227 + 23 + (3 — 28)%

Estimate on the size of attracting set
To estimate sup, || DG]||2 there are various explicit estimates on the Lorenz basin
of attraction.

One of the best and easier to state estimates can be found in Giacomini-Neukirch
(1997) [“Integrals of motion and the shape of the attractor for the Lorenz model.” Phys.
Lett. A], which shows that a trapping region is given by ellipsoids of the form

—28
610 22 4+ 22 + (3 — 28)? =R,

provided R > % where b = 8/3.
Taking ¢ = 48 we obtain % = 2457.6 and then we can explicitly calculate

V < 2457.6, and so qo > 1.264 as stated.

4.2 Holder-C'" stable holonomies

Holder-C'! condition on the stable holonomies

In general, even without bunching or strong dissipative condition, for singular-
hyperbolic (three-dimensional) flows, using the low codimension of the stable leaves
inside cross-sections, the holonomy along stable manifolds is differentiable and its
derivaties are Holder continuous.

Moreover, using this Holder-C'! property of stable holonomies, we can also show
that the Poincaré return time function to a cross-section is Holder-continuous.

This is used in a crucial way to study the ergodic theory of singular-hyperbolic
attractors: to prove the existence of physical/SRB measure for the flow on these attrac-
tors and study its statistical properties. However the proof of these properties was only
sketched in the literature.

C'* stable holonomies and C'*“ quotient map
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fix)  x -172 0 +1/2

Partial hyperbolic attracting set with codimension 2 stable direction

Let G be a flow on a manifold A/ which is partially hyperbolic on a compact
invariant attracting set A and the stable direction has codimension 2, that is, there
exists a D X;-invariant and continuous splitting TA M = Ej§ @ E¥ such that there are
C, X > 0 satisfying for every z € Aandt > 0

e E* is uniformly contracted: | DX, | ES|| < Ce™?;

o E{ dominates E3: |DX; | Ey|| - |DX_¢ | ES || < Ke .

t(-L)‘
o ifd, = dimE},d° = dim E§ and d = dim M = d° + d°, then d° = 2 and
d®=d—2.

We assume from now on that A = ", , X*(Up) for an open neighborhood Uy of A in
M.

Extensions of the stable bundle and central-unstable cone field.

We also assume that the splitting has been extended to a continuous decom-
position of Ty, M = E° @ E° where E* is DX'-invariant for ¢ > 0 and there
exists a continuous family (CS"),cy, of central unstable cones so that ES C C¥ and
Es N e = {0} forall = € Up.

Now let ¥ C U, be a cross-section to the flow, that is, a C? embedded compact
disk transverse to G at every point z € 3. Set 7o = inf{|t| : X'z € X, ¢ # 0}, which
is strictly positive by compactness of 3.

For z € 3 we define I () to be the connected component of 2N (U<, 2 X* (W)
which contains x. This is the stable foliation on the cross-section. a

Codimension one stable foliation on X
Note that because E? is always Holder-continuous on Uy then W is a C'*e im-
mersed smooth submanifold of Uy, for some £ > 0.

In addition, since 2 and (U<, /o X*(W;)) are codimension one submanifolds

of class C1*¢ of U, which are, moreover, transverse by construction, then its intersec-
tion W$(X) is a codimension one submanifold of ¥.. These leaves form a codimen-
sion one foliation J3 of X.
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Let 7o, 1 be a pair of smooth curves contained in X given by ~y; : [0,1] — X,i =
0,1 whose tangent space is everywhere contained in the center-unstable cone: for
some small a > 0

Yi(t) € €5y (@) NT,(»yE, forallt € [0,1],4 =0, 1.

Hélder-C' stable holonomy on cross-sections
We further assume that 7; crosses %, that is, v;([0,1]) h W2(2) = ~;([0,1]) N
W3(X) is a single point for all x € £,7 =0, 1.

Hence there exists a map h : ~y — 7 associating to each ~o(¢) the unique
(transversal) intersection point of W2 t)(E) with ~yq; this is the holonomy map of
F#(X) from g to ;.

Theorem
The holonomy & is differentiable and its derivative is Holder.

To prove this we need to consider the holonomies of the stable foliation F° of
the flow.

Holonomies on the cross-section and on U,

Figure 2: The cross-section X to the flow together with the curves ~; and surfaces
v$,1 = 0,1, the holonomy H (along the stable leaves of the flow) restricted to vy and
the holonomy % (along the stable leaves on the cross-section) after composing with the
projection 7y .

Consequence of the Theorem

A consequence of the theorem on Holder-C'! smoothness of the stable holonomy
on cross-sections is that if we consider the quotient map of a Poincaré map to the
cross-section X over the stable foliation F°(3), then this quotient map becomes a
C'*¢ one-dimensional map for some ¢ > 0.
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This is the crucial feature that enables us to use the ergodic theory of one-
dimensional dynamics to study the ergodic theory of these attracting sets without
assuming bunching or dissipative conditions.

[(Skip the proof of the theorem)|

The stable holonomy for the flow on U
We consider the surfaces v§ = Ute[_‘S EP.¢ !(v:),i = 0,1 (at least of class C? since
both 7o and X belong to this class) for some fixed 0 < € < 79/2.

These are transverse to the stable foliation F° of the flow, by construction.

We can then consider the holonomy H : v§ — ~{ given for each z € 7 by the
unique (transversal) intersection of W} with 7.

Proof of the Theorem

We write h as a composition of the restriction o = H |,: 70 — & = H(y0) C 75
with m; : 7% — 75,7 = 0,1, which is the natural projection along flow lines. That is
h=m o h where we set

m1(2) = m(s) <= Jt| <e: X' (y1(s)) = 2.

for some s € [0, 1].

Then we can write the image £; = E(WO) as the following graph in ~{ over ~;:
& = (XS (51 (s)) 1 s € [0,1]}

foramap§: v — R.
Remember that 4 is given by the restriction H | 7g.

Now Hoélder continuity of the holonomy maps H along strong-stable laminations
is a general feature of C''* partially hyperbolic dynamics for any @ > 0; see Pugh-
Shub-Wilkinson ‘“Hdlder foliations‘. Duke Math. J. ’97.

Hence ¢ : ; — R is Holder-continuous because [0, 1] 3 s > &1(s) = X¢1()) (4, (s))
is a Holder continuous curve in 5 and (¢, s) — X(y1(s)) is a C'! parametrization of
the surface vf D &;.

Moreover, in this setting, these holonomies are also absolutely continuous with
respect to the induced smooth measures m; on ~;,72 = 0,1 from the Rieman-
nian volume on 1/; see Pesin-Sinai “Gibbs measures for partially hyperbolic attrac-
tors” ETDS ’82 or Pugh-Shub “Ergodic Attractors” TAMS °89. This means that
H, (mo) <K myj.

Hélder Jacobians
This also means that H admits a Jacobian, that is, there exists JH : y§ — [0, +00)
such that my (H (A)) = [, JH dmy for all Borel subsets A of ~§.

In addition, this Jacobian is a Holder-continuous map; see e.g. Theorem 8.6.13,
p 255 in Barreira-Pesin “Nonuniform hyperbolicity” CUP 07.
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Let us denote by \; the measure induced on +y; by the area measure m; from 5,7 =
0,1.

Altogether this ensures that i : 79 — 1 is absolutely continuous in the sense that

h«(Xo) < A1 and its Jacobian is also Holder-continuous, which implies that the Radon-
d(hiXo)

D~ can be seen as Ai-a.e. equal to i/, and so i becomes a

Nikodym derivative
Holder-C'! map!

Holonomy has derivative which is Holder
Indeed, given any open interval (a,b) C [0, 1] we define \; (v;(a,b)) = mi(7; 'vi(a,b)),i =
0,1 and so
At (h(v0(a, b)) = M (m1h(v0(a, b)) = A1 (m H (75 "0 (a, b))
=m (H(?T()_l'yo(a, b))

:/ JH dmyg =/ JH d((mo).mo)
Tral’yo(a,b) ~o(a,b)

= / JH d)g
Yo(a,b)

we see that the Jacobian of h can be seen as the restriction of J H to the image of .

Absolute continuity and a.e. differentiability
Finally, absolutely continuous maps as / are differentiable \y-a.e., that is i’
exists \g-a.e. and, moreover, are primitives of the derivative. So we have

Mot b)) = [ H]dx

Yo(a,b)
forall0 <a<b<1.

Since we also know that |/ 0| = JH oy, Ag-a.e. and J H is Holder-continuous,
then we can extend 2’ to a Holder-continuous function [0, 1] — R which is the deriva-
tive of h.

This concludes the proof of the Holder-C'* smoothness of holonomies in this sett-
ting.

4.3 Piecewise expansion

Piecewise expansion for the quotient map

If we also assume that ¢ is seccionally expanding, then we can
find a collection of cross-sections to the flow and a Poincaré return
map which admits a one-dimensional quotient map over the stable
foliation that is a C''*° piecewise expanding map.
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Cross-sections and Poincaré maps
Given two cross-sections X, X to the flow, let us assume that there exists = € int(3)

and 7 > 0 so that X (z) € int(X) (we write int(X) for the interior of X as a manifold
with boundary).

The Tubular Flow Theorem ensures that there exists an open neighborhood U, of
x in ¥ and a uniquely defined smooth Poincaré map

fiU, CE=E r(a) = Xpm(a) (1)

for a suitable Poincaré return time function r : U, — RT with r(z) = 7, in such a
way that f |y, becomes a diffeomorphism onto an open neighborhood Vi, = f(U,)
of fx in ¥ and as smooth as the vector field G.

Holonomies on cu-curves
Note that, in general, f needs not correspond to the first time the orbits of U, C ¥
encounter X, nor it is defined everywhere in X.

Note that the return time function r : ¥ — (0, +-00) belongs to the same differen-

tiability class as the flow, since the cross-sections 3, 3. are smooth embedded disks on
M.

Let us assume that 3, 3. are endowed with cu-curves ~o, Yo Which cross each cross-
section and also U and V., respectively.

We denote p : U, — 70, p' : Vi — 7o the projections along the stable foliation
F35, and F% on each neighborhood.

Locally quotienting over the stable foliation
The open ngbh. U, where f is defined projects onto V' = p(U,.) which is an open
neighborhood of p(z) in ~yy. Since stable leaves are invariant, we can define

yeVe fly) =0 (fp ' (y) NU)) € Fo.

From previous results, this is a composition of a C' 1+ map with the Poincaré map, and
thus f is a C'*® map, for some 0 < a < 1.

If we have that
e f is defined on all points of 3, and that

o f sends leaves of J%, into the interior of leaves of 3"%;

then, taking the cu-curves o, 7o crossing 3, 5, respectively, the previous procedure
defines a quotient map f : y9 — o which is a '™ map.
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Partial hyperbolicity of Poincaré maps
The splitting E* & E°* over Uy induces a continuous splitting E*(X) @ E<*(X) of
the tangent bundle 7% (and analogously for ¥)

Ey2)=ESNT,S and ES(S)=EXNT,E,yex

where E}° = EJ © Ef and Ef is the direction of the flow at y.

The D X-invariance of the splitting £ @ E°* on A and the invariance of E* on
Uy ensures that

o Df-E;(X) = FE;,(¥)forallz € ¥, and
o Df-E(X) = Ef(Y) forallz € ANX.
Partial hyperbolic Poincaré map
The next result shows that, if T\ M = E3 @ E¥ is a partial hyperbolic splitting and

the Poincaré time r(x) is sufficiently large, then F*(X) @ E<*(X) defines a partially
hyperbolic splitting for the transformation f on the cross-sections.

Proposition
Let f : ¥ — ¥ be a Poincaré map with Poincaré time 7. For every given 0 < A < 1
there exists 77 = T71(3, 3, A) > 0 such that if inf r > T}, then

o |IDf| E5(D)| < A and
o |IDfIEXE)- (D | BE(D) Y| < A

forall z € X.

Proof of the proposition
Note that for v € T, 3. we have

Df(x)v = D(X,(2)(2))v = DX,y - v + (Dr(z) - v)G(fz) € T3
which is the same as
Df(z)v =7g(fz) - (DX, - v)

where g (fz) @ Ty M — Tfmi is the projection corresponding to the splitting
TieM =TiX & (R-G(fz)).

Since 7 (2) has uniformly bounded norm for z € D by compactness and transver-
sality, then the statement of the proposition is a straightforward consequence of partial
hyperbolicity, as long as r is big enough.
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Standard parametrization for cross-sections

In this way we can always achieve an arbitrarily large contraction rate along the
stable direction at any given pair of cross-sections, as long as we take A sufficiently
close to zero and, consequently, a big enough threshold time 77 .

Given a cross-section X there is no loss of generality in assuming that it is the
image of the square I? by a C1“ diffeomorphism A, for some 0 < o < 1, which
sends vertical lines inside leaves of F¥(X), where I = [—1,1] . We denote by int(X)
the image of int(/?) = (—1,1)? under the above-mentioned diffeomorphism, which
we call the interior of 3.

We also say that 91 x I ~ 0" is the unstable-boundary of 3 and that I x 91 ~ 9°%
is the stable-boundary of 3. Notice that 0° is formed by two curves inside the stable
foliation.

We also assume that each cross-section X is contained in Uy, so that every x € X
is such that w(x) C A. For convenience, from now on we assume that cross-sections
are of this kind.

Generalized Lorenz singularity

A generalized Lorenz singularity is an equilibrium o of G such that the spectrum
of DG(o) has two largest real eigenvalues satisfying Ay < 0 < A3 and the rest of the
spectrum is contained in {z € C: £(z) < A2}.

Hence such singularities have a strong-unstable one-dimensional manifold W), a
strong-stable (d — 2)-dimensional manifold W25* and a stable (d — 1)-dimensional
manifold W;.

However, the derivative DG(o) of the flow at o is not necessarily area expanding
along the directions corresponding to the eigenvalues Ao, A3, as is the case of a Lorenz-
like singularity.

Cross-sections near a Lorenz-like equilibrium

Global Poincaré map

Theorem

Let G be a C? vector field on a d-dimensional compact manifold having a partial hy-
perbolic attracting set A, with Ty M = E{ @ Ef and dim E} = d — 2, and containing
generalized Lorenz singularities.

For S(A) = {o € A : G(o) = 0} we assume that W2 N A = {o} for all
o€ S(A).

Then there exists « > 0 and a finite family = of cross-sections and a global (n-th
return) Poincaré map R : 29 — Z, R(x) = X, (;) () such that
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Global Poincaré map (continued)

Theorem (continued)

1. the domain £y = Z \ T contains the cross-sections with a family I' of finitely
many smooth arcs removed and 7 : E¢g — [r9,+00) is a smooth function
bounded away from zero by some uniform constant 75 > 0.

2. We can choose coordinates on = so that the map R can be written as F' : Q- Q,
F(z,y) = (f(x),9(z,y)),where Q = I x Tand Q = Q \ T'p, withT'o = C x I
and € = {c1,...,¢,} C I afinite set of points.

3. The map f : I\ € — I is piecewise C1T® with n + 1 strictly monotonous
branches defined on the connected components of I \ C.

Global Poincaré map (terminates!)

Theorem (continued again)

(4) The map g : Q — I preserves and uniformly contracts the vertical foliation

F={{z}xI}rerof Q: 30 < X < 1s.t. dist(g(z,y1), 9(x,y2)) < A-|y1 — 2|,
Vy1,y2 € 1.

If we assume, in addition, that ' is sectionally expanding, then we can replace item
(3) above by

(5) The map f : I\ € — I is piecewise expanding C1T% with n + 1 strictly
monotonous branches defined on the connected components of 7 \ € and sat-
isfies |D f| > 2 wherever defined.
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Flow-boxes near equilibria

Since the equilibria o in our setting are all Lorenz-like, using the linearization given
by the Hartman-Grobman Theorem or, in the absence of resonances, the smooth lin-
earization results provided by e.g. Sternberg, orbits of the flow in a small neighborhood
U of the equilibrium are solutions of a linear vector field modulo a continuous/smooth
change of coordinates.

Then for 6 > 0 we choose cross-sections
e X°% at points y™ in different components of W (o) \ {0}
e X' at points #* in different components of W (o) \ Wi ()

and Poincaré first hitting time maps RT : X \ /* — ¥°~ U X°F, where (T =
YENWE (o), satisfying

Cross-sections near singularities

1. every orbit in the attractor passing through a small neighborhood of the equilib-
rium ¢ intersects some of the incoming cross-sections %°*;

2. R* maps each connected component of ¥+ \ ¢* diffeomorphically inside a
different outgoing cross-section ¥.°*, preserving the corresponding stable folia-
tions.

These cross-sections may be chosen to be planar relative to some linearizing system of
coordinates near o, e.g., foraec > 0

Ei’i = {(l‘l,fL‘g,il) : |$1‘ < g, |$2| < 5} and
yot — {(£1, 29, 23) : |z2] < e, |as| < e},

where the x1-axis is the unstable manifold near o = 6 the xo-axis is the strong-stable
manifold and the z3-axis is the weak-stable manifold of the equilibrium.

Cross-sections near a Lorenz-like equilibrium

Covering of A by flow boxes

Around each singularity o € S(A) there exists a flow-box covering a neighborhood
U, of o and at each regular point z € A there exists a cross-section ¥, to the vector
field.

Define for any cross-section X the J-subsection

Y ={z€¥:d(z,d°%) > 6}

Take flow boxes near singularties with ingoing and outgoing subcross-sections $7++0 | $,0%:0

covering a corresponding neighborhood U2 of o € S(A) and, for each ¥, in A \
Usesn)U, g take a cross-section >, to the vector field and its subsection Zg.

Using a tubular neighborhood construction, we linearise the flow in an open set
U = X(_cy.e0)(int(E2)) for a small &5 > 0, containing the interior of the cross-
section 9.
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T2
xi-

This provides an open cover of the compact set A by flow-boxes near the singular-
ities and tubular neighborhoods around regular points.

We let =0 = {Ugi,ng ci=1,...,1; k=1,...,s} be a finite cover of A, where
s > 1 is the number of singularities in A, and we set 75 > 0 to be an upper bound for
the time it takes any point z € Uy, to leave this tubular neighborhood under the flow,
foranye=1,...,1.

The global Poincaré return map B
Let T3 = max{Ty, T1 (2,3, \), 2, ¥ € =} and consider the value 7' > T3 so that

diam (X7 (W2 (X)) < AT diam(W: (L) < %, forall Y eZ=

(note that here we consider ¥ € = instead of ¥ € =%). Then define
R(z) = X7 (x7() (X7 (2))

where 7(w) = inf{t > 0 : X;(w) € Z°}.

Note that 7 is not defined at points w € Uy which do not return to =9, which is
only possible if X (w) € W} _(o) for some o € S(A), since the flow-boxes through
the sections of Z° provide an open cover for the attracting set A.

The adapted Poincaré map
Let =) C =7 be the set of points such that R is well-defined. By the choice of 7'
we have that for every x € =9 there exist 2, X € = such that

R(W:(D)) c B°/2.
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This means that all points in W?(3) do return to 529/2  then we have proved

Proposition

There exists a cover of A by flow-boxes through cross-sections near regular points =
and a Poincaré return map R : =9 C = — = such thatforall x € 5 there are X,3 € =
such that R(W3 (X)) C £%2 and so R(W3(X)) C int (W5, (%)).

Finitely many strips in the domain of R
Now we focus of Zqy. Let 9°= denote the union of all the leaves forming the stable
boundary of every cross-section in =.

Lemma
The set of discontinuous points of R together with points where R is not defined in
=\ 0°E is contained in the set of points x € =\ 9°Z= so that

1. either R(x) is defined and belongs to 9°Z;
2. or there is some time 0 < ¢ < T such that X;(z) € W (o) for some o € S(A).

Moreover this set is contained in a finite number of stable leaves of the cross-sections
Y eE.

The global one-dimensional quotient map f

Let I" be the finite set of stable leaves of = provided by the previous lemma together
with 9°=. Then the complement Z\T' C = of this set is formed by finitely many open
strips where R is smooth.

We choose a C? cu-curve vy transverse to F in each ¥ € =. Then the projection
px. along leaves of F¢ onto vy is a C1T* map, for some o > 0, since this is also the
holonomy between cu-curves crossing 3. We set

J = U int({er:Rxei})ﬂvg
2,5e=

which is diffeomorphic to a finite union of non-degenerate open intervals I, . .., I, 11
by a O+« diffeomorphism, and px, | p5;' (.J) becomes a C*** submersion.

After rescalling we make the identification I = (U1 I;) U €, where € is a finite
set of points in I which are boundaries of the open intervals Iy, ..., I, in I.

Note that since = is finite we can choose vy so that py has bounded derivative:
there exists By > 1 such that

Bo

< ‘ng | 7! < By for every cu-curve «y inside any ¥ € =.

Since the Poincaré map R : =y — = takes stable leaves of J'3 inside stable leaves
of the same foliation, is hyperbolic and, in addition a cu-curve v C X is taken by R
into a cu-curve R(7y) in the image cross-section, the map

F:I\€— I givenby I\easzE(R(W;(z)mi))
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for X2, Y € Zis C*e for points in the interior of I;, 2 =1,...,n+ 1.

Moreover, it also satisfies
1
|Df| = |D(p§ oRo'yE)| > % . ||D(Ro’yg)” >0

since R(7) is a cu-curve if 7y is a cu-curve.

This completes the proof of items (1-4) of the Theorem.

The singular-hyperbolic case
We assume now the extra condition that £ is seccionally expanded. In this setting,
the singularities S(A) become Lorenz-like singularities.

Given a cross-section X, a positive number p, and a point x € 3, we define the
unstable cone of width p at x by

Ci(a) = {v=v" +v" 10" € B3(a), o" € Bg(a) and o] < pllo™]}.

Let p > 0 be any small constant.

Hyperbolicity of Poincaré maps

Proposition

Let R : ¥ — X be a Poincaré map as before with Poincaré time ¢(-). Then DR, (E3(X)) =
B}, () atevery x € ¥ and DR, (ES*(S)) = E¢4 (X)) atevery € AN S, In ad-
dition, for every given 0 < A < 1 there exists T3 = T3(3, i, A) > 0 such that, if
t(-) > T3 at every point, then

IDR|ES(S)| <A and |DR|ES(X)| > 1/A,Vz € £ N A.

Moreover, any z € X, we have DR(z)(Cy(z)) C C}o(Rx) and

5
IDR(v)|| > 6/\71 vl forall v e CF(z).

Sketch of the proof of the proposition

The proof of this result is based on the observation that the volume expansion along
the bidimensional bundle E translated into expansion in the E°*(X) direction since
the vector field in invariant and non-expanding transversely to X.

Then, for small p > 0, the vectors in C}j(x) can be written as the direct sum
of a vector in ES", which is expanded at a rate AL, with a vector in E¢°, which is
contracted at a rate \.

Hence, for small p, the center-unstable component dominates the stable component
and the length of the vector is increased at a rate close to A~ 1.
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Completing the proof of the theorem

In this way we can always achieve an arbitrarily large expansion rate along the
directions of the unstable cone as long as we take A sufficiently close to zero and,
consequently, a big enough threshold time 75.

Using this in the construction of = choosing 7" in such a way that besides the con-
ditions in the previous subsection, it also satisfies 7" > T3, we obtain

IDf| = sin<(FG(Rovs),75) - [DRoys 5]l > w,

as long as we take the threshold time 7' large enough, since the angle between the
cu-curves 7o, Yo and the stable foliation on the cross-sections are bounded away from
Zero.

This completes the proof of the Theorem.

THE END.

THANKS!
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4.4 Robust transitivity
Unstable cone-fields on cross-section and singular hyperbolicity
We present a proof of a claim made by Tucker in Section 2.4 of

o W. Tucker. A rigorous ODE solver and Smale’s 14th problem. Found. Com-
put. Math. 2 (2002) 53-117.

which to the best of the authors knowledge is missing in the literature.
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What Tucker proved via a computer algorithm
In the above cited paper Tucker proved, through the successful run of a computer
algorithm, that there exists:

e a compact set N contained in the cross-section ¥ = {z = 27} of the flow G of
the Lorenz equations for which:

— the first Poincaré return map R : N \ I' — N is well-defined away from
the curve I' C NV, given by the intersection of the local stable manifold of
the singularity with IV;

— moreover, it is proved also that R(N \I") C N, so that in NV there exists an
attracting set Ay = (), R" (V).

The unstable cone field in the return region
In addition, there exists a cone field {C%},eny C TN s.t.

DR,C, C Cg,, €N

(forward invariance) and also satisfies

Proposition (Proposition 5.1 from Tucker)
There exists F' C N s.t. F' D I and contains a fundamental domain of R (i.e. every
R-orbit has some element in F)

1. each zo € F whose positive orbit eventually leaves F' satisfies for every return
T, € F

min{[| DR, - of|/|lv]| s v € €} > 2;

2. each zp € F whose positive orbit is contained in F' satisfies min{|| DR} -
oll/|[v]| : v e €Y} > 2"/ foralln > 1.

Consequences

It follows from the algorithms developed and studied by Tucker that these are robust
properties of the flow (i.e. they hold true also for all vector fields sufficiently C'! close
to (&) and are enough to prove transitivity for the return map.

Lemma 2 (Transitivity lemma). Foreachx € N andy € Ay and open neighborhoods
Vofxand W of yin N, thereism > 1s.t. R"V NW # ().

Recall that the maximal invariant subset A = (1,_, X(U) for some positively
invariant neighborhood U satisfies A N N = Ay is the maximal invariant subset at the
cross-section.

Hence the above lemma implies the robust transitivity of A. We present a proof
in what follows.
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Robust transitivity and singular-hyperbolicity
Robust transitivity implies that A is a singular-hyperbolic attractor following

e C. A. Morales, M. J. Pacifico and E. R. Pujals. Robust transitive singular sets
for 3-flows are partially hyperbolic attractors or repellers. Ann. of Math. (2) 160
(2004) 375-432.

From what has already been proved we get

Claim (Section 2.4 of Tucker’s paper)
R admits an invariant contracting C1 T foliation.

Existence of physical/SRB measure

Holder-C' smoothness is crucial to obtain the existence of a physical/SRB mea-
sure for A: this ensures that the one-dimensional quotient map is a piecewise expansive
C'*¢ map for some ¢ > 0.

Then we can apply results from the ergodic theory of piecewise expanding
maps of the interval, ensuring the existence of a unique absolutely continuous
invariant measure v for this map.

From this, through standard constructions of ergodic theory, a physical measure u
for the flow can be induced from the a.c.i.m. v for the one-dimensional quotient map.
[(Skip the proof of the transitivity lemma)|

Proof of transitivity for the Poincaré return map
Let N\T'= NT U N~ be the components of N away from I'; see next figure.

There exist w® the limit points of images R(x,,) when x,, — I’ with x,, € T'F, due
to the dynamics of the flow near the singularity at the origin.

Then we can define for e > 0 and k € Z™" the neighborhood of T" in N

" ={z e NT: RFx) € B.(R"*(w™))}
U{z € N~ : R*(x) € B.(R* 1w )}

Before the proof: two remarks

e The previous Proposition from Tucker ensures the existence of X > Oando > 1
such that

|IDR; - v|| = Ko ||v]|
foralln > 1,v € C¥and z € N such that R¥x ¢ T fork = 0,...,n.

e The expansion rate provided by the same Proposition ensures that every curve
€ :[0,1] — N such that {'(s) € Cf,) (a C"-curve in what follows) admits

N = N(&) € ZT so that R"¢ crosses N and also ' forall n > N.
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Figure 3: An approximation of Ay (the two curved “lines”) with the most contract-
ing directions for one iterate of k. The (almost) straight line cutting across the two
branches of A is I, the intersection of the stable manifold of the origin and the return
plane. The bounding box is [—6, 6]> x {27}.

Proof of the transitivity lemma
Lety € Ay and x € N be given and fix neighborhoods V of x and W of y in N.

Fix also a C"-curve £ : [0, 1] — V containing .

From the previous remarks, consider n > 0 such that a neighborhood Vo C V of =
satisfies that R™(Vp N &) contains a curve ¢ which crosses N and in particular crosses
Il

Let £ > 0 be small enough so that Bs.(y) C W.
We split the argument in two cases, as follows.

Case A Forz € B.(y)NAy and z;, € Ay so that R*z), = z, then z;, € N\T* Vk >
1.

Case A
The assumption ensures that W, = R~*W C N \ T'¥ is diffeomorphic to W for
k=1,..., ¢ for some maximal £ > 1.

Note that ¢ can be made arbitrarily big by reducing the size of the neighborhood
w.

Letn : [0,1] — W be a C*-curve, that is, a regular curve such that n’(s) € ooy =
T2 \ C‘;‘(S) forall0 < s < 1.

The forward invariance of the cone field C* implies the backward invariance of the
interior of its complement C®, which is also a cone field.

Hence 7, = R~ "1 is also a C*-curve.
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R forward contracts area uniformly

Since_divG < —c < 0 for a constant ¢ > O thereis C' > 0and 0 < A < 1 s.t.
|det DR?| < CN for j > 0.

Indeed, since N C X is a cross-section to the flow G, if x € N and R(z) € N is

given by X7(*) (), where 7(z) is the Poincaré return time to N, then

sm<{( (Rx), TrX)

e” (") = | det DX (2)a| = |det DR |~ o s

2C|detDRI|.

Since 7(z) > 79 > 0 for all z € N by compactness, the uniform contraction of area of
R is clear.

7y is forward contracted at a uniform rate
By the backward invariance of the stable cones, there exists # > 0 for which
<y, (s),v) = O forall s € [0,1),v € €y and 1 < k < {. We deduce

|| s)nk( )| - ||DRkk( )UHbmq( (), DRnk(s)U)
[l ()] - [[ol] sin < (nf, (5), v)
IDRE (o)
[ASH

- Ko - sin6

and so ||/ (s)|| = | DR
tracted.

n.(8)| € #545(2 ) llm:.(s)]| is uniformly forward con-

N (s) Ksinf

A stable backward invariant cone field
The length of 7 grows exponentially with k and, since 7, is a C°-curve, then 7y
crosses IV transversely to the unstable cone field.

In particular, C°, C* behave as hyperbolic cone fields
e besides forward invariance of CV we have DR, 1CS C Cho1,y T € R(N);

e from the previous estimates we get

— backward expansion: | DR, ¥ -u|| > KST‘“O(%)]CHuH forallk > 1,u € C$
and z € RE(N\ T);

S DRF . ||DRF
— domination: % > K ak% for all k£ > 1, for all non-zero vectors

v € €u € DR;"- €%, and z € N such that Riz ¢ T fori =
0, k—1,
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Conclusion in Case A

Hence, letting W be a smaller neighborhood if needed, we may assume without loss
of generality that ), crosses ¢ transversely in a single point {z;} = n, M ¢ (observe
that 7, cannot “bend” in [V since it is tangent to the cone field C°).

Finally note that R‘z, € W N R"*V and we have completed the proof of the
transitivity Lemma in this case (Case A).

Now for the final case.
Case B There exists y' € B.(y),k > 1and y) € Ay such that R*y}, = v and
y;, € Tk

The final Case B
Since T'* C T}, we can find 2’ € V N € such that R"2" € T'*.

Hence we obtain that
Rn+kx/7 Rkyfc c BE(Rk—lwi)
which means in particular that R"**2" € By (y').

By the choice of &, we see that Rz’ € Bs_(y) C W and so W N RV £ ).

This concludes the proof of the transitivity Lemma also in this case.
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