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Probability 1
CEU Budapest, fall semester 2013
Imre Péter Toth
Homework sheet 4 — solutions

o
(homework) For real numbers ay, as, as, ... define the infinite product [] ax as
k=1

o n

Hak = lim Hak,
n—o0

k=1 k=1

whenever this limit exists.

Let p1, p2, ps3, - .. satisfy 0 < p, < 1 for all k. Show that [] (1—px) > 0if and only if > p < oo.
k=1 k=1

(Hint: estimate the logarithm of (1 — p) with p.)

Solution: For 0 < p, < 1 we have that [[ (1 —pg) > 0 if and only if

k=1
lim Zln(l — pg) > —o0. (1)
n—oo
k=1

Now if pr - 0, then this is clearly false. If pr — 0, then we get from the linear approximation
of z +— In(1 + x) near zg = 0 that — except possibly for finitely many k-s —

—pr > In(1 — pg) > —2py.

This implies that
C=Y p>) W(l—p)>C—2) p
k=1 k=1 k=1

which means that (1) holds if and only if lim, 0 Y, pr < 00.
Durrett [1], Exercise 3.3.1
Durrett [1], Exercise 3.3.3
Durrett [1], Exercise 3.3.9

(homework) Durrett [1], Exercise 3.3.10. Show also that independence is needed.

Solution:

a.) Denote the characteristic functions of X,,, Y,, and X,, +Y,, by 1, ¢, and p,, respectively.
Then the assumptions about independence give p,(t) = 1, (t)@,(t) for every t € R and
1 < n < oo, and the continuity theorem gives 1, (t) — ¥oo(t) and ¢, (t) — poo(t), so we
get pp(t) = poo(t). Using the continuity theorem again gives that X, + Y, = X + Y.

b.) To see that independence is needed, consider the following example. For 1 < n < oo let
X, ~B()and Y, =1-X,,s0Y, ~ B(3) also. For n = oo let Xo ~ B(3) again, but
set Yoo = X,. Again, this implies Y, ~ B(%) Clearly X,, = X, and Y,, = Y, but

Xp+Y, =1+ X+ Yy, because e.g. P(Xo + Yoo =1) =0.

Durrett [1], Exercise 3.3.11



4.7 (homework) Durrett [1], Exercise 3.3.12

Solution: Let &1, &, ... be independent and uniform on the two-element set {—1;1}, and set
Xn=>"_, g—ﬁ Then the characteristic function of the &, is

and the characteristic function of X, is
o0 = T e (o) = TLeos (o
- N m=1 ‘ am N m=1 2m .
But notice that X, is uniform on the 2™-element set

k
on ck=-2"4+1;-2"+3;,-2"+5;...;2" =3;2" — 1,

so X, converges weakly to some X with the (continuous) uniform distribution on [—1; 1]. (This
can easily be seen e.g. from the pointwise convergence of the distribution functions.) So the
characteristic function of X is

1 .
] sint
wﬂw:/emymzﬁa

1

so the continuity theorem states that

4.8 Durrett [1], Exercise 3.3.13
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