
SDE exam, 13 June 2018.

Working time: 90 minutes

In the questions and exer
ises below, (Ω,F , (Ft)t≥0,P) denotes a �ltered probability spa
e.

Every sto
hasti
 pro
ess is progressively measurable w.r.t. the �ltration (Ft)t≥0. t 7→ B(t) is a

standard standard Brownian motion (in 1 or more dimensions, as it will always be 
lear from the


ontext.)

1. 20 points

Let T < ∞ and

0 = sn,0 < sn,1 < · · · < sn,n−1 < sn,n = T

a sequen
e of partitions of the interval [0, T ], for whi
h δn := max0≤j≤n−1(sn,j+1 − sn,j) → 0

as n → ∞. How mu
h is the limit
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n→∞
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2. (a) 15 points

Let v : [0,∞) → R be a pro
ess adapted to the �ltration az (Ft)t≥0, the traje
tory of

whi
h is almost surely a smooth (C1
) fun
tion. Prove dire
tly (without referen
e to It�


al
ulus) that the pro
ess

t 7→ X(t) := v(t)B(t)−

∫ t

0

v′(s)B(s)ds

is an (Ft)-martingale.

(b) 15 points

Using It�'s formula, write the pro
ess t 7→ X(t) in (2a) as an It� integral.

3. Let δ ≥ 0 be a �xed parameter and let t 7→ Zδ(t) ∈ R+ be the solution of the sto
hasti


di�erential equation

dZδ(t) =
δ

2
dt+

√

2Z(t)dB(t), Zδ(0) = z > 0

on the time interval t ∈ [0, τ0), where τ0 := inf{s : Zδ(s) = 0}.

(a) 15 points

Write the in�nitesimal generator A of the di�usion pro
ess t 7→ Zδ(t), and the general

solution of the di�erential equation Af = 0.

(b) 20 points

Let 0 < a < z < b < ∞ and

τa := inf{s > 0 : Zδ(s) = a}, τb := inf{s > 0 : Zδ = b}.

Using Dynkin's formula, 
al
ulate the probability P
(

τa < τb
∣

∣ Zδ(0) = z
)

.

(
) 15 points

Des
ribe the asymptoti
 behaviour of the pro
ess t 7→ Zδ(t) in the t → ∞ limit. Dis
uss

its dependen
e on the parameter δ.
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