Problem Set 5
Infinitesimal Generator, Dynkin’s Formula

5.1 Write down the infinitesimal generator as elliptic differential operator for the following It6
diffusions:

(a) dX(t) = Bdt + aX (t)dB(t).

(b) dY'(¢) = < ) ;t( )) where dX (£) = —y X (£)dt + adB(t).
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5.2 Find an It6 diffusion (i.e., write down the SDE for it) whose infinitesimal generator is the

following:

(a) Af(z) = f'(x) + ["(2), f € CFR).

(b) Af(t,e) =L 4 fo+, 2 20°f

or " “ou aaz | € ).

5.3 Let X (t) be a geometric Brownian motion, i.e. strong solution of the following SDE
dX(t) = BX(t)dt + aX(t)dB(t), Xo=x2>0,
where a > 0, 8 € R are fixed parameters.

(a) Find the generator A of the diffusion ¢ — X (¢) and compute Af(z) when f: Ry — Ris

f(x) =27, v constant.

(b) Let 0 < r < R < o0, and r < 2 < R. using Dynkin’s formula, compute
P(r, <7r | X(0) =2z),

where 7., and T are the first hitting times of r, respectively, R.
Hint: Solve the boundary value problem Af(xz) = 0 for r < z < R, with f(r) = 1,

f(R) = 0.
(c) Assume 3 < o?/2. What is P(X(t) ever hits R ‘ X(0)=z)?



(d) Assume 8 > a?/2. What is P (X (t) ever hits r | X(0) = z)?

5.4 (a) Find the generator of the d-dimensional Bessel process, BES(9)

0—1

WO = o

dt + dB(t)

on R+.

(b) Let 0 < r < R < 00, and 7 < 2 < R. using Dynkin’s formula, compute
P(r, <7r ‘ Y@ (0) = ),

where 7., and Tr are the first hitting times of r, respectively, R.

Hint: Solve the boundary value problem Af(xz) = 0 for r < z < R, with f(r) = 1,
f(R) = 0. Note that the solutions are qualitatively different for § € [0,2), 6 = 2
respectively, § > 2.

(¢) Show that BES(J) is transient if § > 2.
(d) Show that BES(2) almost surely hits all points in (0, c0), but never hits 0.
(e) Show that for 6 € [0,2) BES(0) almost surely hits 0 (no matter where it starts).

5.5 Show that the solution u(t,z) of the initial value problem

P o

ou 1,
a(t,x) = 55 e s (t,x) +afc%(t,x), t>0, z€R,

u(0,2) = f(z),  (f € Ck(R) given)

can be expressed as follows:

u(t,z) = E (f (zexp{BB(t) + (a — 57/2)t}))
1 2 2
= — Te + (o — 2)t}) exp(— 2t))dy, t>0.
%/Rf( xp{By + (o = 8°/2)t}) exp(—y*/(2t))dy
In this expression t — B(t) is standard 1-dimensional Brownian motion with B(0) = 0.
5.6 Let 1) : R” — R be a C2 function, for which |¢(z) | + | V() > + |Ap(z) | < C|z|*°.
Prove that

1

M(©) 1= esp {0(B(0) ~ 5 [ (IT0(B(:) P+ Su(B(s)) s

is a martingale.



