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EMPIRICAL LOG-OPTIMAL PORTFOLIO SELECTION

GuUszZTAV MoRvar!

(Budapest)

(Received October 1, 1991)

We show that the empirical log-optimal portfolio performs asymptotically under
certain conditions as well as the optimal one.

1. Introduction

Let X € R™ denote a random stock market return vector, where X; is the
value of one unit investment in stock 7 at the end of the trading day. We require
that X; > 0 for ¢ = 1,2,...,m, that is, an investor can not loose more than the

m
invested capital. Let b, b; > 0, ) b; = 1, denote a portfolio, that is, an allocation
$=1
of investor’s capital across the investment alternatives. Let B denote the set of
such portfolios. Thus b; is the proportion of current capital invested in stock .

m

The resulting wealth is S = ) b; X; = bX. This is the wealth resulting from a
el

unit investment allocated to the m stocks according to portfolio b. If the current

capital is reallocated according to portfolio b; at time ¢ in repeated investments
against stock vectors X, Xy, ... then the wealth S, at time n is given by

Sn = ﬁ b,-X,-.
i=1

Suppose the stock market process X, X, ... is independent and identically dis-

tributed. A portfolio b* is called log-optimal if Elnb*X = sup ElnbX. Let B*
beB

denote the set of log-optimal portfolios. It can be shown that limsup % lniSg o<

n— 00
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lim 5 InS: = Elnb*X a. s., where S,, S; denote capitals achieved by an arbi-

n—oo N
trary and the log-optimal portfolio in n repeated games, respectively. For more

about the log-optimal portfolio see [1]-[8].

If the probability distribution of the stocks is not known in advance, consider
as a goal to find a portfolio selector b(-) which achieves the same asymptotic capital
growth rate as the log-optimal portfolio does, that is,

lim %lnS‘n = FEInhb*X a.s., ’
where & = HIBEX, X, ..., Xi0)Xe %

=1

2. The empirical log-optimal portfolio

We suppose that the sequence of random stock market variables X, Xo, . ..
is stationary and ergodic. We examine the performance of the following portfolio
selector:

b(-) = (1/m,1/m,...,1/m) P

4 1 ¢« ;
b(X{,X32,...,:.Xa) = argrgleal)a(;; glnbxi — arglgleal)g(/lnbxpn(dx) forn>1

where

- 1
p,,(A) = ; ZI{X.EA}
3

and
Laaf - X; €A
I{X.EA} = 0 if X;¢A ’

In other words, we choose the log-optimal portfolio according to the empirical
distribution of the past.

The following theorem implies that the asymptotically optimal growth rate is
achieved by the proposed portfolio selector if the sequence of random stock vectors
is independent and identically distributed rather than merely ergodic. The portfolio .
selector proposed in Cover [9] achieves this goal but our selector is much simpler. &

THEOREM 1. Suppose the sequence of random stock market variables X,
X, ..., is stationary, ergodic, and E|In X;| < oo for j = 1,2,...,m. Then

lim 11n3n = EIlhb*X a.s,

n—oo N
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~ n ~
where S, = [] b(X1,X2,...,X;-1)X; and Flnb*X = sup ElnbX.
i=1 beB
Let p denote the distribution of the random stock vector X.

Lemma 1. Suppose —0o < sup ElnbX < co. Let {b,} be a fixed sequence
beB
of portfolios. If lim [Inbpx p(dx) = Elnb*X then the accumulation points of
n—00

{bn} are log-optimal according to the true distribution u.

Proof. Suppose b’ is an accumulation point which is not log-optimal.

Let {by,,} be a subsequence of {b,} converging to b’. Since the function
EInbX is continuous in b,

Elnb'X = [ In lim b, ,x u(dx) = 11_1.12) In b, ;x p(dx).

1—00

Since b’ is not log-optimal, FInb’X < Elnb*X. Thus

lim [ Inb, xp(dx) < Elnb*X.

1—00

But this contradicts the assumption lim [Inb,x u(dx) = Elnb*X.
Lemma 2 (Cover [8]). Suppose —oo < sup ElnbX < oco. Let L be the
beB
subspace of R™ of least dimension satisfying P(X € L) = 1. Each log-optimal
portfolio b* € B* has the same orthogonal projection by onto L.

Lemma 3. Suppose —co < sup ElnbX < oco. Let the process X;, X, ..., be
beB
stationary and ergodic. Consider any function b*(-) such that b*(X;,X,,...,X;) €

B* for all i. Let b* be a log-optimal portfolio. Then

lim lZlnb*(x,,xz,...,x,~_1)x,- =Elhb'X a.s.
$=1

n—oo N 4

Proof.

o s
nlgrgo;;mb (X1, Xa,...,Xi1)X; =

lim = Y In(bgX; + (b (X1, Xa,.., Xio1) = bp)Xy) =
S =]
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since (b*(X1,X2,...,Xi-1) —bg)x =0 for x € L and P(X € L) = 1 by Lemma
2, where by, is the unique projection of the log-optimal portfolios.

Lemma 4. Suppose —oo < sup FlnbX < oco. Then the set of log-optimal
beB
portfolios B* is closed.

Proof. Suppose b’ is from the boundary of B* but b’ ¢ B*. Let b} be a
sequence converging to b’. By the continuity of the function ElnbX, Flnb’X =
Eln lim b;X = lim Flnb;X = Elnb*X. Thus b’ is log-optimal. But this

n—0oo

n—o00
contradicts the assumption b’ ¢ B*.

Lemma 5.
G20 A n /

where 0 < € < 1 and

1 if Xele1/gm
Iixeay = {0 if X ¢&l[e,1/e™ }

Proof.

Iixea.)InbX — Iixea,jInb'X =
bX (b -b")X
Iixea g = loxeno n (1+ S5 ) <

_‘; |6 — b'|L g |b; — b
I{XeAc} In] 1+ M—/' < I{XEAc} In]l+ L i

IN

€2

Lemma 6. For 0 <e< 1

lim sup sup /I{xeAg} Inbx fi, (dx) — /I(xEA,} Inbx pu(dx) <0 a.s.

n—o0 beEB
Proof. We cover the simplex B = {b Z =1, b >20%ri= 1.2 }
by regions D; with diameter A, where j = 1,2, ,7(A). Let b; denote a portfoho

from the region D;.

ts)up /I{xeA,} In bx g1, (dx) — /[{xeA,} Inbx p(dx) =
€B
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max sup /I{xeAc}lnbx[zn(dx) —/I{xem}lnbxp(dx) <
J beD;

max sup /I{xeAg}lnbxﬁn(dx)—/I{xeAc}lnbjx[tn(dx)+
J beD;

max sup /I{xeAl}lnbjx p(dx) — /I(XEAJ In bx p(dx)+
J beD;

max sup /I{xeAe}lnbjxﬂn(dx) - /I{xeAl}lnbjxp(dx).
J beD;

From Lemma 5,

A ! m
bseug /I{xeA,) Inbx fi,, (dx) — /I{XGAJ Inb;x fi,(dx) < C—zA.
Similarly,
m
bs;lg/lnbjxl{xe,h)p(dx) - /ln bxIixea.ju(dx) < —;A.

Thus

ts)ug /I{xeAg} In bx i, (dx) — /I(xeAe} In bx p(dx) <
€
2mA

€

+m}ax/I(x€Ae}lnbjxﬂn(dx) - /I{xeAt}lnbjxp(dx).

By the strong law of large numbers for ergodic sequence,

lim max/l{x“‘} Inb;x fin(dx) — /I{xeAf} Inbjx pu(dx) =0 a8
Y

n—oo

hence

2mA

€2

limsup sup /I{xEA,) In bx fi, (dx) — /I{xeA.} In bx p(dx) <

n—oo beB

Since A was arbitrary,

lim sup sup /I(XEAJ Inbx g1, (dx) — /I{xGA,} Inbx pu(dx) <0 a. s.

n—oo beB

Lemma 7. Under the conditions of Theorem 1,

limsup sup /ln bx fi, (dx) — /ln bx pu(dx) <0 a. s.
n—oo beB
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Proof.

sup /lnbxﬂ,,(dx) - /lnbxy(dx) <
beB

Eug/I{xeA'}ln bx fin(dx) — /I{xeAt}lnbxp(dx)+
€

ls)up /I{ng,) In bx fi, (dx) — /I{x“‘}lnbx,u(dx).
€B

From Lemma 6, for arbitrary ¢ > 0,

lim sup sup /I{xEA,} Inbx fi, (dx) — /I{xEAc} Inbx p(dx) <0 a.s.
B

n—oo be

Furthermore,

ls)up /I{ng,} Inbx fi,(dx) — /I{ngg} Inbx p(dx) <
€B

:gp /I{x“(}lnbx;}n(dx) +sup /I{x“e}lnbx,u(dx) <
:lelg/l{ng } ln;b iZi | pn(dx) + sup /I{ng,} lngbwi p(dx) <
ls)léxp /I{ng }max{ rfu’).x’mlnz,, —izlrgi.r.lwmln :r,-},&,,(dx)-{-
Elelp /I{x“ }max{ rfl:’ix‘mlnx,, _i=1r,'%i,.r.l.,m ln:ci},u(dx) <

/I{xem} Z“nxilﬁn(dx)+/1{xg,4,} lenxilu(dx).
1=1

=1

It follows that

limsup sup /I{xeAg} Inbx fi,(dx) — /I{xg,;e} Inbx p(dx) <

n—oo bEB
2/I{xem} lenz‘ilﬂ(dX) a.s.,

=1

since

hm Iixga, }Z|ln:1:,|/.tn dx) /I{XQA } lenr,]u (dx) a.:s.
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Thus for arbitrary € > 0,

limsup sup /lnbxﬂn(dx)—/lnbxu(dx) < Q/I{xeAc} Z|ln:c,-|p(dx) a. s.

n—oo begEB =Y

Since € > 0 was arbitrary and by assumption E|ln X;| < oo for ¢ = 1,2,...,m,
m

lirr&?fl(xg,h} 5" |Inz;|pu(dx) = 0 by the Lebesgue dominated convergence theo-

Tk i=1

rem. Thus

limsup sup /lnbxﬂn(dx) - /ln bx u(dx) <0 a.s.

n—oo beB
A Lemma 8. Under the conditions of Theorem 1, the accumulation points of

b(-) are log-optimal with probability one.
Proof. By the definition of log-optimality,

05/lnb'xu(dx)—/lnB(XIXg...,Xn)x,u(dx):
/lnb'xp(dx) - /lnb*xpn(dx)+ /ln b*x fi,(dx)—
/lnﬁ(xlx2 ey X )X fin (dx) + /1nt3(x1x2 ey X)X fip (dx)—

/mf;»(xlx2 o Xn)x p(dx).

Since

/m b*X fin (dx) — /m b(X1Xs ..., X)X fin(dx) <0

by the definition of b(-), and

lim [ Inb"x u(dx) — /ln b*"x fin(dx) =0 a. s.

n—oo

by ergodicity, we have,

0< limsup/lnb'xy(dx)- /mB(xl,xz,...,x,,)xﬂ(dx) &

n—00

limsup/lnB(Xl,Xg,...,Xn)xﬂn(dx)—/lnB(Xl,Xg,...,Xn)xy(dx) <

n— 00

limsup sup /lnbx fin (dx) — /ln bx p(dx) <0 a..8.

n—oo beB
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where the last step follows from Lemma 7.
Thus we have,

liminf / Inb(X;, Xy, ..., X,)x p(dx) > / Inb*x u(dx) a.s.,

and
/ Inb(X1,Xs,...,Xn)x pu(dx) < / Inb*x p(dx)

hence

lim /lnB(Xl,Xg,...,Xn)xu(dx) = /lnb"xp(dx) a. s.

n—oo

Now the statement follows from Lemma 1.
Lemma 9. Let the process X1, X, ..., X,, be stationary and ergodic. Suppose
that
—o00 < sup Flnbx < co.
b

Consider a portfolio selector f)() such that P(l.)(Xl,Xz,...,X,'_l)X,- = 0) =30
for all i and the accumulation points of b(-) are log-optimum with probability one.
Then
1o~ -
lim =% Inb(X;,Xa,...,Xi-1)X; = Emb*X  a.s.
i=1

n—oo N

Proof. Let b* be a log-optimum portfolio such that b* =0=>0b=0forj=
1,2,...,m and for all b* € B*, where B* denotes the set of log-optlma.l portfolios.
Such a portfolio exists, since suppose b} 1j = 0 and b3 ; # 0 for some j. Then for
any A € (0,1),Ab] + (1 — A\)b3 € B* and contains less number of zeros than b}
does. (Note E(/\b'{x + (1-2)b3X) = Elnb}{X = Elnb3X by Lemma 2.) If thls
new portfolio does not satisfy the condition we can repeat this procedure. After at
most m steps we get a proper portfolio.
Since b*X = b*'X a. s. (see Lemma 2),

n

Zl b(xl,xz, > Xi-1)Xi liln b(X1, X, ..., Xi—1)X; &
n

X. . b*X;
3 UK X X)X
» ;'“ ( bX; b

B(x11x2a oo axi—l)xi = B*(xlaXZa sos axi—l)xi
b*'X;
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where b* (X1,X3,...,X;-1) denotes the closest log-optimal portfolio to
b(Xl,Xg, ..,X;_1) in Euclidean distance. (Such a portfolio exists since the set of
log-optimal portfolios is closed by Lemma 4.) Thus

1 Zl b(X1, Xa, ..., Xi-1)X; "
b“'x,

1 n b(xl,x2,.. x,_1)— (Xl,X2,...,Xi_1) X;
;;m (1+ ( BX, ) ) >
k(w) n
b(X1(w), X2(w), ..., Xi-1(w))Xi(w) |, 1 eaX;(w)
P b () o M (1-5%65)

where a; = 1if b}’ # 0, a;j = 0 if b}’ = 0 and k(w) is an integer such that
[b(X1(w), Xa(w),. .., Xi(w)) = b*(X1(w), X2(w), ..., Xi(w))|| < € for i > k(w),
where 0 < € < 0.5minjer b}', I = {j : b]' # 0}.

Thus
DL R Te N RS Tl 7
- >
n Z;hl b*X; .
k(w
132, B (0). Xa ). ... Xics () Kile)
n = b*’X (w)
i eaX;(w) eaX;(w)
——Zln(l———,' ) 21 ( )
L b*'X;(w) b*'X;(w)
Thus
ol b(Xy, X, X)X caX
hnn-llorcl)f v In beX, >FEln(1- X a. s.

i=1

Expanding the function In (1 - ﬂ) into Taylor series around 0 in the interval

b*X
[0,€], we have, |In (1 - g:’;)[ ’1 (1) + E“TXM%X— for some t € [0, €].
Thus
eaX eaX eaX eaX 2eaX
- < < < = A
1“ (1 wa)‘ S pvX —taX — b”X — eaX — 0.5bX _ b*X
Since b ,m by log-optimality (see Bell and Cover [7]),
hence 9eaX
E—— : < 2em < oo.

b¥X —
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Since € was arbitrary,

: eaX

by the Lebesgue dominated convergence theorem. The upper bound follows simi-
larly,

Bk
limsup -71; Z]n b(X, xz};;i,‘X._l)X, _

n—00 "
=1

. § il ; (B(xl,xz,---,xi-l) - b*(X1, X, ... ,Xi-l)) X 4
lyl;IlSolip;Z; n|l+ X, <
: ceX; eeX
ll'l;llsol:p = Z;ln (1 + b"’x.-) =FEIn (1 + b*’X) ,
where e = (1,1,...,1). Since € was arbitrary,
: ceX
!%Eln(l+ﬁ)-0 a. s.,

by the Lebesgue dominated convergence theorem. Hence

n—0oo

ol & .
lim ~3 Inb(X;, Xy, ..., Xi-)X; = Elnb'X  a.s.

i=1

Proof of Theorem 1. The accumulation points of b(-) are log-optimal by
Lemma 8. Then the theorem follows from Lemma 9.
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annpnqecm JIOr-OInNTMAaJIbHasA CeJIeKnuia IIOqu)eJIX

I'. MOPBAU

(ByaanewrT)

[Moka3ano, UTO PMNMPUUECKUii JTOr-ONTUMaJbHbIA NOPTenb BeleT cebs acuMNTO-
TUUYECKU KaK ONTUMAaJIbHO NMPU HEKOTOPHLIX yCJOBUAX.
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