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1. Preparation for the analysis of the model

Decreasing the number of parameters

Equations (15) and (16)
Quit
du=-K2u-2K4u?+K3v+K5u?v;
dv = K1 +K4u?-K3v-K5u?v;

du
dxl1= — /. {u->ax, v->Dby} // Expand
at

dv
dyl= — /. {u->ax, v-»by} // Expand
bt

K2x 2ak4x? bK3y abk5x’y
- - + +
T T at T

K1 a’K4x®> K3y a’K5x’y
- _ _
bt bt T T

Equation (17)

abks a2 K5 aka a’ K4
=1, =1, =1, == 1}: {z, a, b}]
T T T bt

K4? K4 K4
{{t—)—, a-»> —, be—}}
K5 K5 K5

Solve [{
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, K4
dx2 = dx1 //. {z > a’K5, b>a, a- —} // Expand
K5

X K4
dy2 =dyl//. {t->a K5, b - a, a->—} // Expand
K5
K2 K5 x , K3ksy
- -2X°+ + X7y
K42 K42
K1Ks* . K3Ksy
+ X5 - -X%y
K43 K42

Equation (18)

K1 K52 K2 K5 K3 K5

dx3 = dx2 /. { - k1, - k2, > ks} // Expand
K43 K42 K42
K1 K52 K2 K5 K3 K5

dy3 = dy2 /. { k1, - k2, > k3} // Expand
K43 K42 K42

~k2x-2x?2+k3y+x’y

ki+x?-k3y-x2y

2. Limit cycles of system (18)

Transformations

We investigate the behaviour of the trajectories at the end of the O x axis In sections 2.a) - 2.e) and
at the end of the O y axis in sections 3.a) - 3.b).

1. Singular points of (18) are in the first and second quadrant

Quit

xd=-k2x-2x>+k3y+x%y;
yd = kl1+x’-k3y-x’y;
sol = Solve[{xd == @, yd == @}, {x, y}] // FullSimplify

H E(—kZ—m],ye 2k1\/4k1+k22 },
2 k1(k2+\/4k1+k22)+(7k2+\/4k1+k22)k3

X -
1
{X%— (—k2+\/4k1+k22),

2

4 k12 + k1 k2 (k2+\/4k1+k22 ) +4k1k3 +k2 (kZ—\/4k1+k22 ) k3

v 1
2 (k1% + 2 k1 k3 + k3 (k2% +k3))
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4 k12 + k1 k2 (k2+\/4k1+k22)+4k1k3+k2 (k2—\/4k1+k22]k3

2 (k1? + 2k1 k3 + k3 (k2% + k3) )

2k1\ k2% +4k1
k2 (k3 -k1) + \/ k22 +4k1 (k3 +k1)

True

// Simplify

Y

.a) Substitutionu==, z=

X |

and time rescaling dt » L dt
Z

>

System (19)

ClearAll[xd, yd, x, y, k1, k2, k3, u, z, uu, zz, ud, zd];
xd=-k2x-2x*+k3y+x’y;

yd = k1+x*-k3y-x’y;
y 1

Uud = —3 2z = —;
X X

ud

z? (D[uu, x] xd +D[uu, ylyd//. {x—» R y—»xu}) // Expand

N |R N |R

zd = 22 (D[zz, x] xd +D[zz, y]lyd //. {x-> R y-»xu}) // Expand

—u-u*+rz+2uz+k2uz?-k3uz?-k3u?z?+k1z?

—uz+2z22+k223 - k3uzZ®

Singular points of (19)
Solve[{ud == 0, zd == 0}, {u, z}]

{{ue—l,ze@}, {u->0, z->0},

{ Ak1k2+k23-2k1+/ 4kl +k22 -|<22\/4|<1+|<22 -2\/4|<1+|<22 k3
u- B}

2 (k1% + 2 k1 k3 + k22 k3 + k3?)
k2 -~/ 4kl +k2?

£ 2 k1 }

{ Ak1k2+k23+2k1+/ 4kl +k22 +|<22\/4|<1+|<22 +2\/4|<1+|<22 k3
u- B}

2 (k12+2k1 k3 + k22 k3+k32)
k2 + 4/ 4 k1 + k22

T




4 | Limit_cycles.nb

2. b) Blow up the singular point (0,0)in (19) by X =u, Y = i

System (21)

ClearAll[u, z, ud, zd, k1, k2, k3, X, Y, Xd, Yd, XX, YY];
ud = ~u-u?+z+2uz+k2uz?-k3uz?-k3u?z?+kl2z3;

zd=-uz+2z2+k223-k3uz?;

Y4
XX = u; YY = —;
u

Xd =D[XX, uJud +D[XX, z] zd //. {u-> X, z->uY} // Factor
Yd =D[YY, ul] ud+D[YY, z]2zd //. {u-> X, z->uY} // Factor

-X (1+X—Y—2XY—k2X2Y2+k3X2Y2+k3X3Y2—k1X2Y3)

Y (—1+Y—k3X2Y2+k1X2Y3>

Singular points of (21)
Solve[{Xd == @, Yd == 0}, {X, Y}] // FullSimplify

{{X%—l,Y%O}, (X508,Y>0), (X>0,Y>1},

k2 k3

- k1- —<k2 k34
{x% 2+/4k1+ k2 vo Jakix2? W}J
2kl + k2% -k2+/ 4kl +k2? +2k3 2k1
k1 + k1 k2 + k3 - k2 k3
{Xﬁi 2/ 4kl + k22 v N m}}
2kl

2 k1 +k2 [k2+ 4k1+k22]+2k3

2. ¢) Moving the singular point (0, 0) to (0, 1) using the substitution
w =X, v=Y-1and timerescaling dt » -dt

System (22)

ClearAll[X, Y, Xd, Yd, k1, k2, k3, v, w, vd, wd, vv, ww, P, Q];
Xd=-X (1+X-Y-2XY-k2X*Y?+k3X* V2 + k3X> ¥? - k1X*Y?);
Yd=-Y (-1+Y-k3X*Y?*+k1X?¥?);

ww=X; vw=Y-1;

wd = - (D[ww, X] Xd+D[ww, Y]Yd //. {X>w, Y>Vv+1}) // Expand
vd = - (D[vv, X] Xd+D[vv, Y]Yd//. {X>w, Y>Vv+1}) // Expand
—vw-w? —2vw? k1w - k2wl k3w -3 kivw - 2k2vwd+

2k3vwd - 3k1viwi —k2viwd k3 viwe —k1viwi + k3wt + 2 k3 vwt + k3 viwt

viviekiw? - k3w?+4klvw? -3k3vw?+6klviw? -3k3viw?+4aklviw®-k3viw?+klviw?
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Solution of v+ Q(w, v) =0

Plw_, v_] :=wd;
Q[w_, v_] :=vd;
P[w, v] /. V> @ // Factor
Q[w, v] /. v- 0 // Factor

w? (—1—k1w—k2w+k3w+k3w2>
(k1 - k3) w?

ClearAll[sol];
sol = Solve[v +Q[w, V] =9, Vv];
P[w, v /. sol[[1]]] == P[w, V /. sol[2]]] == P[w, v /. sol[[3]] == P[w, vV /. sol[4]]

True

P[w, v /. sol[1]]

—vw-w —2vwr—klw - k2w + k3w -3klvwr - 2k2vwd+
2k3vwd - 3kiviwi —k2viwd k3 viwP - k1 V3wl + k3wt + 2 k3 vwt + k3 viwt

. d) Figures for system (22) when k1 > k3, k1 =k3, k1 <k3
Quit

PIW ,V ]:=-vw-w?-2vw -kiw -k2w*+k3w’-3kivw’-2k2vw’ +
2k3viwe -3k1vVIWwe - k2viwl + k3 v wd - k1 Vi w® + k3w® + 2 k3 vw? + k3 vZw;
QW , v ]:=v+vi+ekiw? -k3w? +4kivw’ -3k3vw? + 6k1viw? -

3k3viw? +4k1viw?-k3viw?+klviw?;



]

mScale - 0.1, Axes - True]

Q[w, v]} /. {k1 >4, k2 > 1, k3 > 1},

-2, 2}, Strea

mPlot [ {P[w, V],
_2.! 2}.’ {VJ

kl>k3
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kl < k3

StreamPlot[{P[w, V], Q[w, V]} /. {k1>1, k2 -1, k3 > 2},
{w, -2, 2}, {v, -2, 2}, StreamScale -» 0.1, Axes -> True]

T A
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SN
= N NN
: E”:\ii:/f | T&?@::
IIESOMISINSS
| 7 —

L :’;i‘ik - T
== \r=—=ug¢
| ==

2. e) Figure for system (19) after the blow-down

StreamPlot[{-u-u’+z+2uz+k2uz’-k3uz’-k3u* 2’ +k12’, ~uz+22*+ k22’ -k3uz’} /.

{k1-»1, k2->1, k3 1}, {u, -1, 3}, {z, -1, 3}, StreamScale - 0.1, Axes » True]

T -

-~ T ‘ - -
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3. a) Substitution u = %, z= = and time rescaling dt » Z% dt

<
< |~

System (23)

ClearAll[xd, yd, x, y, k1, k2, k3, u, z, uu, zz, ud, zd];
xd=-k2x-2x*+k3y+x’y;

yd = k1+x*-k3y-x’y;
X 1
uu=—;zz=—;
y y

ud

22 (D[uu, x] xd +D[uu, y] yd //. {y-> , x->yu}] // Expand

N |R N|R

zd = 22 [D[zz, x] xd +D[zz, y]yd //. {y-> , x->yu}] // Expand
wv+dwP-2uiz-uv*z+k3z2-kuz?+k3uz?-kiuz?

uwz-u?z?+k32z2°>-k1z*

3. b) Blow-up in the u direction. Substitution u= X, z= XY and time rescaling
dt - Xdt

System (25)

ClearAll[u, z, ud, zd, k1, k2, k3, X, Y, Xd, Yd, XX, YY];
ud=u?+u-2u?z-udz+k3z2-k2uz?+k3uz?-kiluz’;
zd =u?z-u?z?+k3 23 -k1z%;

z
XX = u; YY =

-

u
1

Xd = — (D[XX, u] ud +D[XX, z] zd //. {u-> X, Z->uY}) // Factor
X
1

Yd = — (D[YY, ulud +D[YY, z]zd //. {u-> X, z->uY}) // Factor
X

-X (—1—X+2XY+X2Y—k3Y2+k2XY2—k3XY2+k1X2Y3>

Y (—1+2XY—k3Y2+k2XY2>

Theorem 3

4. a) Singular points of (18) if x0 = 1.

Quit



ClearAll[xd, yd, x, y, k1, k2, k3, sol, x1, y1, xid, yid];
xd=-k2x-2x>+k3y+x’y;

yd = k1+x’-k3y-x’y;

Solve[{xd =0, yd ==0} /. x » 1, {k1, y}] // FullSimplify

{{k191+k2, y > iiti}}

. b) System (26): the singular point (if x0 = 1) is shifted into (0, 0)

ClearAll[xo, yO, X, Yy, xd, yd, x1, y1, xid, yid, ki1, k2, k3, k4, k5];
xd=-k2x-2x*>+k3y+x’y;
yd = k1+x*-k3y-x’y;

2+ k2

X0 =1; yo = H
1+k3

k1l = k2 +1;

XX1 = X-Xx0; yyl =y -yo0;

x1d = D[xx1, x] xd + D[xx1, y]yd /. {Xx-> x1+x0, y->yl+y@} // Factor
yld = D[yyl, x] xd +D[yyl, y]yd /. {x > x1+Xx0, y->yl+y0@} // Factor

(k2x1—4k3x1—k2k3x1+k2x12—2k3x12+
1+ k3

yl+2k3yl+k3?yl+2x1yl+2k3x1yl+x1%yl+k3x1%y1)
1

C14k3
k3x1%+y1l+2k3yl+k3%yl+2x1yl+2k3x1yl+x1%yl+k3x1%y1)

(2x1+2k2x1—2k3x1+x12+k2x12—

Solve[{x1d == @, yid == 0}, {x1, y1}]
(2k2+k2?) (1+k2-k3)

[xase,y150, {x15-2-k2, y1 - N

(1+k3) (1+2k2+k2%+k3)

. €) The Jacobian at the origin

Jac = D[{x1d, yld}, {{x1, y1}}1;
JacOrigin = Jac /. {x1 > 9, yl -» 0} // FullSimplify

k2 - (4 +k2) k3 2 (2+k2)
e

trace = Tr[JacOrigin] // Factor
Solve[trace == 0, k2] // Factor

1-k2+6k3+k2k3 + k32

1+k3

1+6k3+k32

e 6 1

Limit_cycles.nb | 9



10 | Limit_cycles.nb

1+6k3 +k3?

-1+k3
Eigenvalues[JacOrigin] // FullSimplify //

k2 = -

PowerExpand (xif k3<1 then these are pure imaginarysx)

(1+k3) V3 +k3 (1+k3) V3 +k3

- : J

V-1+k3 V-1+k3

4. d) System (29)

The matrix S that transforms JacOrigin into Jordan canonical form (change
fromx1, yltou,v)

all = JacOrigin[1, 1] // Factor;
a21 = JacOrigin[2, 1] // Factor;
alfa = 0;

(1+k3) V3+k3

beta = - 5 (#if k3<1 then this is realx)
V1-k3

S = {{all - alfa, -beta}, {a21, 0}}

Hl+k3,

ClearAll[uu, vv, sol];
{uu, vv} = Inverse[S].{x1, y1} // FullSimplify
sol = Solve[{u, v} = Inverse[S].{x1, y1}, {x1, y1}] // FullSimplify

(1+k3) V3 +k3 4 (1+k3)

}’{ “1+k3 0}}

1-k3

{(—1+k3) yl ~1-k3 (4x1+y1—k3y1)}
4 (1+k3) 4 (1+k3)/3+k3

(1+k3) (\/1ka u+/3+k3 v) 4(1+K3) u

{pas TG TG J}

ClearAll[ud, vd];
ud = D[uu, x1] x1d + D[uu, y1] yid /. sol[1] // FullSimplify // Expand;
vd = D[vv, x1] x1d + D[vv, y1] yi1d /. sol[1] // FullSimplify // Expand;

JacOriginNew = D[ {ud, vd}, {{u, v}}] /. {u->0, v- 0} // FullSimplify

{{0, (1+k3) V3 +k3 }, {7 (1+k3) V3 +k3 ,0}}

1-k3 1-k3
Eigenvalues [JacOriginNew]

1 (1+k3) vV3+k3 1 (1+k3) V3+k3

{ - }

1-k3 1-k3
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The transformed system after multiplying by S
ud
vd
3u? k3 u? 3 k32 u? k3? u? u? k3u®  k3°u® k3’u® V3+k3 v

- + + - - + + + -

2(1-k3) 2(1-k3) 2(1-k3) 2(1-k3) 1-k3 1-k3 1-k3 1-k3 (1-k3)3/2

k32/3+k3 v V3+k3 uv k3vV3+k3 uv k3°+/3+k3 uv k3*+/3:k3 uv
_ . . _ _

(1-k3)3/2 (1-k3)32 (1-k3)3/2 (1-k3)3/2 (1-k3)3/2
2/3+k3 u>v 2k3+/3+k3 u’v 2k3%2+/3+k3 ulv 2k33+/3:k3 u?v
(1-k3)3/2 - (1-k3)3/2 ! (1-k3)3/2 ! (1-k3)3/2 "
3v? 7 k3 v? 5 k32 v? k33 v2 3uv? 7k3uv? 5k3%Zuv? k33uv?
201.k3) 2(1.K3) 2(1-Kk3) 2(1-k3) 1.k3 1.k3 1.k3 1 k3
3+v/1-k3 u V1-k3 k3u 3+/1-k3 k32u
. <71+k3>2m7 <71+k3>2m+ <71+k3>2m+
V1-k3 k3*u 111 -k3 u? V1-k3 k3 u? 6V1-k3 k3% u?
<71+k3>2m_z<71+k3>2m+ <71+k3>2m+ <71+k3>2m_
V1-k3 k3 u? V1-k3 k3*u? 3v/1-k3 u? 4+/1-k3 k33

+

(-1+k3)2+vV3+k3 2 (-1+k3)%2+/3+k3 (-1+k3)2v/3+k3  (-1+k3)2V3+k3
2v/1-k3 k3243 4+/1-k3 k33 u? \/1-k3 k3*u? 5uv

<_1+k3>2m+ (_1+k3>2m+ (-1+k3)2/3+Kk3 (71+k3)2+
4k3uv 6k3%uv 4k3%uv k3*uv 6u’v 8k3u?v
(-1+|<3.)2+ (—1+k3)2_ (—1+k3)2_ (—1+k3)2_ (-1+k3)? i (-1+k3)? '
4k32u?v 8k33ulv 2k3%u?v 3+/1-k3 V2 111 - k3 k3 v?

N N . N .

(-1+k3)?  (-1+k3)2  (-1+k3)%2 2 (-1+k3)2/3+k3 (-1+k3)2/3+k3
141 - k3 k3% v? 541 - k3 k33v? V1-k3 k3%v? 9+v1-k3 uv?

+ + - -

(-1+k3)%2+/3+k3 (-1+k3)2vV3+k3 2(-1+k3)2V/3+k3 (-1+k3)%2+/3+k3
24+1-k3 k3uv? 22+1-k3 k32uv? 8+v1-k3 k33uv? V1-k3 k3*uv?

(-1+k3)%2+/3+k3 (-1+k3)%2+/3+k3 (-1+k3)2vV3+k3 (-1+k3)2V/3+k3

Time rescaling dt -» - O ENER dt
V1-k3
ClearAll[BB];

BB = JacOriginNew[2, 1]

(1+k3) Vv3+k3

1-k3
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ClearAll[Ud, Vvd];
Ud = ud / BB // FullSimplify
Vd = vd / BB // FullSimplify

1

-2 (-1+k3?%) u3—v(2\/—(—1+k3) (3+k3) + (1+k3) (3+k3)v) +

2\/7(71+k3) (3 +k3)

2uv \/7(71+k3) (3 +k3) 7k3\/7(71+k3) (3+k3) +3v+k3 (4+k3)v| +

uZ

3+4\/7(71+k3) (3+k3) v+k3 (74+k3+4\/7(71+k3) (3+k3) v

1

(2 (-1+k3) (1+k3) (3+k3) u*+ (3+k3) (1+k3 (6+k3)) v?+
2 (-1+k3) (3+k3)

2u(—3+k3 (2+k3)75\/7(71+k3) (3 +k3) V+4k3\/7(71+k3) (3+k3) v+

K324/ (-1+Kk3) (3+Kk3) v (1+k3) (3+k3)2v2

-u? (11+12\/7(71+k3) (3+k3) v+

k3 (713+k3+k32+16\/7(71+k3) (3 +k3) V+4k3\/7(71+k3) (3+k3) v

Coefficient[Ud, v] /. u- 0 // FullSimplify
Coefficient[vd, u] /. v -0 // FullSimplify

-1

1

System (29)

ud // Factor
1

24/3-2k3-k3?

(3u2-4k3u2+k32u2+2u3-2k32u3-2\/3-2k3-k32 v+2\/3—2k3—k32 uv -

2k34/3-2k3-k3%2 uv+4+/3-2k3-k3%2 u?v+4k3+/3-2k3-k3? udlv-

3v2—4k3v2—k32v2+6uv2+8k3uv2+2k32uv2]

vd // Factor
1

2 (-1+k3) (3+k3)

(—6u+4k3u+2k32u—11u2+13k3u2—k32u2—k33u2—6u3—2k3u3+6k32u3+

2k33u?-10+/3-2k3-k32 uv+8k3+/3-2k3-k32 uv+2k3?+/3-2k3-k3% uv-
12+/3-2k3-k32 u?v-16k3+/3-2k3-k3% u’v-4k32~/3-2k3-k32 v’v+

3v2+19k3v2+9k32v2+k33v2—18uv2—30k3uv2—14k32uv2—2k33uv2]
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5. a) Lyapunov’s theorem, RHS = g1 (x? + y2)* + g2 (x? + y2)°

System (29)
Quit

1
ud = (3u2—4k3u2+k32u2+2u3—2k32u3—2\/3—2k3—k32 v+
2\/3—2k3—k32

2 3-2k3-k32 uv—2k3'\/3—2k3—k32 uv+4'\/3—2k3—k32 ulv+
4k33-2k3-k32 uzv—3v2—4k3v2—k32v2+6uv2+8k3uv2+2k32uv2);

1
vd =
2 (-1+k3) (3+k3)

k3*u?-6u’-2k3ud+6k32uP+2k3*u®-1013-2k3-k32 uv+
8k3'\/3—2k3—k32 uv+2k32'\/3—2k3—k32 uv—12\/3—2k3—k32 ulv-
16 k3 \ 3 - 2 k3 - k3? uzv—4k32\/3—2k3—k32 ulv+3vi+19k3 v+

9k32v2+k33v2—18uv2—30k3uv2—14k32uv2—2k33uv2);

(—6u+4k3u+2k32u—11u2+13k3u2—k32u2—

pp=Ud /. {u-x, v-oy};

qq=Vd /. {u-> X, Vv>y};

Ser[s ] := Plus@@T::lble[x:'L ysipri, s-1ij, {i, o, s}];s

Hom[s_] := Table[p[s-1i, i], {i, @, s}];

hh = x>+ y?>+Sum[Ser[i], {i, 3, 10}];

Lie = D[hh, x] pp + D[hh, y] qq // Expand;

RHS = g1 (x* +y2)2 +g2 (x* +y2)3 // Expand;

coefflist[m_, polynomial ] :=

Module[ {poly = polynomial, list, d = m, listfirst, full, complistfirst, complist},
list = Select[CoefficientRules [poly, {x, y}],
MemberQ[Table[{d -1i, i}, {i, @, d}], #[1]] &];

listfirst = Table[list[i, 1], {i, Length[list]}];
full = Table[{d-1i, i}, {i, @, d}];
complistfirst = DeleteCases[full, x_ /; MemberQ[listfirst, x]1];
complist = Table[complistfirst[i] » @, {i, Length[complistfirst]}];
Sort[Union[list, complist], #1[1, 1] > #2[1, 1] &]



14 | Limit_cycles.nb

degree 1

ClearAll[m, LS1, aa, bb]; m=1;

aa = coefflist[m, Lie]

bb = coefflist[m, RHS]

LS1 = Table[aa[i, 2] - bb[i, 2], {i, Length[aa]}]

{{1, 0} >0, {0, 1} >0}
{{1, 0} >0, {0, 1} >0}

{0, 0}

degree 2

ClearAll[m, LS2, aa, bb]; m = 2;

aa = coefflist[m, Lie] // FullSimplify

bb = coefflist[m, RHS] // FullSimplify

LS2 = Table[aa[i, 2] - bb[i, 2], {i, Length[aa]}]

{{2, 0} -0, {1,1} >0, {0, 2} >0}
{{2, 0} -0, {1,1} >0, {0, 2} >0}

{0, 0, 0}

degree 3

ClearAll[m, LS3, aa, bb]; m = 3;

aa = coefflist[m, Lie] // Simplify;

bb = coefflist[m, RHS] // Simplify;

LS3 = Table[aa[i, 2] - bb[i, 2], {i, Length[aa]}]

{3—4k3+k32+\/3—2k3—k32 pl2, 1]
Bl
\/3-2k3- k3?2
17-3k3%+6p[1, 2] +2k3p[1, 2] -9p[3, 0] -3k3 (2+p[3, 0])
3 +k3

7-12k3-3k32+3+/3-2k3-k3% p[@, 3] -2+3-2k3-k3% p[2, 1]
Bl
/3 - 2k3 - k32

1+k32-k3 (-6+p[1, 2]) +p[1, 21}
-1+k3

E

sol3 = Solve[LS3 == @, Hom[3]] // FullSimplify

1 16 8 V1-K3 (-3+k3)
{{pp, 0}»—(1% K3+ , pl2, 1] - ,
3 -1+k3 3+k3 /31 k3
~13+k3 (20 + k3)
p[l, 2] > 7+ +k3, p[e, 3] > }}

~1+k3 34/ (-1+Kk3) (3+Kk3)
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{P[3: o], P[Z: 1], P[l: 2], P[Q: 31} =
{p[3, @1, P[2, 11, P[1, 2], P[0, 3]} /. sol3[1] // Factor

11-61k3-15k32+k33 /1-k3 (-3+k3) 1+6k3+k3? -13+20k3+k32

{ ’ ’ ’
3 (-1+k3) (3+Kk3) 3+k3 “1+k3 3\m

LS3 // FullSimplify

}

{0, 0, 9, 0}

degree 4: p[4, 0] is arbitrary

ClearAll[m, LS4, aa, bb]; m = 4;

aa = coefflist[m, Lie] // FullSimplify;

bb = coefflist[m, RHS] // FullSimplify;

LS4 = Table[aa[i, 2] - bb[i, 2], {i, Length[aa]}] // FullSimplify // Factor

{ —2+24k3—6k32+g1\/3—2k3—k32 —\/3—2k3—k32 p[3, 1]
- Bl
\/3-2k3 - k3?

1

- 2 (-3-37k3-5k3?+13k3>+3p[2, 2] -
(-1 +k3) (3+k3)
2k3p[2, 2] -k3’p[2, 2] -6p[4, @] +4k3p[4, 0] +2k3%’p[4, @] ),

1
- (82—188 k3 +24Kk3%-132k3%-42k3% +2g1 (3-2k3-Kk3?)

(3-2k3-k3?)%*

3/2

1
3 (3-2k3-k3?)*?

pl,3]+3 (3-2k3-k3%)*"?

p(3,1]],
) (-1+k3)?% (3+k3)

2 (-19+122k3-44k3%+54k3>+15k3* + 6p[0, 4] -10k3p[e, 4] +2k3%*p[e, 4] +
2k3’p(@, 4] -3p[2, 2] +5k3p[2, 2] -k3%p[2, 2] -k3’p[2, 2]},

—8—48k3—8k32+g1\/3—2k3—k32 +\/3-2k3-k32 p[1, 3]}
\/3-2k3-k32

sol4 = Solve[LS4 == @, {gl, p[3, 1], p[2, 2], p[1, 3], p[0, 4]1}] // Factor

-1-43k3+9k3%+3k33 -5+119 k3 - 73 k3% - 15 k3> + 6 k3%
[{er~ . P3,1] - :

(-1+k3) (3+k3)/3-2k3-k32 (-1+k3) (3+k3)/3-2k3-k32

o2, 2) -3-37k3-5k32+13k3*-6p[4, 0] +4k3p[4, 0] +2k3%p[4, 0]
N
’ (~1+Kk3) (3+k3) ’

-23-85k3+71k3%+61k3%+8k3*
p[1, 3] » » P[0, 4] >

(-1+k3) (3+k3)/3-2k3-k3?

-11+44k3-6k32+36k3*+k3*-3p[4, 0] +5k3p[4, 0] -k3%p[4, 0] -k33p[4, 0] }}

(-1+k3)2 (3+k3)
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{gl: P[4: o], P[3, 1], P[z: 2], P[l, 31, P[e: 4]} =
{g1, p[4, @], p[3, 11, p[2, 2], p[1, 3], p[@, 4]} /. sol4[1];

LS4 // Factor
{0, 0,090,090, 0}

5. b) Lyapunov’s theorem, RHS = g1 x* + g2 x® + ...

Here the result for g; is a constant multiple of the previous result.

System (29)

Quit

1
ud = (3uz—4k3u2+k32u2+2u3—2k32u3—2’\/3—2k3—k32 v+
2\/3—2k3—k32

21 3-2k3-k32 uv—2k3'\/3—2k3—k32 uv+4'\/3—2k3—k32 ulv+
4k3 3-2k3-k3? uzv—3v2—4k3v2—k32v2+6uv2+8k3uv2+2k32uv2);

1

vd =
2 (-1+k3) (3+k3)

k33uz—6u3—2k3u3+6k32u3+2k33u3—10\/3—2k3—k32 uv+
8k3'\/3—2k3—k32 uv+2k32'\/3—2k3—k32 uv—12\/3—2k3—k32 ulv-
16 k3 \ 3 - 2 k3 - k3? uzv—4k32'\/3—2k3—k32 ulv+3vi+19k3 v+

9k32v2+k33v2—18uv2—30k3uv2—14k32uv2—2k33uv2);

(—6u+4k3u+2k32u—11u2+13k3u2—k32u2—

pp=Ud /. {u-x, voy};

qq=Vd /. {u->Xx, v>y};

Ser[s_] := Plus@@Table[xi y*ipri, s-1ij, (i, o, s}];

Hom[s_] := Table[p[s-1i, i], {i, 9, s}];

hh = x>+ y? + Sum[Ser[i], {i, 3, 10}];

Lie = D[hh, x] pp + D[hh, y] qq // Expand;

RHS = g1 x* + g2 x® // Expand;

coefflist[m_, polynomial ] :=

Module[ {poly = polynomial, list, d = m, listfirst, full, complistfirst, complist},
list = Select[CoefficientRules [poly, {x, y}],
MemberQ[Table[{d-1i, i}, {i, @, d}], #[1]] &];

listfirst = Table[list[i, 1], {i, Length[list]}];
full = Table[{d-1i, i}, {i, @, d}];
complistfirst = DeleteCases[full, x_ /; MemberQ[listfirst, x]];
complist = Table[complistfirst[i] » @, {i, Length[complistfirst]}];
Sort[Union[list, complist], #1[1, 1] > #2[1, 1] &]
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degree 1

ClearAll[m, LS1, aa, bb]; m=1;

aa = coefflist[m, Lie]

bb = coefflist[m, RHS]

LS1 = Table[aa[i, 2] - bb[i, 2], {i, Length[aa]}]

{{1, 0} >0, {0, 1} >0}
{{1, 0} >0, {0, 1} >0}

{0, 0}

degree 2

ClearAll[m, LS2, aa, bb]; m = 2;

aa = coefflist[m, Lie] // FullSimplify

bb = coefflist[m, RHS] // FullSimplify

LS2 = Table[aa[i, 2] - bb[i, 2], {i, Length[aa]}]

{{2, 0} -0, {1,1} >0, {0, 2} >0}
{{2, 0} -0, {1,1} >0, {0, 2} >0}

{0, 0, 0}

degree 3

ClearAll[m, LS3, aa, bb]; m = 3;

aa = coefflist[m, Lie] // Simplify;

bb = coefflist[m, RHS] // Simplify;

LS3 = Table[aa[i, 2] - bb[i, 2], {i, Length[aa]}]

{3—4k3+k32+\/3—2k3—k32 pl2, 1]
Bl
\/3-2k3- k3?2
17-3k3%+6p[1, 2] +2k3p[1, 2] -9p[3, 0] -3k3 (2+p[3, 0])
3 +k3

7-12k3-3k32+3+/3-2k3-k3% p[@, 3] -2+3-2k3-k3% p[2, 1]
Bl
/3 - 2k3 - k32

1+k32-k3 (-6+p[1, 2]) +p[1, 21}
-1+k3

E

sol3 = Solve[LS3 == @, Hom[3]] // FullSimplify

1 16 8 V1-K3 (-3+k3)
{{pp, 0}»—(1% K3+ , pl2, 1] - ,
3 -1+k3 3+k3 /31 k3
~13+k3 (20 + k3)
p[l, 2] > 7+ +k3, p[e, 3] > }}

~1+k3 34/ (-1+Kk3) (3+Kk3)
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{P[3: o], P[Z: 1], P[l: 2], P[Q: 31} =
{p[3, @1, P[2, 11, P[1, 2], P[0, 3]} /. sol3[1] // Factor

11-61k3-15k32+k33 /1-k3 (-3+k3) 1+6k3+k3? -13+20k3+k32

{ ’ ’ ’
3 (-1+k3) (3+Kk3) 3+k3 “1+k3 3\m

LS3 // FullSimplify

}

{0, 0, 9, 0}

degree 4: p[4, 0] is arbitrary

ClearAll[m, LS4, aa, bb]; m = 4;

aa = coefflist[m, Lie] // FullSimplify;

bb = coefflist[m, RHS] // FullSimplify;

LS4 = Table[aa[i, 2] - bb[i, 2], {i, Length[aa]}] // FullSimplify // Factor

{ —2+24k3—6k32+g1\/3—2k3—k32 —\/3—2k3—k32 p[3, 1]
- Bl
\/3-2k3 - k3?

1

- 2 (-3-37k3-5k3?+13k3>+3p[2, 2] -
(-1 +k3) (3+k3)

2k3p[2, 2] -k3’p[2, 2] -6p[4, @] +4k3p[4, 0] +2k3%’p[4, @] ),

-82+188k3 - 24 k3% +132k3%>+42k3*+ 3 (3-2k3-k3%)*?p[1, 3] -3 (3-2k3-k3?)*?p[3, 1
(3-2k3-k32)>*
1
(-1+k3)2 (3+k3)
2 (-19+122k3-44k3?+54k3>+15k3* +6p[0, 4] -10k3p[6, 4] +2k3’p[6, 4] +
2k3’p(@, 4] -3p[2, 2] +5k3p[2, 2] -k3%p[2, 2] -k3’p[2, 2]},
-8-48k3-8k32+4/3-2k3-k32 p[1, 3]}
\/3-2k3-k3?
sol4 = Solve[LS4 == 0, {gl1, p[3, 11, p[2, 2], p[1, 3], p[@, 4]}] // Factor
8 (-1-43k3+9k3?+3k3%) 2 (-5+k3) (1-57k3+15k3?+9k3%)
{{gl% , p[3,1] = - s

3 (-1+k3) (3+k3)/3-2k3-k32 3 (-1+k3) (3+k3)/3-2k3-k32

o2, 2) -3-37k3-5k32+13k3*-6p[4, 0] +4k3p[4, 0] +2k3%p[4, 0]
N
’ (~1+Kk3) (3+k3) ’

8 (1+6k3+k32)
pli, 3] » > P[0, 4] >

\/3-2k3-k32

-11+44k3-6k32+36k3*+k3*-3p[4, 0] +5k3p[4, 0] -k3%p[4, 0] -k33p[4, 0] }}

(-1+k3)2 (3+k3)
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{glJ P[4: o], P[3: 1], P[Z: 2], P[1: 31, P[e: 4]} =
{g1, p[4, @], p[3, 11, p[2, 2], p[1, 3], p[@, 4]} /. sol4[1];

LS4 // Factor
{0, 0,090,090, 0}

Plotting the limit cycles

Preparations
Quit

SetOptions [#, AxesStyle -» Arrowheads [Automatic]] & /e
{Plot, ParametricPlot, ListPlot, ListLinePlot};

SetDirectory [NotebookDirectory[]1];
SetOptions [#, AxesStyle - Arrowheads [Automatic]] & /@ {Plot, ListPlot,
ListLinePlot, ListLogLogPlot, ParametricPlot, DateListPlot, DiscretePlot};

LaunchKernels[];

The function creating the plots

ClearAll([k, p, q, X, ¥, 81;

3
k3= —3(* © < k3 < 1 %)
10
ks =1;
k5=1;
k k32+4k3k4+2k3k5+k52 1
2 = - - .
ks - ks 10000
k1=k2+k4;
PIX_, y_] :=-kax-2ksx* +kyy+ ks x*y;

q[x_, y_] i=ky +ke X’ -kzy -ks X’ y;
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ClearAll[nsol, ev, plotter];
nsol = First@eNSolve[Join@e Thread /@ {{p[X, Y], q[X, Y]} =0, {X, y} >0}, {x, y}, 20];
ev = Eigenvalues [D[{p[X, Y1, q[X, Y1}, {{X, y}}] /. nsol];
plotter[z_, shift_, ag_: Automatic, pg_: Automatic, pp_: 1000,
ar_: Automatic, opts___] := Module[{star‘tingpoint, sys, solution},

startingpoint = ({x, y} /. nsol) + shift;

sys := NDSolveValue[Join[{u'[t] == p[u[t], V[t]], v'[t] ==q[u[t], V[t]]},
Thread[{u[@], v[@]} == startingpoint]],
{u, v}, {t, t}, AccuracyGoal - ag, PrecisionGoal - pg, opts];

1
trafo[point_] := ——— (point - startingpoint);
shift[2]

solution[t_] := trafo[Through[sys[t]]];
{ParametricPlot [Evaluate[solution[t]], {t, @, T},
Epilog » {Red, PointSize[0.05], Point[{@, @}], Point[trafo[{x, y} /. nsol]]},
PlotRange - All, PlotPoints - pp, AspectRatio - ar,
AxesLabel -» {x, y}, LabelStyle - Directive[14], ImageSize - 250],
Plot [Evaluate[solution[t] [1]], {t, ©, t}, PlotRange » All, PlotPoints - pp,
AxesLabel - {t, x}, LabelStyle - Directive[12], ImageSize - 250],
Plot [Evaluate[solution[t] [2]], {t, ©, t}, PlotRange » All, PlotPoints - pp,

AxesLabel -» {t, y}, LabelStyle » Directive[12], ImageSize - 250] }]
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Figures with components of the solution
Limit cycle, trajectory going inward

Distance from the singular point: 1

Figurel = plotter[200, {0, 1}]
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