Exercises

Analyze the following functions and sketch their graphs.

L) =x*-4x>  2.f(x)=-x*+18x? 3.f(x)=x>+5x*  4.f(x)= -
l+x
1 X
5.f(x)= 6.f(x)= 7.f(x)= 8.f(x) =
1+x% 1+x2 1-x2 (1-2x)?
2 3
9.f(x)= X 10. f(x) = 11. f(x) =xe™ 12. f(x) = (x + 2)% ™
xX+1 X2 =3
13.f(x) =™ 14.f(x)=xe™ 15. f(x) =x* Inx 16. f(x) = arctan(x?)
Summary of the steps:

1) finding the domain of f

2) finding the zeros of f

3) parity, periodicity

4) limits at the endpoints of the intervals constituting the domain

)
)
)
5) investigation of f' = monotonicity, extreme values
6) investigation of f'' = convexity/concavity, inflection points
7) linear asymptotes

)

8) plotting the graph of f, finding the range of f

Theorems:
1) Assume that f is differentiable at x; € int Dy.
Necessary condition for a local extremum at xg:
f'(x)=0
Sufficient condition for a local extremum at x:
a)f'(x) =0and f' changes sign at xo
b) f is twice differentiable at xq, f' (xo) =0 and "' (xy) 0
(f" (x9) >0: local minimum, f'" (xg) < 0: local maximum)

2) Assume that f is twice differentiable at x, € int Dy.
Necessary condition for an inflection point at xy:
" (x0)=0
Sufficient condition for an inflection point at x,:
a)f" (xg)=0and " changes sign at xq
b) f is three times differentiable at xq, f'' (xo) =0and "' (xg) # 0

Asymptotes:

1) The straight line x = a is a vertical asymptote of the function f if lim f(x) = oo or lim f(x) = £ co.

X->a+ X->a-

2) The straight line g(x) = Ax + B is a linear asymptote of the function f at co or —co if

lim(f(x) - g(x))=0 or lirp (f(x) - g(x))=0.Then A= lim @ and B= lim (f(x) - Ax).

X—%oo  x X—=too
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Solutions

1. f(x)=x*-4x3

Df=R; f(x)=0 <= x=0o0rx=4
f'(x)=4x3-12x*=4x*(x-3)=0 & x=0o0rx=3
f"(x)=12x*>-24x=12x(x-2)=0 <> x=0o0r x=2

lim f (x) = lim f(x) = +o
X—>—oc0 X=>+o0
Rf =[-21, o)
X | X<@ | x=0 | 0<x<3 X=3 x>3 X | x<@ X=0 Q<x<2 X=2 X>2
f' - 0 0 4 f'' + (%] - 0 +
f N N min:-27 | ~ f J | infl:@ N infl:-16 | U
80f
60
40
20f
2 a2 s A s
-20f

2. f(x) = -x*+18x?

Df=R; f(x)=0e=x=00rx =13 \/E; f iseven;
f'(x)=-4x>+36x=4x(-x*+9)=0 & x=00or x=+3

f'(x)=-12x2+36=0 <> x=%43

lim f (x) = lim f(x) = -
X—>-c0 X—>+c0
Rf = (-o0, 81]
X | X<=3 | x=-3 | -3<x<@ | x=0 |[0O<x<3 x=3 X>3
£ o+ ) - 0 + 0 =
f A max:81 N min:@ A max:81 [
X x<—\/§ x:—\/§ - 3<x<\/§ x:\/§ x>\/§
£ - 0 + 0 -
f N infl:45 U infl:45 N

-50

-100

-150




calc1-functions.nb | 3

3. f(x) =x°+5x%

Di=R; f(x)=0 e x=00rx =-5
f'ix)=5x*+20x3=5x3(x+4)=0 & x=-40rx=0
f"(x)=20x>+60x2=20x*(x+3)=0 & x=-3 orx=0

lim f(x) = =00, lim f(x) = +oo

X0

Rfr=R
X | x<-4 x=-4 -4<x<@0 | x=0 | x>0 X | x<-3 X=- -3<x<0 | x=0 | x>0
f' + 0 - (%] + ! - 0 + 0 +
f A max:256 N min:0 | ~ f N infl:162 U U

600

400

/\200 F
-6 -4 -2 2
-200 +

1
4. f(x) =
1+x°
Df=R; f(x)*0; fiseven limf(x)=0, limf(x)=0
X——c0 X—>+o0
2x .
f'ix)=- =0 = x=0 horizontal asymptote: y=0
(l+)(2)2
2-(-1+3x%) 1
f'"X)=—————— =0 &= x=t— Rs=(0, 1]
(1+x2)° 3
_ 1 -1 | _1 1 -1 1
X | x<@ | x=0 [ x>0 X x<7ﬁ X= e «E<X<«E x_\5 X>\/§
'+ ) - f'! + 0 = ) +
fl 2 [max:1| o f U in-Fl:i N infl:i U

-3 -2 -1 " 1 2 3
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1
5. f(x) =
1-x?
Df=R\{-1, 1}; f(x)*0; f iseven limf(x)=0, lim f(X)=%c, lim f(X)=Fco
X—>toco X—-1%0 Xx-1£0
2x .
f'x) = =0 = x=0 horizontal asymptote: y=0
(1-27)
2-(1+3x%) )
f'"X)=———— %0 vertical asymptotes: x=1, x=-1
(1-2)’
Rf = (=00, 0) U[1, +o0)
X [ x<-11 -1<x<0 | x-0 |@<x<1i1<x X | x<-11 -lex<lx>1
f' - ! - (%] + oy f'! - ! + | =
| | | |
f N : N min:1 A : A f N : U : N
| ef |
\ 2 l
— :
: -1 |
-2 l
3 1
X
6. f(x) =
1+x?
Dfi=R; f(x)=0 < x=0; fisodd lim f(x)=0, limf(x)=0
X—>—c0 X—>+o0
1-x2 .
f'x)= =0 = x=%1 horizontal asymptote: y =0
(1 +x2)2
2x(-3+x* 11
f"(x)=¥=0=>x=0 orx:i«/g sz[——,—]
(1+x2)3 22
X | x<-1 Xx=-1 -1<x<1 x=1 x>1
£ — %) + 0 -
f N min:-= A max:% N

X x<—\/§ x:—\/g -13<x<0 X=0 @<x<\/§ x:\/§ x>\/§

f'' - (%] + (%] - 0 +

3
4

N infl: B | |

N3
4

%
(@
[N
S
=+
=
®

f N infl:-
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X
7. f(x)=
1-x°
Df=R\{-1, 1} lim f(x)=0, lim f(x)=Foo, lim f(X)=Foo
X—>%oo X -1%0 X- 10
f(x)=0 < x=0; f isodd horizontal asymptote: y=0
1+x° )
f'x) = *0 vertical asymptotes: x=1, x=-1
(1-x)
2x(3+ x?)
f'X)=———— =0 = x=0 Rf=R
(1-27)
| 3t |
]
X | x<-1 : -1<x<1 : x>1 i 1f i
f' + ! + Iy : : l l . .
1 1 -4 -2 | | 2
f b : A : A Y |
|2t
LN
X X<-11 -1<x<0 X=0 O<x<1 | 1<x
£l e - 0 + -
fl U, N |infl:e|l U | N
X
8. f(x) =
(1-2x)?
1
D,r:[R\{—} lim f(x)=0, lim f(X)=+o0
2 Xk X——=20
fx)=0 &= x=0 horizontal asymptote: y=0
1+2x 1 . 1
f'(x)= =0 & x=--— vertical asymptote: x = -
(1-2x)° 2 2
8-(1 +x) 1
' (x)= =0 = x=-1 Rf:[——,+oo)
(1-2x)* 8
. 0.6
X x<—% x:—i S <X<Z :x>§
' 04H
f' = 0 + -
: 0.2
f N min:-= Ve PN
-2 é 4
x | x<-1 x=-1 —1<x<: x>t
21 2
| - 0 so0 -
£l n [infl:-2| U N
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2

X
9. f(x) =
X+1
Df=R\{-1} lim f(x) =too0, lim f(x)=%oo
X—-too Xx--1%0
fx)=0 = x=0 vertical asymptote: x=-1
X(2 +X) .
f'x)= =0 < x=-2o0rx=0 linear asymptote: y=x-1
(1 +x)?
f'"(x)= 0 Rfr=R
(1+x)3
x [x<2| x=2 [ 2<x<-11 1<x<0 | x=0 |x>0
f! = 0 = : - 0 +
f 2 max: -4 N : N min:@ | ~
X | x<-1 : x>-1
£olo-
|
f1n U
S
X
10. f(x) =
x*-3
D,:[R\{-«/E, «/E}; lim f(X)=%o0, lim f(x)=%oco, lim F(x)=zoo
X—>too X->-43%0 X- Y310
f(x)=0 & x=0; fisodd vertical asymptotes: x:—\/g, X= \E
x*(x*-9) )
f'lX)=———— =0 <= x=0o0rx=1%3 linear asymptote: y = x
(x*-3)’
6x(9 +x?)
f'X)=————— =0 = x=0 RF=R
(x*-3)’

X | x<-3 X=-3 —3<x<—\/§ -43<x<0 | x=0 0<x<\/§ \/§<x<3 X=3 X>3

f' + (4] - - (%] - - (%] +
9 . 9
f 2 max: --= N N N N min:= 2
2 2
20
| |
| |
T T | 10+ |
X x<—\/§:— 3<x<@ | x=0 |08<x<+/3 :x>\/§ ! !
I | o T
. 1 1 L =T " ‘
f = : 4 0 = : a4 - YL B :
f n U infl:@ n .+ U == | |
L ! I ~10} |
| :
| |
| |
-20*+




11. f(x)=xe™

Di=R; f(x)=0 < x=0 lim f(x) = lim —
X—+00 X400 X
f'lX)=e”*(1-x)=0 <= x=1 lim f(x) = —c0
X—>—oc0
f'"X)=e*(x-2)=0 e x=2 Rf=(—00,—]
X | x<1 x=1 x>1 X | X<2 xX=2 X>2
R (4] - '] - 0 +
fl A max:§:0.37 N fl N infl:§z6.27 U
041
0.2
" 1 2 3 4 s
_0_ .
041}

12. f(x) = (x+2)?e™*

Di=R; f(x)=0 e x=-2
f'lX)=—e*x(2+x)=0 & x=0o0rx=-2

frix)=e*(x*-2)=0 < x=22

X | X<-2 | x=-2 [ -2<x<0 X=0 X>0

lim f(x) = lim
lim f(x) = +o0
R =10, +co)

2x+2) iy 2
m = |
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X->+00 X

_Fl _ [7) + (%) —

f N min:0 2 max:4 | \

X [x<-v2 | x=-+2 | -2<x<+/2 x=+/2 x>1/2
f'' 4k 0 - (%) +
f U infl:=1.41 ﬂ infl:~2.83 U
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13. f(x) = e

Df=R; f(x)*0; fiseven

2 1
f'(x)=2e" (-1+2x%)=0 X=1T
2

frix)=e*(-2x)=0 & x=0 lim f(x)=0; R¢=(0, 1]
X=>*oo
_ 1 1 __1 1 -1 1
X | x<@ | x=0 [ x>0 X x<—ﬁ XE 7z «/E<X<«/E xfﬁ X>«/§
£+ | o | - £l o+ ) - ) +
£ 2 [max:1| f U infl:%:@.Gl N infl::%ze.sl U
1 2 3
3
14. f(x)=xe
. . X e 1
Di=R; f(x)=0 < x=0; fisodd lim f(x) = llm—2 = lim - =0
X—>toco X—>*oo ex X—>*oo ex '2X
1 1 1
f‘(x):—e‘xz(—l+2x2)=04=>x=i— R,«:[- , ]
\/5 \jze \/29
2 9 3
f'(x)=2e™ x(-3+2x%)=0 < x=0o0rx=% |-
2
X X<7i X:*i 7i<X<i X:i X>i
V2 V2 V2 V2 V2 V2
f' - 0 + e -
90 1 .1
f N m1n.—\/§~ 0.43 2 max: m~0.43 N
X x<—\/; x:—\/; —\/;<x<0 X=0 0<x<\F x:\/; x>\/;
2 2 2 2 2 2
£ - ) + 0 = 0 +
f N infl:=-0.27 U infl:0 N infl:=0.27 U
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15. f(x) =x*Inx
1
. o nxepy X
Di=R*; f(x)=0 &= x=1 lim f(x)= lim — = lim — = lim — =0
x=0+0 x-0+0 1 X040 _ 2  x50+40 2
x? x3
1
f'(xX)=x(1+2lnx)=0 <& x=——=0.61 lim f(x) = +o0
\/; X—>+00
1 1
f'"X)=3+2lnx=0 < x=—=0.22 Rf:[——,+oo)
e3/2 2e
X 0<X<% X:% X>—= X | O<xX<—5 x:ﬁ x>$
f' - 0 + f'! - 0 +
f 2 min:-—-~-0.18 | f N infl:- >, ~-0.07 | |J
2e 2e
0.2
01}
02 04 06 08 0 12
-0.1
_0_2,
16. f(x) = arctan(x?)
, 2-(1-3x%) 1
Df=R; f(x)=0 < x=0; f iseven f'(x)= =0 &= x=t—
(Lo 6
2x "
f'ix)= =0 & x=0 lim f(x)=—; Re=[0, %)
L+x* Kovkeo 2
15F
X | X<0 0 x>0
10f
f' - 0 +
051
f N | min:@ | ~
4 2 2 4
X X<- 1 X=- 1 _1 <X< X= 1 X>
V3 V3 V3 V3 V3 V3
430 0 _ %) + (7] -
f N in1:l:i6r U inﬂ:isT N




