Calculus1-01

Complex numbers

Algebraic form
The algebraic form of complex numbers is
z=a+bi
where a, beR, i is called the imaginary unit and /% = -1.

— Addition: (a+bi)+(c+di)=(a+b)+(c+d)i
Multiplication: (a+bi)(c+di)=ac+bdi*+adi+bci=(ac-bd)+(ad+bc)i

The set of complex numbers is denoted by C.
Remark: i2 = (-i)? = -1.

The complex plane

To each complex number z=a + biwe associate the point (a, b) in the Cartesian plane.
Real numbers are thus associated with points on the x-axis, called the real axis and
the purely imaginary numbers bi correspond to points on the y-axis, called the imaginary axis.
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Definitions

If z=a + bithen

e therealpartofzis Re(z)=aeR
e theimaginarypartofzis Im(z)=beR
e the conjugate of zis Z=a-bi

e the absolute value or modulus of zis r= | z| = Ya*+b* 20 (the length of the vector 2)

e the argument of z, defined for z £ 0, is the angle which the vector originating from 0 to z
makes with the positive x-axis. Thus arg(z) = ¢ (modulo 2 1) for which
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Some identities

o zZ=(a+bi)(a-bi)=a?-b2P=a?+b?= | z |2

R — = p— 4 Z =
L] Zli22=zlizl, Z1°2) =217, (—]=—, z=Z
2 z;
Z+Z z-Z
e Re(z)=—1, Im(z)=—
2 2

The trigonometric form (or polar form) of complex numbers
Let z=a+bi*0,r=|z| and ¢@=arg(z). Then a=rcos¢ and b=rsin¢gand
Z=r(Cos @+isin @)

where r and ¢ are called the polar coordinates of z.

Multiplication and division
Let z; = r;(cos ¢; +isin ;) and z, = rp(cos @, + i sin @,). Then

® 717, =r11(COS (@1 + @) +iSin (@1 + @)

I
o 2o (cos(@y- @) +isin(@-2) (ifr%0)
Z; Ny

Remark: The above formulas can be proved by the trigonometric identities:
® 7,7, =r1(COS @y +iSin @;)-r,(cos ¢, +isin @,) =

r1r;((cos@, cosg, —sing, sing,) + i(sing, cos@, +cos@,; sing,)) =
11 r(cos(@y + @) +isin(@1 + 7))

z;  r(cos @y +ising@;) cos @, —ising,
o — = . =

Z, I(cos @,y +ising,) cos @, —ising,

ri (cos ¢y €os @, + sin @, sin @,) + i(sin @; cos @, — cos @, sin @,)

r cos? ¢, +sin’ @,

ry cos(@r - @) +isin(e; - @)

ry 1

Reciprocal, conjugation, nth power

Let z=r(cos @ +isin ¢). Then
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1 1
o —=—(cos(-@)+isin(-¢)) (ifr+0)
V4 r
o Z=r(cos(-@) +isin(-@))
o 2" =r"(cos(n @) +isin(ny)) (neN*) If r#0thenitholdsforneZ.

The nth root

If z£0 and n e N* then w e Cis an nth root of zif w” = z. Then

= e+k-2m  @+k27
W= Q/r(cos<p+lsm Q) = Q/?(COST +isin T) where k=0, 1, ..., n-1.

Some identities
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Fundamental theorem of algebra
Every degree n polynomial with complex coefficients has exactly n complex roots, if counted with

multiplicity.



