Calculus1-04
Number sequences, part 2.

Orders of magnitudes

Definition: Suppose that anmoo and b,,ﬂioo. Then the order of magnitude of (a,) is smaller than
dp nseo

the order of magnitude of (b,,) if b —0.

n

Notation: g, << b,,.

k

1
Theorem: n” >>n!>>a" >>n“>>nk >>logn, wherea>1 and ke N*. Thatis,

n | n

n n!
a)lim— = b) lim — =, wherea > 1 ) lim — =, Wwherea > 1
n-c nl n-co an Nn-c n
a’ n
d) lim — =, wherea >1and ke N* e) lim = oo
N—co nk N—>oco log2 n
" nonon n n n n"
Someproofs.a) —=—- - —- . — ———2n-1-1"...-1: 1 1=N—c0 = — —o
nl 123 n-2 n-1n n!
. nl n n-1 n-2 321 n 1 n n!
b) Forexample,ifa=2,then —=—- — — = = —2—11- .- 1'1'—=—— 0 = — >
2" 2 2 2 222 2 2 4 2"
nZ
n?-3" 3" -1 ... 0-1
Example: =— — 0-—— =0.
nl+n* nt (.0 1+0
n!
Theorem. limn“a"=0,if | a| <1land ke N*.
N—co
n2+9n+1
Example: im—— =?
ne 2 0 432071
l n
nz(—) +9
. n*+9™t 9" 9 nse 0+9
Solution: ————— = —- TR 1=27.
n= 9
243 2n5(—) + = 0+-
9 3 3

1
We used that limn*a"=0,if | a| <1.Herea=-.
9

N—>co
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The graph of the sequences a,, = n? and b, = 1.1"
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Subsequences

Definition. Suppose that (n,) : N— N is a strictly monotonically increasing sequence of
natural numbers. Then we call the sequence (a,,,) a subsequence of (a,).

Examples: 1) The prime numbers are a subsequence of the positive integers.

1
is a subsequence ofa, = — (b, =a,2).

2) bn=
1+n? 1+n
1 1

3) ¢, = - is asubsequence ofa,=— (c,=ap).
n! n

Remark. A subsequence can be obtained from a given sequence by deleting some or no elements

without changing the order of the remaining elements.
Forexample, 2, 4, 6, 8, ...is asubsequenceof 1,2,3,4,5,6,7,8, ..,

but4, 2, 8, 6, ... is not a subsequence of it.

Theorem. lima, = Aif and only for all (a,,,) subsequences lima,,, = A.
N> k-
Proof. 1) Assume that all (a,,) subsequences tend to the same limit A.
Since (a,,;) is also a subsequence of (a,,), then lima,,; = A,
N—o0
so for all € > 0 there exists N e N such thatifn>Nthen | a,,1-A| <e.
Then obviously | a,-A| <€ if n>N+1, solima, =Aalso holds.

N—>oco

2) Assume that lima, = Aand let (a,,,) be a subsequence of (a,).

Then for all € > 0 there exists N e N, such thatifn> N, then | a,-A| <e.
. k-0 .
Since ny — o, then for the number N e N above, there exists S € N such that

. k 00
ifk>S,thenn,>N,so | a, —A| <g, thereforeay, S A

The Sandwich Theorem and two applications

Theorem (Sandwich Theorem). If anE;A €R, C,-,E;A eRanda,<b,<c,foralln>N,then

N—oco

b,—AeR
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Proof. Let € > 0 be fixed. Then
there exists N; e N such thatifn>N; thenA-e<a,<A+¢cand
there exists N, e N such thatifn>N,thenA-e<c¢, <A + ¢
So if n>max{N, N, N,} then
A-e<ap,sbpsc,<A+e = | by-A| <e.

sin(n
Example: Calculate the limit of the sequence a,, = o
n
. . 1 sin(n) 1
Solution. Forallnwe have -1<sin(n)<1 = —-- < <-.
n n n
) 1 1 . sin(n)
Since lim (——) =lim (—) =0, then by the Sandwich Theorem lim =0.
n-w\ n n-co\ n N> n
1.0+ . 10r e
. sin(n) ° 1
05f b = 05f Ch=-—
E Y E [ ]
n o, n
L)
0.0 L1, 0.0 8°g9e
0d ° 15 20 25 gaecocheboonte
° 1
-05} -05F ® ap=-—
n
1.0} -1.0r @

Inequality of the arithmetic and geometric means (AM-GM inequality):

a,+dr+..+a
If a;, s, ...a, 20 then "\/al ay..a, < L T and equality holds if and only if
n
a,=0ap;=...=d0p,.

Proof for the special casen=2:

a+b
2

> Yab & (a+b)?24ab < a’-2ab+b*20 < (a-b)?=20,whichalways holds.

Theorem. lim \n = 1.

N—oco

Proof. Apply the above AM-GM inequality fora; =...a,, =1, a,.1=a, = \/F Then

1< %: Q/ll\/F\/F Swsl+i_)l+0—0:l,

n n

so by the Sandwich Theorem, % —1.

Th Lf hen lim yp =1.
eorem p>0tenrl]m\/3

Proof. Assume that p 2 1 and apply the AM-GM inequality fora; =...a,,=1, a,.1=a, = \/; Then

1< 4p = Q/l-...-l- \p-4p s 0-2+2p 51+2\/;—>1+0=1,
n

n




a4
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so by the Sandwich Theorem, Q/E —1.

1 1
IfO0<p<1,then—->1,s0 T:——)l.
p

nll

p

Examples

Exercise 1. Calculate the limit of a, = 3%.

3n

3n \j3n 1

1st solution: a, =3% =3",/— = —— =1. Here we use that3n 3n —1,sinceitisa
3 % 1

subsequence of %, and similarlng — 1, since it is a subsequence of Q/g

2nd solution: g, = 3% = \3/ % —31=1.

3rd solution: Since 1<aqa,= 3% < 3\]" 3n forallneN and 3\]” 3n —1then by the
Sandwich Theorem, a,— 1.

Exercise 2. Calculate the limitof a, = ?

Solution. Estimating a, from above and from below:

2n°+5n 2n°+5n° 7n° T n—\3 )
Q=10 < =1l— =1 (V) >122=1,
6

3>

8n?-2 8n?-2n? 6n?
2n°+5n 2n°+0 2n° 2 3

Q=10 > n =8l— == (Vn) >1-2°=1,
8n?-2 8n?+0 8n? 8

so by the Sandwich Theorem, a,— 1.

. o 3" +5"
Exercise 2. Calculate the limit of a,= 7 .
2"+ 4"
Solution. Estimating a, from above and from below:
3"+ 5" 57 +5" 5 5 5
2" + 4" 0+4" 4 4 4
3" +5" 0+5" 1 5 5 5
0,-,=n >n =n_.__)1._=_’
2"+ 4" 4" 4 4" 2 4 4 4

5
so by the Sandwich Theorem, a,——.
4

Monotonic sequences

Theorem. If (a,,) is monotonically increasing and not bounded above, then a,, e
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Proof. Let P > 0 be fixed. Since it is not an upper bound, there exists an N € N such that ay > P.

By the monotonicity, if n > Nthena, 2 ay > P.

Consequence. If (a,) is monotonically decreasing and not bounded below, then a,, T e,

Theorem. (1) If (a,) is monotonically increasing and bounded above, then (a,) is convergent and

lima, =sup{a,:neN}.

N—oo

(2) If (a,,) is monotonically decreasing and bounded below, then (a,) is convergent and

lima, =inf{a,:neN}.

N—>o0

Consequence. If (a,) is monotonic and bounded then (a,) is convergent.

Proof of part (1).
l.LletA=sup{ax:keN}, thena,<AforallneN.
2. Assume indirectly that lim a, * A. Then there exists € > 0, such thatforallNe N

N—>co0

there exists n> N, such thata,<A-¢.

3. By the monotonicity ay < a,,s0 ay<A-¢ forallNeN.
4. However, this is a contradiction, since A is the smallest upper bound of the sequence,

so A-¢isnot an upper bound.
Therefore for all £ > 0 there exists N e N such thatifn>NthenA-e<a,<A<A+¢,s0

lima, = A.

N—>co

Recursive sequences
In many cases, the convergence of recursively given sequences can be investigated by the

application of the previous theorem.

Exercise 1. Let 0 <a < 1and b, = a". Prove that the sequence (b,) is convergent and find its limit.

Solution. Since 0 < b,,,; = a™! <a" = b, < 1 then (b,) is bounded and monotonically decreasing.

Soitis convergent, let A= lim b,. Then

N—o0

A=limb,,;=lima-b,=a-A < A(l-a)=0,s0A=0.

N—c0 N—>c0

15
Exercise 2. Let a; =4 and a,,,; = 8 — —. Prove that the sequence (a,) is convergent and find its
an

limit.

Solution. The first few terms of the sequence:
a, =4, a,=4.25, a3 = 4.47059, a, = 4.64474, as = 4.77054, ...

1) First we calculate the possible limits of (a,). If (a,) is convergent then

15
A=lima,=lima,;=8-— = A?’-8A+15=(A-3)(A-5)=0, therefore A=30rA=5.

N—co
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2) Next, we investigate the boundedness and monotonicity of (a,). If we prove that (a,,) is bounded
and monotonically increasing or decreasing, then (a,) is convergent and its limit is the supremum
or the infimum of the sequence.

(i) First we prove boundedness by induction, that is, we prove that 3<a, <5 foralln e N*.
I. The statementistrueforn=1: 3<a;=4<5.

II. Assume that 3<a, <5. Then

1 1 1 15 15 15
3<0,<5 = -<—<- = 3<—<5 =-3>-—>-5 = 3<8-—=a,,1<5.
5 a, 3 a, a, a,

(i) Next we prove by induction that (a,) is monotonically increasing, that is, a, < a,,; for all n e N*.

17
I. The statementistrueforn=1: a; =4<a,=— =4.25
4

Il. Assume that a, < a,,;. Then

1 1 . 15 15 15 15
Qp<Qp = — >— (sincead,>3>0) = -—— <-——— = 0y, =8-— <8-—— =a,,.
an On+1 an On+1 ap On+1

Since (a,) is monotonic increasing and bounded then (a,) is convergent. The limit of (a,) cannot be
A =3, since a; = 4 and the sequence is monotonic increasing. Therefore lima, = 5.

N—>oco

The sequencea, = (1 + E)n
n

1\n
Theorem. The sequence a,, = (1 + —) is monotonically increasing and bounded, so it is convergent.
n

Proof. a) Monotonicity. We use the inequality between the arithmetic and geometric means:
. a1 +0ay+..+ 0,
ifay, a,, ..., a2 0then \k/al ay..ag < +
1
ﬂ(l + ;) +1 1
=1+ R
n+1 n+1

1 1\n
Leta;= ...=a,=1+-anda,,; =1. Then ™! (1+—) ‘1<
n n

1\n 1 n+1
soan=(1+—) s(1+—l) =a,,; forallneN.
n n+

b) Boundedness. We use the inequality between the arithmetic and geometric means

1 1
forthe numbersa; = ... =a,=1+-anda,,; =a,,,=—.Then
n 2
1\ 1 n(l+%)+2'§ 1\n
n+2 (1+—) - S =1, soan=(1+—) <4 forallneN.
n/ 4 n+2 n

Definition: The number e is defined as the limit of the above sequence:

1 n
e:= lim(1+—) .

N—oo n

Remark: 2<e<3.

Some terms of the sequence are: a; =2,0, =2.25,a3 % 2.37, 04 = 2.44, a5 = 2.488
Qg = 2.59, Qyo = 2.65, di00 = 2.70481, Qoo = 2.71152
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Q1000 = 2.71692, d19gg0 = 2.71815

Theorems. 1) The numbere =2.718281828459045235360287 ... is irrational.
X\n
2) lim(l+—) =¢* forall xeR

N—oo0 n

N—-o . l Xn
3) If x, — oo, then lim|1+—| =e.
N—co Xn
1 1 1 1 L1 21
(l+—+—+—+...+—)
1 2t 3! il =i

4) e =lim

N—co

> 1
Remark. The convergence of the series Z— is very fast, for exam-
|

n=0n.

ple
61 1 1 1 1 1 o
Z— =1+1+—+— +— +— +— = 2.718 ... (3 digits are accurate)
! 21 31 41 51 6!
10

- =2.7182818... (7 digits are accurate)
n=0n'

1
Z— ~2.71828182845... (11 digits are accurate)

neo 1!
20 1
Z— ~2.7182818284590452353 ... (19 digits are accurate)
noo !
Exercises
1\n
The sequencea, = (l + —)
n
1 n+n+6 1\n
1. an=(1+—) —> e, since it is a subsequence of(l+—) .
n"+n+6 n

1 \n 1 \n-6 1 \6
2.a,,=(1+—) =(1+—) -(l+—) —e-1%=z¢

n-6 n-6 n-6
1 6n-7 1 6n+1 1 1
3.a,,=(l+ ) =(l+ ) —_— —ye-—=e¢
6n+1 6n+1 ( 1 )3 18
1+
on+1
n+3\"-2  (n+4-1\n+4-6 -1\ 1 L, 11
4'an=(_) =( ) =(l+ ) : — e — ==
n+4 n+4 n+4 (n+4)6 16 e
n+3
n+4 1+f 1+0
Here we used that = — =1.

n+3 143 1+0



8

calculus1-04-sequences-part2.nb

3 n
. n+3\n-2 l+; n+4\2 e
Another solution: a,, =( ) = ( ) ——1%=
n+4 14— n+3 e*
n
—2\"
n2_2 n l+_2 e—2
5.a,= A, -¢S
n?+3 1+i i’ e’
n2
1y\2
1+-
n+1\2n el)?
6 C]nz(—) = Z" _)(_6] _(e—5)2=e—10
n+6 e
1+-
n
2 2n
l —_
(2n+2)2" Y on e
7.0, = = —=e
2n+9 1.2 e’
2n
22 +5\47
8. Calculate the limit of a, = ( )
2n%+3
5 21\ 2
1+‘_; 052
1st solution. g, = Lz —>(—] =e*
l+i ¢’
2 n?
5-2\47
].+—2 elo
2nd solution. g, = 22 _,~ _ g
3.2 6
1+— €
4n?
9. Calculate the limit of the following sequences:
gseq
3n2+1\3" 3n2+1\2"
a"=(3 2 2) ’ b"=(3 2 2)
n- - 7P =
3n2+1\37 3nd+1)"
Cph= 3 ) dn= 3
3n -2 3n°-2
1 \3m
3024137 (l+ﬁ) o
Solution. a, = = ——=e3=A
3n?-2 2

—2\3n* e
[+5)
3n?

(3n2+l

9n?
pye 2) =(a,)} = b,—A3=¢°
n -
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3n2+1\37 )
Ch= > =(ap)
3n“ -2

In the estimation below we use that2 <e <3,s0e®*>23=8.
Since a,—e® then I N, such thatif n> N; thenc, =(a,)">8"— 0w = ¢,— o

3n?+1\*" —
dn=(3n2—2) = N
Since a,— €3 then for £=0.1 AN, such thatif n> N, then Ye*-0.1 <d, < Ye*+0.1.
Since Ye*-0.1 —1and 4/e®+0.1 — 1 then by the Sandwich Theorem d,— 1.

Recursive sequences

3+a?

n

4
l.letg;=-anda,,;=——, n=1,2, ....
3 4

Prove that the sequence (a,) is convergent and find its limit.

34—
Solution.a; ®1.33>a, =

= 1.194 > a3 = 1.1067

Conjecture: (a,) is monotonically decreasing, so a, > a,,1 > 0.
Proof: by induction.

l.a; >a, >as > 0is satisfied.

Il. Assume that a,,_; > a,. From the definition of the sequence itis obvious thata, > 0

3+a2, 3
>->0|. Then
4 4

a, =

2 2
3+a;,, 3+a;,

>
4

Op1>0,>0 = a2, >a> = 3+a% ,>3+0%> = a,= =0pa

= d, >d0dp,1.

Since (a,) is monotonic decreasing and bounded below (since a,, > 0) then (a,) is

. _ 3+a?
convergent, therefore A=lima,=lim

Nn->co n-oo 4

3+ A2
4

= A=

= A’-4A+3=(A-1)(A-3)=0 = A=1or A=3.

4
Sincea, <a; =— then A=3cannotbethecase,soA=lima, =1.
3

N—oo

2.leta;=1anda,,; = \/6+a,,, n=1,2, ....
Is the sequence convergent? If so, what is the limit?

Solution. The first few terms of the sequence: a; =1, a, *2.646, a3 =2.94, ...
Since \/6 +d, 20then the terms of the sequence are positive.

1) First we calculate the possible limits of (a,). If (a,)) is convergent then
A=lima,=lima,,; =lim \/6+an =V6+A = A’-A-6=(A-3)(A+2)=0,fromwhere
N—>co N—>oco

N—oo
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A=30orA=-2.Sincea, = \/6 +0d,_1 >0then A=-2cannot be the case, so the only
possible limitis A=3.

2) Next, we investigate the boundedness and monotonicity of (a,).

(i) First we prove by induction that (a,,) is monotonically increasing and the terms are positive,
thatis,0<a, <a,,; forallneN".
I. The statementistrueforn=1: 0<a;=1<a; = \/7 = 2.646
II. Assume that0<a, <a,,;. Then

O<a,<ap; = 0<0+6<6+0,<6+0a,,;] = 0< \/6+an < \/6+an+1 = 0<0a,,1 <0p.2-

(i) Next we prove that the sequence is bounded above. A =3is a suitable choice for the
upper bound, that is, we show that a, <3 forall ne N*.
I. The statementistrueforn=1: a; =1<3
II. Assume thata, <3.Then a,,; = \/6 +0, <Y6+3 =3.

Since (a,,) is monotonic increasing and bounded above then (a,) is convergent, so lima,, = 3.

N—>oco

We have seen that this is the only possible limit.

Remark. Monotonicity can also be proved as follows.
0<0y<Upa=N6+0, & 02<6+0, & 0>-0,-6<0 & -2<a,<3.
Here -2 < a,, trivially holds, since a, > 0, and a,, < 3 can be proved by induction.

5-6a2
13

3.leta;=-3anda,,; = ,n=1,2, ...Is the sequence convergent?
Solution. a; =-3, a,=-3.769, a3 = -6.1725, ...

Is the sequence monotonic decreasing?
5-6a2

13

5 1
Qi = <a, & 6a*+130a,-5>0 (6x2+13x—5=0 4=»x1=—£, x2=—)

3
5 1
It means that the sequence is monotonic decreasing if and only if a,<-- or a,>-.
2 3

5
Homework: It can be proved by induction thata, < -3 ( < ——).
2

Therefore the sequence is monotonic decreasing with initial value a; = -3.

If the sequence were bounded from below then it would be convergent and for the limit

5-6A° ) 5 1
= the possible values of Acouldbe A=-- or A=-.
2 3

Since a,, < -3 for all n then these numbers cannot be the limit, so (a,) is not convergent
and therefore not bounded from below. Since (a,) is monotonic decreasing then

we would have A=

limay, = —oo.
N—>oco
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