Calculus1-06

Limits of real functions

Definitions

A function f : A— B is a mapping that assigns exactly one element of B to every element from A.
The set A is called the domain of f (notation: Df or Dom(f)) and
the set f(A) = {f(x) : x € A} is called the range of f (notation: R; or Ran(f)).

Afunction f : A— B is one-to one or injective if forall x, y € A: (f(x)=f(y) = x=y).
A function f : A— B is onto or surjective if f(A) = B.
Afunction f is bijective if it is injective and surjective.

The function f: Df cR—Ris

e even,if VxeDf,-xeDfand f(x)=f(-x) (forexample, f(x) = x* or f(x) = cos x)

e 0dd,ifV xeDs,-xeDfand f(-x) =-f(x)  (forexample, f(x) = x3 or f(x) = sin x)

e monotonically increasingif V x, ye Dy (x<y = f(x) <f(y))

e monotonically decreasing if V x, ye Dr (x<y = f(x) 2f(y))

o strictly monotonically increasing if V x, y e D (x <y = f(x) < f(y)) (for example, f(x) = \/;,
f(x)=x%

o strictly monotonically decreasing if V x, y e Df (x <y = f(x) > f(y))

e periodic with period p > 0if V x € Ds, x + p € Df and f(x) = f(x + p) (for example, f(x) = sin x)

Limit point

Definition. Let AcRand x e R. Then x is a limit point or accumulation point of A,
if every interval (x - r, x +r), that is, every neighbourhood of x contains
a pointin Athatis distinct from x. (Forallr > 0: (x-r, x+r)\{x}) N A= @)
Or: every neighbourhood of x contains infinitely many points of A.
The set of limit points of Ais denoted by A'.

Examples: e A=[0,2) = A'=10,2]
*A=(1,2)U(2,3) = A'=][L73]
e A=R\{0} = A'=R

Limit at a finite point

Definition. The limit of the function f: Dr c R— R at the point x, e Ris Ae R if
(1) xo is a limit point of Dy (x € Dy')
(2) for all £ > 0 there exists 6(¢) > 0 such that
if xeDf and 0< | x—xo | <6(¢) then | f(x)-A| <&
Notation: lim f(x) = A

X-Xo

Remark: O< | x-Xo| <6 meansthat xp-0<x<Xxy OF Xo<X<Xp+0.



2

calculus1-06-limits-of-real-functions.nb

! lim f(x) = A ! lim f(x) = A
X=X X=X
A+e - — A+e - —
A A
A-¢ A-¢
XO—CS X0 X0+6 - XO—CS X0 X0+6 -
One-sided limits:
Notation. The { righthand limit of f at xg is denoted as XILQ; 0= XLIX[EO 00210
. left hand limit 0 im f(x)= lim f(x)=F(xo~0)
Definition. Suppose x, € Ris a limit point of{ Dr xo, o) . Then
Df n (_°°’ XO]
lim f(x)=A
oo if for all € > 0 there exists 6(¢) > 0 such that if x e D and
lim f(x)= A

{X0<X<X0+5(€)
Xo—0(€) < X < Xg
then | f(x)-A| <e.

Consequence. If xq is a limit point of Df then lim f(x) exists if and only if lim f(x) and lim f(x) exist

X-Xg X->Xo+ XX~

and lim f(x)= lim f(x).
Definition. Let f: X— Y be a function and A c X. The restriction of f to A is the function
fla:A—>Y, f|a(x)=F(x).

X=Xo+

Remark. lim f(x) = limf | p,np,e) (X) @nd lim £(x) = lim f | p,n(eo e (X)

2
—2X
Example 1. Using the definition, show that lim =8.
X=>=2 X +2

Solution. We have to show that if x is “close” to xo, thatis, | x-xo | is “small”, then f(x) is “close” to
A, thatis, | f(x)-A | is also “small”. That is, we have to show that for all € > 0 there exists
6>0suchthatif0 < | x-xo| <6, then | f(x)-A| <e.

Here x, =-2. If ¢ > 0 then

8-2x° 2-(4-x%)
| f0-A] = | -8|= | ———-8|=12:@-0-8]=
X+2 X+2
£
=|-2x-4|=|(-2)(x+2) | =2 | x+2| =2 x-(-2) | <¢,if |X+2| <-
2

£
= with the choice 6 = 6(¢) = E the definition holds. Remark: -2 ¢ Dy.

For exampleif e=10"2then §=5-1073.
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Example 2. Using the definition, show that lim y1-5x =4.

X->-3

Solution. Let £>0. Then

1-5x-16 51 x-(-3 5| x+3
|f(x)—A|:|\j1—5x—4|:| |: Rl A Rl |<£,
Vi-5x+4' qf1-5x+4 0+4

4¢ 4e
if | X+3 | < — = with the choice 6(¢) = — the definition holds.
5 5

Definition. Suppose f : Dr c R—Ris a function and xq € D¢'. Then lim f(x) = { T:
— 00

f(x)>P

for all P> 0 there exists 6(P) > 0 such that if xeDs and 0< | x=Xo | <O6(P) then {f(x)< 50

A 1 A
E lim f(x) = - = :
: XI_,TO (x) = o0 P<0 \ .
P>0 £ = [ ) = e
Xo — o Xo Xo+ o - :
Remark. The one-sided limits can be defined similarly:
e lim f(x)z{oo if VP>0 36(P)>0 suchthatif xeDrand xy < x < xo+6(P) then { :EX:PP
- o ) f(x)>P
o lim f(x)= if VP>0 3 6(P)>0 suchthatif xeDrand xy— 6(P) < x < x then f(x) <P
1

Example 3. lim = oo, since if P> 0, then f(x) =

>P << 0< |x—2 <—
x=2 (x - 2)? (x-2)

\/E

1
= with the choice 6(P) = T the definition holds.
P

Limit at o and -«

Definitions. Assume that Dy is not bounded above.
(1) lim f(x) = AeRif for all € > 0 there exists K(¢) > 0 such that if x > K(¢) then | f(x)-A| <e.

X—> o0

(2) lim f(x) = oo if for all P> 0 there exists K(P) > 0 such that if x > K(P) then f(x) > P.

X—> oo

(3) lim f(x) = —oo if for all P > 0 there exists K(P) > 0 such that if x > K(P) then f(x) < —P.

X—> o
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lim f(x) = A
A+¢ \ /\ A—
\l II\\ 1/\\ A
A 1 | \ I \'l \ / \ /\\.//
FEFAY
A-¢ \/ V :
K>0 i
A A
lim f(x) = oo K>0 .

-P<0 \\\N\\

P>0 \/o\'//\;/
: . lim £(x) = oo

K>0 X—00

Definitions. Assume that Dy is not bounded below.
(1) lim f(x)=AeR ifforall € >0 there exists K(¢) > 0 such that if x < -K(¢) then | f(x)-A| <e.

X—> -0

(2) lim f(x) = oo if forall P> 0 there exists K(P) > 0 such that if x < —K(P) then f(x) > P.

X—> -0

(3) lim f(x) = -oo if forall P> 0 there exists K(P) > 0 such that if x < —K(P) then f(x) < -P.

X—> -0

The extended set of real numbers

Definition. Let R = R U{-, o} denote the extended set of real numbers. We define —c0 < x <
for all x e R. The arithmetic operations on R can be partially extended to R as follows.

a
(l)G+oo=+oo+0:oo, g% - (5)—:0’ geR
too
too
(2)a-oc0=-c0+0=-0c0, a*+co (6) — =*oo, a e (0, +o)
a
too
(3)a-(to) =t a=2c0, ae(0,+oo] (7) — =Foo, a e (-, 0)
a

(4)a- (o) =10 a=Foo, a €[-o0,0)

Definitions. The interval (a - ¢, a + €) is called a neighbourhood of a e Rif £ > 0.
For any P e R, the interval (P, «) is called a neighbourhood of +e and
the interval (-, P) is called a neighbourhood of -c.

Remark. The definition of a limit point can be extended to R as follows. Let Ac Rand x € R.
Then x is a limit point of A, if any neighbourhood of x contains a pointin A that is
distinct from x.
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Remark. Examples for the set of limit pointsinR: (N*)' ={c0}, Z'={c0, -}, Q' =R, R' =R.
Remark. If f is a sequence, that is, Ds = N*, then the only accumulation point of Dy is o,
so we can investigate the limit only here.

Summary

The above definitions of the limit can be summarized as follows.

Theorem. Assume that a e Ris a limit point of Df and b € R. Then lim f(x) = b if and only if

X->a

for any neighbourhood J of b there exists a neighbourhood / of a such that
if xelnDf and x +a then f(x)eJ.

Examples
. l . l . l . .
o |im —=Ilim — =+ = lim— =+ o [im—=1Ilim—=0
X=0-0 x2  x-0+0 2 X0 2 X0 y2 X0 y2
. l . l . l . . l . l
e lim — =+00, lim — =-c0 = lim—— doesn’t exist o [im—— = lim — =0
Xx=2-029 — x X240 ) — x X=2 ) —x X0 ) — x X-0 ) — x

A ‘
| 1
3t X ——
2t 1 2-X
|
17 |
—— |
2 1 1 g 3 o
-1t |
|
-2 -2 |
-3t -3 |
|
|

The sequential criterion for the limit of a function

Theorem. Suppose f : Ds c R—Ris a function, a, be R=RU{-oo, oo}, and a e Dy ".
Then the following two statements are equivalent.
(1) limf(x)=b
X->a

(2) For all sequences (x,) € Df\{a} for which x,—a, lim f(x,) = b.

A
f(Xn)

\l
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Proof. We proveitfora, beR.
(1) = (2): @ Assume that for all € > 0 there exists 6(¢) >0 such thatif0< | x—a | < 6(¢)
then | f(x)-b | <e.
e Let (x,) be a sequence for which x, € Df\{a} foralln e N and x,—a.
e Then for 6(¢) > 0 there exists a threshold index N(6(¢)) € N such that if n > N(6(¢))
then | x,-a | <6(¢).
e Thusforalln>N(6(g)), | f(x,)-b | <ealsoholds, so f(x,)—b.

(2) = (1): e Indirectly, assume that (2) holds but lim f(x) * b, that is,

X->a

there exists £ > 0 such that for all § > 0 there exists x € Ds for which
O<|x-a| <band | f(x)-b| 2.

1
e Let 6, =—- >0forall neN*. Then for &, there exists x,, € Df such that
n

1
O<|xp-a| <6,=—and | f(x,)-b| 2e.
n

e It means that x,—a, but lim f(x,) # b, which is a contradiction, so lim f(x) = b.

Nn—- oo X->a

Remark. The theorem is useful for problems where we prove that the limit doesn’t exist.

Examples

1. Show that the limit lim sin(x) does not exist.

X—o0

Solution. We give two different sequences tending to infinity such that the sequence of the
corresponding function values have different limits. For example:

T
1)Ifa,=— +n-2m,then a,— o and sin(a,)=1—1.
2

2) If b, =n- 7, then b,— o and sin(b,) = 0—0.

3T
3)Ifc,=— +n-2m,then ¢,—wandsin(c,) =-1—-1. = limsin(x) doesn’t exist.
2

X—>o0

1
2. Letf(x) = sin(—), D =R\ {0}. Show that f does not have a limit at 0.
X
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1 1
Example. Let x,=— —0and y,= ——— —0. Then
nrt T

—+2n7T
2

1
o limf(x,) = lim sin(—) = lim sin(nt) =0 and

N— oo Nn— oo Xn X—> oo

1 T 1
e limf(y,) = lim sin(—) = lim sin(— +2n rr) =120 = lim sin(—) doesn’t exist.

n-» oo X 00 Yn X 00 2 x-0 X

Consequences

Theorem. Suppose X, € R = RU{-oo, wo} is a limit point of D N Dy and lim f(x) = A€R,

X- Xo

lim g(x)=BeR,ceR. Then

X Xo

(1) lim (cf)(x)=c-A

X= Xo

(2) lim(ftg)(x)=A£B

(3) lim(f-g)(x)=A-B
f A
(4) lim (—)(x): —if B0
X=> Xo g B
(5) If lim f(x) =0 and g is bounded in a neighbourhood of x; then lim (f g) (x) = 0.

X Xo

Remark. The statements (1)-(4) are also true if A, B € R and the corresponding operations are defined
inR.

Theorem. Suppose x; € R = RU{-oo, oo} is a limit point of D n Dy and
limf(x)=AeR, limg(x)=BeR.
X Xg

X Xo

If f(x) < g(x) for all x e Drn Dy then A< B.

Theorem (Sandwich theorem for limits). Suppose that
(1) xo e R=RU{-o0, oo} is a limit point of D N Dy N Dp,
(2) f(x) = g(x) < h(x) for all x in a neighbourhood of x, and
(3) Xan; f(x) = Xan; h(x)=beR.

Then lim g(x) = b.

X= Xg

Remark. The theorem is also true for one-sided limits and if b = £ then only one estimation is
enough.
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1 1
Example. Show that a) limxsin(—) =0 and b) lim - sin(x)=0.

x-0 X X0 x

b)

Solution.
. 1 . . 1
a) Iimxsm(—):O,smce— | x| stm(—)s | X |, and lim(| x|)=lim(-|x])=0
x-0 X X x-0 x-0

1
Or: x—0 and sin(—) is bounded, so the product also tends to 0.
X

sin(x) . 1 sin(x) 1 . 1 1
b) lim =0,since -— < <- ifx>0, and lim (——): lim(—):O.
X—>o00 X X X X X—>o0 X X=o0 \ X

l —>oo
or: ~=30and sin(x) is bounded, so the product also tends to 0.

X
Example
sin x
Theorem. lim—— =1
x>0 x
. sinx . . . o sin x
Proof. Since f(x) = —— is even, it is enough to consider the right-hand limit lim —.
Xx-0+
- X X
LetO<x<—.
2
. . 1-sinx
The area of the PO Atriangleis T, = .
) ) 12-x
The area of the PO A circular sectoris T, = —.
2
. . 1-tanx
The area of the O AB triangleis T3 = .
A
B
P
X
_ tan x
SIn X
X -
O 1 A
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1-sinx 1%-x 1-tanx

Obviously T, < T, <T; = < <
2 2 2
o . 2 X 1
Multiplying both sidesby — >0: 1< — < .
sin x sinx cosx
X sin x sin x
Since lim =1lthen lm —=1 = lim — =1=lim —
x-0+ COS X x-0+ sin x x-0+  x x-0-  x

JT
Remark. If0<x<—,thensinx<x = |sinx| < | x| VxeR
2

Continuity

continuous
Definition. The function f: D c R— R is { continuous from the left at the point xq € Dy if
continuous from the right
| x=Xo | <6(¢)
for all £ > 0 there exists 6(¢) > 0 such that if xe Ds and { Xo—0(€) <X < X
Xo S X< Xo+ O(€)
then | f(x)-f(xo) | <e&.

A
F(xo) + & —
f(xo)
* A
F(xo) - € <
Xo —==6 Xo Xo+ 6 ~

Remarks. 1) f is continuous at x, € Dy < for all £ > 0 there exists ¢ > 0 such that
if x € (B(Xg, 6) N D then f(x) e B(f(xy), €).
. [ continuous from the right
2)fis .
continuous from the left

f | Diixoyee)

atxp e Dy = { is continuous at xo.

F 1 Do
3) fis continuous at xy € D < f is continuous at x, from the right and from the left.

Theorem. Suppose f: Df c R—R and xy € Ds N D¢'. Then f is continuous at x
if and only if lim f(x) exists and lim f(x) = f(xo).

X Xo

Definition. f is continuous if f is continuous for all x € Dr.

Notation. If A c R then C(A, R) or C(A) denotes the set of continuous functions f : A—R.
For example, f € C([a, b]) means that f : [a, b]— R is continuous.
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The sequential criterion for continuity

Theorem: The function f: D c R— R is continuous at x; € Dy if and only if

for all sequences (x,) c Dy for which x,— xg, lim f(x,) = f(Xp).

Consequences

Theorem. If f and g are continuous at xo € Df N Dy then ¢ f, fgand f g is continuous at x; (¢ €R).

f'
If g(xo) £ 0 then — is also continuous at xg.
g

Theorem (Sandwich theorem for continuity): Suppose that
(1) there exists 6 > 0 such that /= (xo - 6, Xo + 6) € Dr N Dy N Dy,
(2) f and h are continuous at x
(3) f(x0) = h(xo)
(4) f(x) = g(x) < h(x)forall xe/
Then g is continuous at xq.

f
f

Definition. The composition of the functions f and g is (f o g) (x) = f(g(x)) whose domain is
Dfog = {X € Dg . g(X) € Df}.

Theorem. If g is continuous at x, € Dy and f is continuous at g(xo) € Dr then f o g is continuous at Xo.

Theorem (Limit of a composition). Let a be a limit point of Dfog for which lim g(x) = b.
X=>a
Assume that

(1) b e Dy, f is continuous at b and f(b) =c or
(2) be Df'\ D and lirr;f(x) =c or

(3) gisinjective, b € Df" and lim f(x) = c.

Xx-b

Then lim(fog)(x) =c.

Examples

1. Show that the constant function f : R— R, f(x) = c is continuous for all x; € R.

Solution. Let ¢ > 0, then withany 6 > 0if | x-xp | <&,then | f(x)-f(x)) | = | c-c|=0<e.
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A A
f(x)=c F(x) =x
C+é¢ f(xp) + €
A
€
< f(%o)
c-¢ f(xp) - €
Xo Xo — o) Xo Xo+ o -

2. Show that the function f : R—R, f(x) = x is continuous for all x; € R.
Solution. Let £ > 0, then with 6(¢) = €if | x—=Xo | <O(€)=¢,then | f(x)-f(xo) | = | Xx—=Xo | <&.

3.f:R—R, f(x)=x"is continuous for all X, € R, n e N, since
f(X)=x"=X"X"...oX—Xo " Xo" ... Xo = X( =f(Xo)

4. Polynomials (P,(X) = a, X" + ap_1 X" +...+ a; x + ay, a;€R) are continuous for all x, € R.

5.f(x) =sinx and g(x)=cos x are continuous for all xeR.

Proof. We show that f(x) = sin x is continuous at a e R. Let x € R, x * a and consider the right-angled
triangle with vertices (cos a, sina), (cos x, sinx), (cos x, sin a). Then the lengths of the legs are
less than the length of the hypotenuse, which is less then the arc length x - g, that is,
| sinx-sina| £ | x-a|.

If e>0and 6 = e then forall x e R for which | x-a | <& we have that
| f(x)-f(a) | = | sinx-sina| < | x-a | <g,sofiscontinuous ata.

sinx-sina




12 calculus1-06-limits-of-real-functions.nb

6. Investigate the continuity of the following functions:
1, hax>0

a) the sign function or signum function: sgn(x) = { 0, hax=0
-1, hax<0

b) the floor function: f(x) = [x], where [x] = max{k e Z : k < x}

c) the fractional part function: f(x) = {x} = x - [x]

Solution. a) lim sgn(x) =1 #sgn(0) =0 = f(x) = sgn(x) is not continuous at 0 from the right

X->0+

(and similarly not continuous at 0 from the left) = f is not continuous at 0.
If x #0then f is continuous at x.
b)IfkeZthen lim [x]=k-1, lim [x]=k=[k]
X-k-0 X-k+0

= f(x) = [x]is continuous at k from the right but not from the left.

¢)IfkeZthen lim {x}=1, liLn {(x}={k}=0
x-k+0

Xx-k-0
= f(x) ={x} is continuous at k from the right but not from the left.
A

=04 |

2r f(x) = {x}

1
I
7. f(x)={xSIn X Jjok 0is continuous for all x e R.

0 ifx=0

1 ifxeQ

8. Show that the Dirichlet function f(x) = { 0 ifx ¢Q

is not continuous at any x e R.
Solution. e If x, e Q,thenlet x, e R\Q V nsuch thatx,— x. Then f(x,) =0—0%1=f(x).
e If xo e R\ @, then let x, e Q V nsuch that x,— xp. Then f(x,)=1—1+0=f(xp).

9. Show an example for a function f : R— R that is continuous only at one point.

x, haxeQ

Solution. Let f(x) = { _x, haxeR\@

Then f is continuous only at 0

Since f(x)= | x | forall xeR, then
X—0 &= | x| 20 = |f(xy)| =0 < f(x,)—0.

x, haxe@Q ()_{ X, haxe@Q

Similar examples: f(x):{ 0, haxeR\Q’ 2x, haxeR\Q etc.
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Types of discontinuities

Definition. We say that the function f is discontinuous at x, € R or f has a discontinuity at x, € R
if xo is a limit point of Df and f is not continuous at xg.

Classification of discontinuities:

1) Discontinuity of the first kind:
a) f has a removable discontinuity at x; if 3 lim f(x) e R but lim f(x) # f(xg) or f(Xp) is not defined.

X Xo

b) f has a jump discontinuity at x; if 3 lim f(x)eRand 3 lim f(x)eR but lim f(x)* lim f(x).

X Xo— X Xo+ X Xo— X Xo+

2) Discontinuity of the second kind:
f has an essential discontinuity or a discontinuity of the second kind at x; if f has a discontinuity

at x, but not of the first kind.

Remarks: 1. In the case of a discontinuity of the first kind, both one-sided limits exist and are finite.
2. In the case of an essential discontinuity, at least one of the one-sided limits doesn’t exist
or exists but is not finite.

Examples
1. Discontinuity of the first kind

x-1
a)f(x)=

has a removable discontinuity at x, = 1.

x-1

X [X]

X B> sgn(x)

b) f(x) = sgn(x) has a jump discontinuity at x = 0.
c) f(x) = [x] has a jump discontinuity for all x € Z.

2. Discontinuity of the second kind

1 1 1
a)fi(x)=—, L(x) = - and f; = sin — have an essential discontinuity at x = 0.
X X X
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b) The Dirichlet function has essential discontinuities for all x e R.

1
¢) The function f(x) = ex has an essential discontinuity at x = 0.

1 1
e If x— 0 +,then — — o0, and since lim e* = o0, then lim ex = .

X X— o0 Xx-0+0

1 1
o If x—0 -, then - — -0, and since lim ¢*=0,then lim ex =0.

X X— —o0 x-0-0

A

S 1
4r\ xpex
3,

2,

1,

-5-4-3-2-1,[ 1 2 3 4 g

-2t
-3}
4t




